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Abstract. We prove the full generating series arithmetic Siegel–Weil formula on the product of
two modular curves, with arbitrarily singular coefficients. This is the case GSpinp2, 2q in Kudla’s
program.
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1. Introduction

1.1. Background. The theory of modular correspondences is one of the earliest settings in which
intersection theory was related to modular forms. Let Ell Ñ SpecZ denote the moduli stack of
elliptic curves. The coarse moduli scheme Y0p1q of EllQ is isomorphic to A1

Q by the j-invariant
map, with compactification X0p1q » P1

Q. For positive integers m, the modular correspondence
T pmq Ă Y0p1q ˆ Y0p1q parametrizes pairs of elliptic curves admitting a degree m isogeny. The
closure T pmq in X0p1q ˆX0p1q has divisor class

rT pmqs “ O
`

σ1pmq, σ1pmq
˘

, σ1pmq “
ÿ

d|m

d.

The numbers σ1pmq are also the positive Fourier coefficients of the nonholomorphic weight 2 Eisen-
stein series

G2pτq “
1

8πy
´

1

24
`

ÿ

mě1

σ1pmqqm, τ “ x` iy, q “ e2πiτ .

Thus, the divisor classes of modular correspondences are already encoded by an Eisenstein series.
Hurwitz further studied the intersection of two modular correspondences T pm1q and T pm2q; see

[GK93, Proposition 2.4]. In the case of proper intersection, the intersection is supported on the
locus of elliptic curves with complex multiplication, and its degree is expressed in terms of Hur-
witz class numbers. This gives a remarkable relation between the proper intersections of modular
correspondences and the nonsingular Fourier coefficients of a genus 2 Siegel Eisenstein series.

Gross and Keating [GK93] studied the arithmetic analogue by considering the proper intersections
of three modular correspondences on the Deligne–Mumford stack M – EllˆSpecZEll. The new con-
tributions occur at primes where the correspondences meet in the supersingular locus. By studying
deformations of endomorphisms of supersingular formal groups, they computed the corresponding
local intersection multiplicities and related them to derivatives of nonsingular Fourier coefficients of
a genus 3 Siegel Eisenstein series. The Kronecker–Hurwitz and Gross–Keating formulas treat only
the case of proper intersection, and therefore account only for the nonsingular Fourier coefficients.
For non-proper intersections, the resulting cycles have excess dimension and do not directly define
the expected geometric or arithmetic degrees; the arithmetic-geometric analogues of singular Fourier
coefficients were thus left undefined and unknown.

Kudla’s program provides a common framework for these phenomena. Special cycles on Shimura
varieties associated with orthogonal groups are organized into generating series indexed by symmetric
matrices T , and are expected to be related to Siegel Eisenstein series on symplectic groups. In the
geometric setting, degrees and intersection numbers of special cycles are expected to equal values of
Eisenstein series; in the arithmetic setting, arithmetic degrees and height pairings are expected to
equal their central derivatives [Kud97, Kud04]. The product of two modular curves corresponds to
GSpinp2, 2q for the standard split quadratic space. In this language, the formulas of Kronecker and
Hurwitz provide the comparison with nonsingular coefficients of the genus 1 and genus 2 geometric
Siegel–Weil formulas, while the Gross–Keating formula provides the comparison with nonsingular
coefficients of the genus 3 arithmetic Siegel–Weil formula. The unresolved non-proper intersections
on M correspond precisely to the singular Fourier coefficients.
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For quaternionic Shimura curves, arithmetic Siegel–Weil formulas were established by Kudla,
Rapoport, and Yang [KRY06]. For modular curves X0pNq, related formulas were proved by Du and
Yang and by Sankaran, Shi, and Yang at square-free N [DY19, SSY23], and by one of the authors
for arbitrary N [Zhu25, Zhu24].

In higher dimensions, the nonsingular coefficients are by now better understood. Kudla and
Rapoport formulated precise non-Archimedean identities relating intersections of integral models of
special cycles to derivatives of local representation densities [KR11, KR14]. At finite places, Li and
Zhang related local arithmetic intersections to derivatives of local representation densities [LZ22a,
LZ22b]. At the Archimedean place, García and Sankaran constructed Green forms in arbitrary
codimension and related the resulting heights to derivatives of local Whittaker functions [GS19] for
compact Shimura varieties; see also Bruinier–Yang [BY20] and the corresponding unitary results of
Liu [Liu11].

The singular coefficients remain subtler. For singular matrices T , the associated special cycle
has codimension rankpT q in the generic fiber if nonempty, which is smaller than the codimension
required for a top-degree arithmetic class. One then supplies the missing codimension using powers of
a metrized tautological bundle, together with suitably normalized Archimedean terms. For compact
Shimura varieties, the Archimedean aspects are handled in [GS19], including an “Archimedean part”
of the arithmetic Siegel–Weil formula for arbitrarily singular T . In [Che24, §4.4], it is explained
how to combine the construction of [GS19, §5.4] with derived modifications in positive characteristic
to define arithmetic cycle classes for possibly singular T , though some technical issues remain with
non-compact moduli spaces and with possible modifications of Green currents. For singular terms
in arithmetic Siegel–Weil, progress includes work by one of the authors on the corank 1 formula
for unitary Shimura varieties of arbitrarily large dimension [Che24], and the work of Bruinier and
Howard on arithmetic volumes relevant for the most degenerate Fourier coefficients [BH26].

In this article, we establish a complete central-derivative arithmetic Siegel–Weil formula for M, for
the entire generating series and all arbitrarily singular Fourier coefficients. One motivation for this
work was to illustrate a full-generating-series arithmetic Siegel–Weil formula in higher dimension:
our moduli stack M has generic fiber which is a surface, in contrast with the previously mentioned
curve cases in [KRY06] etc.. To our knowledge, ours is the first such example with generic fiber of
dimension ą 1.

Just as the classical Siegel mass formula involves a weighted count (“stacky count”), we expect
that arithmetic Siegel–Weil formulas are best formulated in stacky language. We thus work with
the stack M rather than its coarse moduli space A1 ˆ A1.

1.2. Main results. Our arithmetic Siegel–Weil formula is, roughly, an equality between arithmetic
degrees of top degree cycle classes on the arithmetic 3-fold M and the central derivative of a genus
3 Siegel Eisenstein series. We begin by describing the arithmetic degrees.

Let T P Sym3pQq. There is a special cycle ZpT q over M defined using modular correspondences.
Over the open modular surface, ZpT q parametrizes two elliptic curves E1 and E2, together with a
triple of homomorphisms

x “ px1, x2, x3q P HompE1, E2q3
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whose moment matrix is T . More precisely, the quadratic form on HompE1, E2q is given by

Qpxq “ degpxq,

and the moment matrix T pxq P Sym3pQq is characterized by

Qpa1x1 ` a2x2 ` a3x3q “ ta T pxq a, a “ pa1, a2, a3q P Z3.

The cycle ZpT q is defined by the condition T pxq “ T . In particular, the usual modular correspon-
dence T pmq is roughly the special cycle attached to the 1 ˆ 1 matrix pmq. In our case, ZpT q is flat
over SpecZ whenever rkpT q ă 3, and is 0-dimensional whenever rkpT q “ 3 (Lemma 8.2.2).

We now describe an arithmetic degree which is a sum of two terms: the height of ZpT q plus a
Green current integral. More precisely, there is a metrized tautological line bundle pE on M given
by tensoring the pullbacks of the metrized Hodge bundle from each copy of Ell (Section 8.1). Take
the first Chern form Ω :“ c1ppE_q of the dual metrized bundle. Then we have dimZpT q “ 3 ´ rkpT q

if ZpT q is nonempty (Lemma 8.2.2). For any y P Sym3pRqą0, we define the arithmetic degree

(1.2.1) ydegr pZpT, yqs :“ ydeg
´

ppE_q3´rkpT q
ˇ

ˇ

ZpT q

¯

`
1

2

ż

MpCq

gpT, yq

where the first term is the height of ZpT q with respect to pE_, and where the second term is an
integral involving a current gpT, yq whose construction on MpCq is a small modification of the
one considered in [GS19]. More precisely, see Section 9.7. In Appendix C, we explain how gpT, yq

extends to a current on the Deligne–Rapoport compactification MpCq, so that the integral in (1.2.1)
is well-defined.

If T is nonsingular, we have dimZpT q “ 3 ´ rkpT q “ 0 if ZpT q is nonempty, and the height term
in (1.2.1) collapses to log p times the usual algebro-geometric degree of the 0-cycle ZpT q, where p
is the unique prime over which ZpT q is supported. This is the case of proper intersection studied
by Gross and Keating. The case of singular T , or dimZpT q ą 0 corresponds exactly to the “excess
intersection” cases not covered by Gross and Keating. The appearance of pE_ in (1.2.1) corrects
for this excess intersection, and can be used to define a top-codimension arithmetic cycle class
r pZpT, yqs P xCh

3
pMq for arbitrary pT, yq, as explained in (9.6.9).

We next describe the analytic side of the formula. Let Epz, sq be the classical Siegel Eisenstein
series of genus 3 and weight 2, given by

(1.2.2) Epz, sq :“
ÿ

γPP pZqzSp6pZq

detpyqs{2

detpcz ` dq2|detpcz ` dq|s
γ “

˜

a b

c d

¸

for P Ď Sp6 the Siegel parabolic, for z “ x ` iy P H3 and s P C with Repsq " 0, with meromorphic
continuation to s P C. As explained in (4.4.5), the Eisenstein series Epz, sq satisfies a functional
equation centered at s “ 0. There is a Fourier expansion

(1.2.3) Epz, sq “
ÿ

TPSym3pQq

CT py, sqqT qT “ e2πi trpT zq.

Our main theorem, in generating series form, is as follows.
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Theorem 1.2.1 (Theorem 9.7.1). We have

(1.2.4)
ÿ

TPSym3pQq

ydegr pZpT, yqs ¨ e2πi trpT zq “ ´
volpMpCqq

2

d

ds

ˇ

ˇ

ˇ

ˇ

s“0

Epz, sq.

More precisely, Theorem 1.2.1 asserts an equality between ydegr pZpT, yqs and the central derivative
of the T -th Fourier coefficient CT py, sq, for any T P Sym3pQq and y P Sym3pRqą0, and up to the
factor ´ volpMpCqq{2. Here volpMpCqq “ 1{288 denotes the orbifold volume of MpCq with respect
to the volume form Ω2.

In Theorem 1.2.1, the terms with positive definite T correspond exactly to the situation studied
by Gross and Keating. The terms of ranks 2, 1, and 0 are the singular coefficients arising from
non-proper intersections. They are expressed, respectively, through the heights of certain CM cycles
(rank 2), the heights of modular correspondences (rank 1), and the arithmetic volume of M with
respect to the dual metrized tautological bundle (rank 0). Thus, a single genus 3 Eisenstein series
simultaneously encodes the proper arithmetic intersections of modular correspondences and all of
their excess-intersection contributions, along with Green current integrals. We emphasize that the
correct arithmetic Siegel–Weil formula must not forget the Green currents: for example, the constant
term of ´1

2 volpMpCqq d
ds

ˇ

ˇ

s“0
Epz, sq is the arithmetic volume of M plus an additional Green current

integral.

1.3. Strategy of the proof. As already explained, the arithmetic degrees (1.2.1) have two contri-
butions: heights of special cycles and integrals of the currents gpT, yq. We discuss their evaluation
separately.

1.3.1. Heights of special cycles. Let T be positive semidefinite and put r “ rankpT q. For r “ 0

and r “ 1, the required calculations reduce to the arithmetic volume of M and the heights of the
Hecke correspondences T pmq, respectively. These quantities were computed explicitly by Burgos
Gil, Kramer, and Kühn [BGKK07]. The computation is based on explicit global sections of line
bundles, e.g. the Ramanujan discriminant function, and on Rohrlich’s modular Jensen’s formula
[Roh84].

In contrast, the method for r “ 3 and r “ 2 is local, without explicit sections of line bundles.
We first recall the work of Gross–Keating for the case r “ 3. When r “ 3, the special cycle ZpT q

is an Artinian Deligne–Mumford stack supported on the supersingular locus. Its height is a sum
of stacky lengths of local rings, multiplied by log p. The required local lengths are given by the
deformation-theoretic Gross–Keating formulas [GK93]. On the analytic side, there is a factorization
of the Fourier coefficients CT into local Whittaker functions. More precisely, after normalizing
C3
T py, sq :“ ps ` 1qps ` 2qΛps ` 2qΛp2s ` 2qCT py, sq to produce the symmetric functional equation

C3
T py,´sq “ ´C3

T py, sq (Section 4.4) we have a factorization

(1.3.1) ´p32π2q´1C3
T py, sq “ W ‹

T,8py, sq
ź

p

W ‹
T,ppsq

into normalized local Whittaker functions, as in (4.3.5). Gross–Keating’s result is a comparison of
the stacky length in characteristic p with d

ds

ˇ

ˇ

s“0
W ‹
T,ppsq. We have volpMpCqq{2 “ p32π2q´1ps `

1qps` 2qΛps` 2qΛp2s` 2q
ˇ

ˇ

s“0
, consistent with the constant in Theorem 1.2.1.
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The remaining case is r “ 2, which is the main new contribution of the heights part of our work.
Unlike Gross–Keating’s case, the cycle ZpT q is flat over SpecZ and hence its height does not admit
an obvious canonical local decomposition. We now describe our local decomposition procedure.
The generic fiber of ZpT q consists of CM points parametrizing pairs of elliptic curves with complex
multiplication by orders in an explicit imaginary quadratic field depending on T (Lemma 8.2.2). The
height of ZpT q is then given by weighted averages of the Faltings heights of these elliptic curves,
with weights determined by the cycle multiplicities and automorphism groups.

The Faltings height of an elliptic curve with complex multiplication by the full ring of integers
OK is known explicitly by the formula of Lerch and Chowla–Selberg as recalled in (10.1.2) (also
[Del85, p. 29]). The height in the case of CM by a non-maximal order can be found in the work of
Nakkajima and Taguchi [NT91].

Rather than evaluate these heights individually, we compute the difference between the relevant
average height and the maximal-order CM height. This reduces the rank 2 height calculation to a
“relative height correction”, with the maximal-order formula providing the reference value. It turns
out that this “average relative height correction” for ZpT q decomposes locally in a canonical way as
a sum (see (10.2.4))

(1.3.2)
ÿ

p

ydeg
pE_pZpT qqp

degE_
Q

pZpT qQq

over all the finite primes whenever the denominator is nonzero, where degE_
Q

pZpT qQq denotes the de-
gree of the 0-cycle ZpT qQ in the generic fiber (Section 10.2). We then make a global-to-local reduction
step and explain how the “average relative height correction” can be calculated via Rapoport–Zink
uniformization. More precisely, we show

(1.3.3)
ydeg

pE_pZpT qqp

degE_
Q

pZpT qQq
“ ´

δFal,ppT q

degppT q
¨ log p

in (12.3.8), whenever the denominators are nonzero, where the quantities δFal,ppT q and degppT q

are formulated purely in terms of local special cycles on Rapoport–Zink spaces (11.6.3). Thus, the
average height calculation for r “ 2 reduces to a key local comparison of “local height corrections”
with derivatives of local Whittaker functions appearing in the Eisenstein series Fourier coefficient.
More precisely, let T 5 P Sym2pQq be a 2 ˆ 2 nondegenerate matrix associated to the rank 2 matrix
T as in (9.6.1), for example if T “ diagp0, T 5q. We then have

(1.3.4) δFal,ppT q ¨ log p “ ´
d

ds

ˇ

ˇ

ˇ

ˇ

s“´1{2

W ‹
T 5,ppsq degppT q “ W ‹

T 5,pp´1{2q

where W ‹
T 5,p

psq is a normalized local Whittaker function of genus 2. The derivative and special value
are taken at the non-central point s “ ´1{2, and the central point is at s “ 0. This local comparison
is proved in Section 13. There, Theorem 13.0.1 states the result in terms of local densities, whose
relation with local Whittaker functions is explained in Remark 3.5.1.

Lastly, extracting the height calculation for ZpT q from the average height calculation amounts to
extracting the numerator of the left-hand side of (1.3.3) from the displayed ratio. For this purpose,
the left-hand side denominator can be calculated e.g. by complex uniformization and compared with
the special value of a genus 2 Eisenstein series Fourier coefficient; this is Lemma 8.5.2.
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1.3.2. Integrals of currents. For T P Sym3pQq and y P Sym3pRqą0, García and Sankaran [GS19]
construct a smooth p2, 2q-form ν˝pT, yq on MpCq. Its Mellin transform defines a family of currents

(1.3.5) g˝pT, y, ρq “

ż 8

1
ν˝pT, tyq

dt

t1`ρ
,

initially for Repρq sufficiently large; see (9.2.3).
In Appendix C, we show that this family admits a meromorphic continuation to Repρq ą ´1{2

with values in currents on the compactification MpCq, extending the corresponding family on MpCq.
Taking the constant term at ρ “ 0 gives an extension of g˝pT, yq to the compactification. Its integral,
understood as the pairing of this extension with the constant function 1, is therefore well-defined.
Moreover, the convergence estimates in the appendix justify interchanging the two integrations in
their common domain of absolute convergence. By meromorphic continuation, we obtain

(1.3.6)
ż

MpCq

g˝pT, yq “ CT
ρ“0

ż

MpCq

ˆ
ż 8

1
ν˝pT, tyq

dt

t1`ρ

˙

“ CT
ρ“0

ż 8

1

˜

ż

MpCq

ν˝pT, tyq

¸

dt

t1`ρ
,

where CT
ρ“0

denotes the constant term at ρ “ 0. The correction terms in (9.6.7) contribute geo-

metric degrees of special cycles, which are computed explicitly in §8.5. Thus the evaluation of the
Archimedean contribution in (1.2.1) reduces to computing (1.3.6).

Following the strategy of [GS19], we express ν˝pT, tyq in terms of the T -th Fourier coefficient of
an explicit theta series. More precisely, (9.4.2) gives

(1.3.7) ν˝pT, tyqz “ Cθ,T

´

ty, hz, ν̃3 b 1M2pẐq3

¯

Ω2
z

for z P MpCq, where Cθ,T is a T -th Fourier coefficient of a theta series for the Schwartz function
ν̃3b1M2pẐq3

, where ν̃3 arises from a Schwartz form in Kudla–Millson theory. The integral of ν˝pT, tyq

over MpCq can then be identified, up to an explicit normalization factor, with a theta integral over
OpV qpQqzOpV qpAq. Our setting lies outside Weil’s convergence range [Wei65], so the ordinary Siegel–
Weil formula does not apply directly. Instead, we use the regularized Siegel–Weil formula [KR94];
see also [HK91]. Together with the absolute convergence of the relevant Fourier-coefficient integrals,
this yields the identity predicted by the ordinary Siegel–Weil formula and expresses (1.3.6) in terms
of Fourier coefficients of Eisenstein series. The relation with the derivative of the classical Siegel
Eisenstein series (formed using a different Schwartz function) then appears via a suitable differential
operator, as in [GS19, (5.139)] and [GS19, Lemma 3.5].

1.4. Structure of the paper. In Part 1, we set up the precise normalizations of Eisenstein series
and local Whittaker functions, explain explicit formulas relating singular Fourier coefficients of
Epz, sq to Fourier coefficients of lower genus Eisenstein series, and record the relevant Siegel–Weil
formula for coefficient-by-coefficient convergent theta integrals.

Sections 7 through 9 explain the construction of arithmetic cycle classes. Sections 10 through
12 explain how the global height term for T of corank 1 can be reduced to a collection of local
quantities calculated on Rapoport–Zink spaces. This is an analogue of the procedure from [Che24]
with some simplifications, e.g. we work with the ratio (12.3.8) which is eventually compared with
a log derivative in (14.3.5), so that the groupoid cardinality #r¨ ¨ ¨ s from (12.3.7) does not need
to be computed explicitly, unlike in loc. cit.. Once the problem is reduced to a local calculation
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on Rapoport–Zink spaces, the comparison with local Whittaker functions (via local densities) is
accomplished in Section 13.

The main theorem is proved in Section 14, by assembling our main results with the existing pieces
in the literature and aligning the constants.

1.5. Acknowledgements. This research was partially conducted during the period RC served as
a Clay Research Fellow, when RC was hosted at Princeton and at the Max Planck Institute for
Mathematics in Bonn. BZ carried out part of this work during his time at Columbia University and
part during his time at Princeton University.

An initial version of Appendix C was produced by GPT-6 Astra. The current version has been
rewritten from scratch.

Part 1. Analytic side

2. Local densities of quadratic lattices

Let p be any prime. Let F be a p-adic local field with ring of integers OF , uniformizer ϖ P OF

and residue field OF {pϖq » Fq of size q. Let vF : F Ñ Z Y t8u be the valuation with vF pϖq “ 1.

2.1. Notations on quadratic lattices. A quadratic lattice pM, qq is a finite free OF -module
equipped with a quadratic form q :M Ñ F . Let MF :“ M bOF F be the F -vector space associated
to M . The quadratic form q induces a symmetric bilinear form

(2.1.1) MF ˆMF
p¨,¨q
ÝÑ F

given by px, yq “ qpx ` yq ´ qpxq ´ qpyq. Let M_ “ tx P M bOF F : px,Mq Ă OF u. We say a
quadratic lattice M is integral if qpxq P OF for all x P M , and is self-dual if it is integral and M

= M_. Given a tuple x of elements in M , our convention is that the normalized Gram matrix or
moment matrix is the matrix 1

2px,xq.
Suppose the symmetric bilinear form p¨, ¨q on MF is nondegenerate. With n “ rankOFM , let

txiu
n
i“1 be any OF basis of M , with tij “ 1

2pxi, xjq. The discriminants of M and MF are

discpMq “ p´1qnpn´1q{2det pptijqq P Fˆ{pOˆ
F q2 discpMF q “ p´1qnpn´1q{2det pptijqq P Fˆ{pFˆq2.

Given a nondegenerate matrix T P SymnpF q, we set discpT q :“ p´1qnpn´1q{2 detpT q.
Let χF : Fˆ{pFˆq2 Ñ t˘1, 0u be the function

χF paq :“

$

’

’

&

’

’

%

`1 if F rXs{pX2 ´ aq is split over F

´1 if F rXs{pX2 ´ aq is inert over F

0 if F rXs{pX2 ´ aq is ramified over F .

We define χF pMq “ χF pdiscpMqq. For nondegenerate T P SymnpF q, we set χF pT q :“ χF pdiscpT qq.
When F “ Qp, we set χp :“ χF .

Let Hilbp¨, ¨qF be the Hilbert symbol on the local field F . If moreover txiu
n
i“1 is any orthogonal

basis of the quadratic space MF , i.e. tij “ 0 if i ‰ j and tii ‰ 0, the Hasse invariant of the quadratic
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space MF is

(2.1.2) ϵpMF q “
ź

1ďiăjďn

Hilbptii, tjjqF P t˘1u.

The invariants discpMF q and ϵpMF q determine MF up to isomorphism.
The lattice M has an associated sequence GKpMq “ pa1, . . . , anq P Zn of Gross–Keating invari-

ants, with a1 ď ¨ ¨ ¨ ď an. These invariants GKpMq are useful for uniform statements in all residue
characteristics, particularly when including p “ 2. The invariants GKpMq were introduced in [GK93,
§4] for F “ Qp and n “ 3, and the analogous general case is defined in [IK18, Definition 0.1]. See
also Appendix B for the definition, there with F “ Qp. From the definition, one finds that M is
integral if and only if ai ě 0 for all i. It follows from this that a1 “ minxPM vF pqpxqq for any M ,
not necessarily integral. We set νpMq – a1 ` ¨ ¨ ¨ ` an for the sum of the Gross–Keating invariants.
For the reader’s convenience, we recall [IK18, Theorem 0.1] which reads

(2.1.3) νpMq “

$

’

’

&

’

’

%

vF p4tn{2udiscpMqq if n is odd

vF p4tn{2udiscpMqq if n is even and χF pMq ‰ 0

vF p4tn{2udiscpMqq ´ vF p∆M q ` 1 if n is even and χF pMq “ 0,

where ∆M Ď OF denotes the discriminant ideal of the extension F rXs{pX2 ´ discpMqq over F . In
particular, if n is even, we find that χF pMq “ 0 if and only if νpMq is odd. The previous sentence
also holds for n odd when p ‰ 2, but fails for n odd and p “ 2.

2.2. Local densities. Set

SymnpOF q˚ :“ tb P SymnpF q : trpbcq P OF for all c P SymnpOF qu.(2.2.1)

An element T P SymnpF q lies in SymnpOF q˚ if and only if Ti,i P OF and Ti,j P 1
2OF for all i ‰ j.

Given nonsingular matrices S P SymmpF q and T P SymnpF q, we recall the local representation
density (or just local density)

(2.2.2) DenpS, T q :“ lim
kÑ8

volptx P Mm,npOF q : txSx´ T P ϖk SymnpOF q˚uq

q´k¨npn`1q{2
,

where Mm,npOF q is given the Haar measure of total volume 1. The limit argument stabilizes for
k " 0. This depends only on the isomorphism classes of the quadratic lattices defined by S and
T , so we also write DenpM,Lq if M and L are quadratic lattices admitting bases with normalized
Gram matrices S and T , respectively. If n ą m, we have DenpS, T q “ 0. If S P SymnpOF q˚ but
T R SymnpOF q˚, we have DenpS, T q “ 0.

Remark 2.2.1. Let L,M be two integral non-degenerate quadratic OF -lattices. Let RepM,L be the
scheme of integral representations, an OF -scheme such that for any OF -algebra R,

RepM,LpRq “ QHompLbOF R,M bOF Rq,

where QHom denotes the set of module homomorphisms which preserve the quadratic forms. The
local density of integral representations is

DenpM,Lq “ lim
dÑ8

#RepM,LpOF {ϖdq

qd¨dimpRepM,LqF
.
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Equivalently, DenpM,Lq is the volume of RepM,LpOF q with respect to the fibral measure associated
to the map Mm,npOF q Ñ SymnpOF q˚ given by x ÞÑ txSx´T in the previous notation, if the source
and target are taken to have total volume 1. The limit in the construction of DenpM,Lq corresponds
to a shrinking tubular neighborhood of RepM,LpOF q.

Remark 2.2.2. In Remark 2.2.1, if L,M have ranks n,m respectively, then pRepM,LqF ‰ ∅ if and
only if n ď m, in which case dimpRepM,LqF “ mn ´

npn`1q

2 . If n ą m, then RepM,LpOF {ϖdq “ H

for d " 0.

2.3. Normalized local density polynomial. Let H be the standard split rank 2 quadratic OF -
lattice, with quadratic form given by qpx, yq “ xy. For a nonnegative integer r, define Hr to be the
orthogonal sum of r copies of H.

Let L be a quadratic OF -lattice of rank n ě 0. We set
(2.3.1)

NorpX,Lq :“

$

&

%

p1 ´ q´pn`1q{2Xq
śtn{2u

i“1 p1 ´ q2i´pn`1qX2q if n is odd

p1 ´ q´1{2χF pLqXq´1p1 ´ q´pn`1q{2Xq
śtn{2u

i“1 p1 ´ q2i´pn`1qX2q if n is even,

which is taken from [Ike17, §4], up to a shift.
Consider an even integer m ě 0, and set s0 “ pm ´ pn ` 1qq{2. With m suppressed from

notation, the discussion in [Ike17, §4] (see also Remark 3.5.1) implies that there is a (unique)
Laurent polynomial Den‹pX,Lq P ZrX,X´1{2s such that

(2.3.2) Den‹pX,Lq|X“q´k “

$

’

’

&

’

’

%

´

X´νpLq{2 DenpHm{2`k´2s0 ,Lq

Norpqs0X,Lq

¯

ˇ

ˇ

ˇ

ˇ

X“q´k

if n is odd
´

X´tνpLq{2u DenpHm{2`k´2s0 ,Lq

Norpqs0X,Lq

¯

ˇ

ˇ

ˇ

ˇ

X“q´k

if n is even

for all integers k with m{2 ` k ´ 2s0 ě 0 and Norpqs0X,Lq|X“q´k ‰ 0. We moreover have
XνpLq{2Den‹pX,Lq P ZrXs if n is odd and XtνpLq{2u Den‹pX,Lq P ZrXs if n is even, and these
elements of ZrXs have constant term 1. By [Ike17, Theorem 4.1] combined with the formula for
νpLq recalled in (2.1.3), we have the functional equation

(2.3.3)

$

&

%

Den‹p 1
q2s0X

, Lq “ ηLDen‹pX,Lq if n is odd

Den‹p 1
q2s0X

, Lq “ Den‹pX,Lq if n is even

where

(2.3.4) ηL “

$

&

%

`1 if L is split

´1 if L is nonsplit

via the explanation after [IK18, Definition 0.4]. We then set

(2.3.5) Den‹pLq :“ Den‹p1, Lq, BDen‹pLq :“
d

dX

ˇ

ˇ

ˇ

ˇ

X“1

Den‹pX,Lq.

For n odd, we are abusing notation as in [Che24, Remark 15.5.2] to handle expressions involving
X´1{2, e.g. d

dXX
´1{2 :“ ´1

2X
´3{2 as one expects.
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If GKpLq “ p0, . . . , 0q, then we have Den‹pX,Lq “ 1, a constant function: we know Den‹pX,Lq P

ZrXs must be a constant because of the functional equation (2.3.3), and Den‹pX,Lq has constant
term 1.

Example 2.3.1. For this paper, we are interested in the case F “ Qp withm “ 4 and 0 ď n ď m´1.
In these cases, we have

(2.3.6) Den‹pp´k, Lq “

$

’

’

’

’

’

&

’

’

’

’

’

%

pkpνpLq{2q DenpHk`2,Lq

p1´p´k´2qp1´p´2k´2q
if rankZppLq “ 3

pktνpLq{2u DenpHk`1,Lq

p1´p´k´1qp1´p´2kq
¨
`

1 ´ χppLqp´k
˘

if rankZppLq “ 2

pkpνpLq{2q DenpHk,Lq

1´p´k if rankZppLq “ 1

1 if rankZppLq “ 0

for all integers k ě 0 if n “ 3, for k ě 1 if n “ 2 or n “ 1, and for all k if n “ 0.

3. Weil representations, Eisenstein series and Whittaker functions

3.1. Notations on Siegel groups. For a positive integer r, let Wr be the standard symplectic
space over Q of dimension 2r, equipped with a basis with Gram matrix

(3.1.1) wr :“

˜

0 1r

´1r 0

¸

.

Let P Ď Sp2r :“ SppWrq be the Siegel parabolic, with Levi M Ď P and unipotent radical N Ď P

given explicitly as

P “

#˜

˚ ˚

0 ˚

¸

P SppWrq

+

M “

#

mpaq “

˜

a 0

0 ta´1

¸

: a P GLr

+

N “

#

npbq “

˜

1r b

0 1r

¸

: b P Symr

+

.

We sometimes write Pr,Mr, Nr to emphasize r-dependence. The Hermitian symmetric domain
associated to the group SppWrq is the genus r upper half-plane

Hr “ tz “ x ` iy : x, y P SymrpRq, y ą 0u.

There is the usual transitive action Sp2rpRq

œ Hr given by

(3.1.2) z ÞÑ paz ` bqpcz ` dq´1 for

˜

a b

c d

¸

P Sp2rpRq and z P Hr,

and the stabilizer of i1r P Hr is the standard maximal compact

(3.1.3) Kr,8 “

"

˜

a b

´b a

¸

: k “ a` ib P Uprq

*

» Uprq.

Given an element z “ x ` iy P Hr, we write gz,8 “ npxqmpaq P P pRq for any element with the
property z “ gz,8 ¨ i1r, i.e. a ¨ ta “ y, such that moreover detpaq ą 0. We then write gz P P pAq for
an element with

(3.1.4) gz,v “ 12r for all v ă 8 and gz,8 as above.
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3.2. Degenerate principal series. Fix the standard additive character ψ : A{Q Ñ Cˆ such that
ψ8pxq “ e2πix. We define the degenerate principal series to be the unnormalized smooth induction

(3.2.1) Irpsq :“ IndSppWrqpAq

PrpAq

´

|detp¨q|
s`pr`1q{2
A

¯

, s P C,

where detp¨q : PrpAq Ñ Aˆ is abuse of notation for mpaq ÞÑ detpaq. This is the restricted tensor
product of the following local representations of SppWrqpQvq:

(3.2.2) Ir,vpsq :“ IndSppWrqpQvq

PrpQvq

´

|detp¨q|s`pr`1q{2
v

¯

, s P C.

We will use r (resp. rv) to denote the right regular representation of SppWrqpAq (resp. SppWrqpQvq)
on Irpsq (resp. Ir,vpsq).

3.3. Representations of Kr,8. The irreducible representations of the group Kr,8 » Uprq (3.1.3)
are denoted by πλ with

λ “ pl1, ¨ ¨ ¨ , lrq P Zr, l1 ě ¨ ¨ ¨ ě lr.

The Kr,8-types appearing in Ir,8psq were determined by Kudla and Rallis [KR90, (1.3)] (see also
[KR94, Proposition 2.8]) to be precisely those irreducible representations πλ of Kr,8 with highest
weight λ “ pl1, ¨ ¨ ¨ , lrq such that

(3.3.1) li P 2Z, 1 ď i ď r.

Moreover, these Kr,8-types appear with multiplicity one in Ir,8psq. If Φλ8p¨, sq P Ir,8psq is a
non-zero highest weight vector of weight λ, then Φλ8pe, sq ‰ 0 ([KR90, Proposition 1.1]), hence from
now on we normalize all such highest weight vectors so that Φλ8pe, sq “ 1. Note that the restriction
of Φλ8 to Kr,8 is independent of s. For scalar weights λ “ lp1, ¨ ¨ ¨ , 1q with l P 2Z, we have

Φl8pk, sq :“ Φ
lp1,¨¨¨ ,1q
8 pk, sq “ detpkql, k P Kr,8.

3.4. Notations on Eisenstein series. For a standard section Φp´, sq P Irpsq (i.e., its restriction
to the standard maximal compact subgroup of SppWrqpAq is independent of s), define the associated
Siegel Eisenstein series

Epg, s,Φq “
ÿ

γPP pQqzSppWrqpQq

Φpγg, sq,

which converges for Repsq " 0 and admits meromorphic continuation to s P C.
We have a Fourier expansion

(3.4.1) Epg, s,Φq “
ÿ

TPSymrpQq

ET pg, s,Φq,

where
ET pg, s,Φq “

ż

SymrpQqzSymrpAq

Epnpbqg, s,Φqψp´trpTbqqdnpbq,

for Repsq " 0, where the Haar measure dnpbq is normalized to be self-dual with respect to pb, cq ÞÑ

ψptrpbcqq.
When T is nonsingular, for factorizable Φ “ bvΦv, we have a factorization of the Fourier coefficient

into a product

(3.4.2) ET pg, s,Φq “
ź

v

WT,vpgv, s,Φvq
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where the local (generalized) Whittaker function is defined by

(3.4.3) WT,vpgv, s,Φvq “

ż

NrpQvq

Φvpw´1
r npbqg, sqψvp´trpTbqqdnpbq

for Repsq " 0, where the Haar measure is self-dual for pb, cq ÞÑ ψvptrpbcqq. For an arbitrary matrix
T P SymrpQq, we also have the global Whittaker function:

(3.4.4) WT pg, s,Φq “

ż

NrpAq

Φpw´1
r npbqg, sqψp´trpTbqqdnpbq

for Repsq " 0, again for the self-dual Haar measure. When the section Φ is factorizable, the above
global Whittaker function is the product of all the local Whittaker functions. It is exactly the T -th
Fourier coefficient of Epg, s,Φq when T is nonsingular.

In this article, we focus on standard sections Φ P Irpsq of the following form:

(3.4.5) Φλr p´, sq “ Φλr,8p´, sq b
â

vă8

Φr,vp´, sq,

where the weight vector λ “ pl1, ¨ ¨ ¨ , lrq satisfies (3.3.1) and the function Φr,vp´, sq P Ivpsq is the
unique spherical function such that Φr,vpe, sq “ 1 for all s P C. If λ “ lp1, ¨ ¨ ¨ , 1q for some l P 2Z,
we use Φlrp´, sq to denote this section.

For z “ x ` iy P Hr, and for m “ 2l, we define the classical weight l Eisenstein series to be

(3.4.6) Epz, s,Φlrq “ pdet yq´m{4Epgz, s,Φ
l
rq

for any gz as in Section 3.1. This is independent of the choice of gz because different choices differ
by an element in SOr Ă Uprq, whose determinant is 1. A computation yields the more classical form

(3.4.7) Epz, s,Φlrq “
ÿ

γPP pZqz Sp2rpZq

detpyqps´s0q{2

detpcz ` dqm{2| detpcz ` dq|s´s0
γ “

˜

a b

c d

¸

for Repsq " 0, where s0 :“ pm ´ pr ` 1qq{2, and where P pZq and Sp2rpZq are defined as in Section
3.1 but with Z instead of Q. For

(3.4.8) CT py, s,Φq :“ pdet yq´m{4ET pgiy, s,Φq ¨ e2πtrpT yq,

we have the following Fourier expansion of the classical Eisenstein series (3.4.6):

(3.4.9) Epz, s,Φq “
ÿ

TPSymrpQq

CT py, s,Φq ¨ qT , qT :“ e2πitrpT zq.

3.5. Siegel–Weil section. Let V be a rank m quadratic space over A, giving a collection of m-
dimensional quadratic spaces Vv over Qv for all places v of Q, with bilinear pairing p´,´q and
quadratic form x ÞÑ 1

2px, xq. We moreover assume that V bA AS – V bQ AS for some finite set of
places S and some quadratic space V over Q, where AS denotes the away-from-S adèle ring. In this
paper, we are primarily interested in the case where

(3.5.1) V “ M2pQq Vv “ Vv “ M2pQvq if v ă 8 V8 is positive definite

where V is equipped with the quadratic form x ÞÑ detpxq. In this case, we can immediately verify
that

ś

v
ϵpVvq “ ´1, where the Archimedean Hasse invariant is also defined by the formula (2.1.2).
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We allow general V for the moment, but simplify slightly by requiring m to be even. For each
place v of Q, consider the quadratic character χVv : Qˆ

v Ñ t˘1u, defined by the Hilbert symbol
χVvpavq :“ pav,discpVvqqQv . and define χV : Aˆ Ñ t˘1u by χVpaq “

ś

v χVvpavq. Assume that
χV|Qˆ is trivial. In the situation of (3.5.1), our χV is the trivial character.

Let r ě 0 be a nonnegative integer, and let S pVrq be the space of Schwartz functions on Vr.
The fixed choice of ψ gives a Weil representation ωr of SppWrqpAq ˆ OpVq on S pVrq, which may be
described explicitly by the Schrödinger model

pωpmpaqqφqpxq “ χVpaq|a|
m{2
A φpx ¨ aq mpaq P MpAq(3.5.2)

pωpnpbqqφqpxq “ ψp12 trpbpx,xqqqφpxq npbq P NpAq(3.5.3)

pωpwrqφqpxq “ γψpVqr pφpxq(3.5.4)

pωphqφqpxq “ φph´1 ¨ xq h P OpV pAqq(3.5.5)

as in [Kud94, §5] and [Kud97, §I.1]; here γψpVq “
ś

v γψvpVvq is a product of local Weil indices, all
but finitely many of which are equal to 1, where γψvpVvq means the Weil index associated to the
“non-degenerate character of the second degree” x ÞÑ ψvp12px, xqq on Vv. In the situation of (3.5.1),
we have γψvpVvq “ 1 if v ă 8 by e.g. [Che24, Lemma 14.1.1], and we have γψ8

pV8q “ ´1 by
[RR93, Proposition A.10(2)]. Above, we abuse notation χVpaq “ χVpdet aq and |a|A “ | det a|A, as
usual.

Set s0 :“ pm´ pr ` 1qq{2. For φ P S pVrq, define a function

Φφpg, sq :“ pωrpgqφq p0q ¨ |detpapgqq|
s´s0
A , g P SppWrqpAq

with g “ mpapgqqnpbqk for k in the standard maximal compact subgroup. Then Φφpg, sq P Irps, χVq

where Irps, χVq is defined as in (3.2.1) but with χV| ´ |
s`pr`1q{2
A instead of | ´ |

s`pr`1q{2
A from loc.

cit.. This Φφ is called the standard Siegel–Weil section associated to φ. For φ P S pVrq, we write
Epg, s,φq :“ Epg, s,Φφq.

Given φv P S pVrvq, we similarly have Φφv , defined using the local Weil representation, i.e. re-
placing A with Qv above. If v “ 8 and V8 is positive definite with m ” 0 pmod 4q, the formula
[GS19, (2.66)] implies that the Gaussian φ8 P S pVr8q given by

(3.5.6) φ8pxq “ e´π trpx,xq

is such that Φφ8 “ Φ
m{2
8 with the latter as defined in Section 3.3. If v ă 8, if Vv is isomorphic to

the standard split quadratic space of rank m, and if L Ď Vv is a lattice which is isomorphic to the
standard split quadratic lattice of rank m, i.e. admitting a basis with the quadratic form

(3.5.7)
1

2

˜

0 1m{2

1m{2 0

¸

,

then the function φv “ 111Lr is such that Φφv is the unique spherical standard section with Φφvp1, sq “

1. This applies, for example, to the situation of (3.5.1).

Remark 3.5.1. For a non-Archimedean place v, consider a standard section Φφvp´, sq P Ir,vpsq

associated to a Schwartz function φv “ 1Mr where M Ă Vv is a Zv-lattice of rank m. Let L be
a quadratic Zv-lattice of rank r with normalized Gram matrix T , for some basis. We have the
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following relation between local Whittaker function and the local density for all integers k ě 0 by a
generalization of the calculation in [Kud97, Proposition A.4, Proposition A.6],1

(3.5.8) WT,v pe, k ` s0,Φφvq “ γψvpVvq´r|2|rpr´1q{4`mr{2
v | discpMq|r{2

v ¨ DenpM kHk, Lq.

The same formula holds if Qp is replaced with an arbitrary p-adic field. The same formula also holds
for possibly odd m, if one replaces the symplectic group with its metaplectic double cover.

3.6. Pullback map and intertwining operator. In this section we fix some notation which will
be used repeatedly in the next section. Given nonnegative integers r1 ď r2, there is a standard
inclusion Wr1 Ñ Wr2 inducing an embedding ηr2r1 : SppWr1qpAq Ñ SppWr2qpAq as in [GS19, (5.39)].
Define the following pullback map for every place v [GS19, (5.45)]

(3.6.1)
`

ηr2r1
˘˚

: Ir2,vpsq Ñ Ir1,v

ˆ

s`
r2 ´ r1

2

˙

.

Let Mrpsq “ bvMr,vpsq be the standard intertwining operator, where

Mr,vpsq : Ir,vpsq ÝÑ Ir,vp´sq(3.6.2)

Φ ÞÝÑ pMr,vpsqΦq pgq :“

ż

NrpQvq

Φ
`

w´1
r npbqg, s

˘

dnpbq

is defined for s P C with Repsq " 0. Both Mr,vpsq and Mrpsq admit meromorphic continuation to
s P C.

4. Normalization of Whittaker functions and Eisenstein series

4.1. Normalized Archimedean local Whittaker functions. Fix a nonnegative m P 4Z, set
s0 “ pm´pr`1qq{2, and consider the standard section Φ

m{2
8 pg, sq as in Section 3.3. Fix T P SymrpRq

nonsingular. Given y P SymrpRqą0 and any a P GLrpRq with a ¨ ta “ y and det a ą 0, a change of
variables gives

(4.1.1) WT,8pmpaq, s,Φ
m{2
8 q “ pdet yq´s{2`pr`1q{4WtaTa,8p1, s,Φ

m{2
8 q.

We set

(4.1.2) WT,8py, s,Φ
m{2
8 q :“ pdet yq´m{4WT,8pmpaq, s,Φ

m{2
8 q,

and this does not depend on the choice of a.
For any b P SymrpRq, a computation gives

(4.1.3) Φ
m{2
8 pw´1

r npbq, sq “ detpi1 ` bq´ps´s0`mq{2 ¨ detp´i1 ` bq´ps´s0q{2

1We find that a few constants should be modified in loc. cit. in the case of residue characteristic p “ 2. In the proof of
[Kud97, Proposition A.4], the self-dual Haar volume for SymnpOq should contribute an additional factor of |2|

npn´1q{4
v .

In the proof of [Kud97, Proposition A.6], we find that the measure dx should be self-dual for the pairing defined by
2Sr, for compatibility with [Kud94, §5]. This contributes an additional factor of |2|

mn{2
v . Our normalization of the

local density differs from loc. cit., i.e. we do not have the |2|
npn`1`2rq factor. We also mention that γF pdetV, ψq and

γF pψq in [Kud97] are what would have been denoted γF pdetV, 1
2
ψq and γF p 1

2
ψq in [Kud94], and that Kudla’s γpV q

in [Kud97, Proposition A.4] is our γψv pVvq
´r.



ARITHMETIC SIEGEL–WEIL FORMULA ON THE PRODUCT OF MODULAR CURVES 15

with log branch convention as in [Shi82, (1.11)] (see also [Che24, Remark 13.2.1]), so we have

(4.1.4) WT,8p1, s,Φ
m{2
8 q “

ż

SymrpRq

detpi1 ` bq´ps´s0`mq{2 ¨ detp´i1 ` bq´ps´s0q{2ψ8p´ trpTbqqdb

for the Haar measure db which is self-dual for the pairing pb, cq “ ψ8ptrpbcqq, i.e. 2rpr´1q{4 times the
Euclidean measure.

We have

(4.1.5) WT,8p1, s,Φ
m{2
8 q “ 2rpr´1q{4ξp1, T ;α, βq, α “ ps´ s0 `mq{2 β “ ps´ s0q{2

with ξp´,´;´,´q as in [Shi82, (1.25)] and s0 “ pm ´ pr ` 1qq{2. Recall the Archimedean local
L-factors

(4.1.6) LRps,111q “ π´s{2Γ
´s

2

¯

, LRps, sgnq “ π´ps`1q{2Γ

ˆ

s` 1

2

˙

.

Let pr1, r2q be the signature of T . We set

W ‹
T,8py, sq :“

p2πqrpr´1q{4

p´2πiqrm{2
π´rps´s0q{2

ˆ r´1
ź

j“0

Γpps´ s0 `m´ jq{2q

˙

|detT |´ps`s0q{2e´2πi trpiT yqWT,8py, s,Φ
m{2
8 q

(4.1.7)

if r is odd, and we set

W ‹
T,8py, sq :“

p2πqrpr´1q{4

p´2πiqrm{2
π´rps´s0q{2

ˆ r´1
ź

j“0

Γpps´ s0 `m´ jq{2q

˙

|detT |´ps`s0q{2e´2πi trpiT yqWT,8py, s,Φ
m{2
8 q

(4.1.8)

¨
LRps` 1{2, sgnrpr´1q{2q

LRps` 1{2, sgnrpr´1q{2`r2q

if r is even, where the normalizing factor should be compared with [GS19, (3.3.14)], and also Shimura
[Shi82], at least without the additional Archimedean L-factors. For any a P GLrpRq with a ¨ ta “ y

and det a ą 0, we have

(4.1.9) W ‹
T,8py, sq “ W ‹

taTa,8psq :“ W ‹
taTa,8p1r, sq.

We have

(4.1.10) W ‹
T,8py, s0q “

$

&

%

1 if T is positive definite

0 if r ` 1 ď m and T is not positive definite

and have the functional equation

(4.1.11) W ‹
T,8py, sq “

$

&

%

p´1qr1r2{2W ‹
T,8py,´sq if r is odd

W ‹
T,8py,´sq if r is even.

as can be shown using [Shi82, (3.15),(3.7)] in the positive definite case and [Shi82, (4.12.K), (4.34.K)]
in the other cases.

Lemma 4.1.1. Let T P SymrpRq be a nondegenerate matrix.
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(a). If T is positive definite, for all y P SymrpRqą0

(4.1.12)
d
ds

ˇ

ˇ

ˇ

ˇ

s“s0

W ‹
T,8pty, sq “ Opt´1q as t Ñ `8.

For all fixed s1, there is a positive constant C such that

(4.1.13)
d
dt

„

d
ds

ˇ

ˇ

ˇ

ˇ

s“s1

W ‹
T,8pty, sq

ȷ

“ Opt´1´Cq as t Ñ `8.

(b). If T is not positive definite, for all fixed s1 and y P SymrpRqą0, there are positive constants
C 1 and C2 such that

d
ds

ˇ

ˇ

ˇ

ˇ

s“s1

W ‹
T,8pty, sq “ Ope´C1tq and

d
dt

„

d
ds

ˇ

ˇ

ˇ

ˇ

s“s1

W ‹
T,8pty, sq

ȷ

“ Ope´C2tq as t Ñ `8.

Proof. We first prove (4.1.12). Set WT,8py, sq “ WT,8py, s,Φm{2qe2πtrpT yq. By the definition of
W ‹
T,8py, sq, we have

(4.1.14)

´

W ‹
T,8

¯1

py, sq

W ‹
T,8py, sq

“ ´
1

2
log detpπT q `

Γ1
rpps´ s0 `mq{2q

2Γrpps´ s0 `mq{2q
`

W 1
T,8py, sq

WT,8py, sq

where Γrpsq :“ πrpr´1q{4
śr´1
j“0 Γps ´ j{2q. It is proved in [GS19, Proposition 3.2 (iii), (iv)] that for

t ą 0,

(4.1.15)
W 1
T,8pty, sq

WT,8pty, sq
“

1

2
log detpπT q ´

Γ1
rpps´ s0 `mq{2q

2Γrpps´ s0 `mq{2q
`Opt´1q as t Ñ `8.

Then (4.1.12) follows by combining (4.1.14) and (4.1.15).
Equation (4.1.13) and part (b) follow, respectively, from Proposition 3.2 (ii) and Proposition 3.3

of loc. cit.. □

4.2. Normalized non-Archimedean local Whittaker functions. Suppose Φr,pp´, sq P Ir,ppsq

is the normalized spherical section, i.e. the unique Kp-invariant function with Φr,pp1, sq “ 1. Fix a
nonnegative m P 2Z and let s0 “ pm ´ pr ` 1qq{2 as usual. Given any nonsingular T P SymrpQpq,
we define the normalized local Whittaker function W ‹

T,ppsqm P Crps, p´s{2s to be the function given
by

(4.2.1) W ‹
T,pps´ s0qm “ Den‹pp´s, Lq

for L any quadratic Zp-lattice admitting a basis with normalized Gram matrix T , and Den‹pX,Lq

as defined in Section 2.3. More explicitly, we have

W ‹
T,ppsqm “ |2|´rpr´1q{4

p |4tr{2udiscpT q|´ps`s0q{2
p ζpps` pr ` 1q{2q(4.2.2)

¨

¨

˝

tr{2u
ź

i“1

ζpp2s` r ` 1 ´ 2iq

˛

‚WT,pp1, s,Φr,pq
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if r is odd and

W ‹
T,ppsqm “ |2|´rpr´1q{4

p |4tr{2udiscpT q∆´1
T |´ps`s0q{2

p Lpps` 1{2, ηT q´1ζpps` pr ` 1q{2q(4.2.3)

¨

¨

˝

tr{2u
ź

i“1

ζpp2s` r ` 1 ´ 2iq

˛

‚WT,pp1, s,Φr,pq

if r is even, where ∆T Ď Zp is the discriminant ideal for the extension QprXs{pX2 ´ discpT qq of
Qp where ηT : Qˆ

p Ñ t˘1u is the quadratic character associated to this extension of Qp, and where
ζppsq :“ p1 ´ p´sq´1, and Lpps, ηT q “ p1 ´ χppT qp´sq´1 are the usual local L-factors.

The formulas in (2.3.3) translate to the functional equations

W ‹
T,pp´sqm “

$

&

%

˘W ‹
T,ppsqm if r is odd

W ‹
T,ppsqm if r is even

(4.2.4)

where the sign “˘” is “`” if T defines a split quadratic space, and is “´” otherwise. We typically
lighten notation and write W ‹

T,ppsq instead of W ‹
T,ppsqm, when m is understood.

If T R SymrpZpq˚, we have W ‹
T,ppsq “ 0 identically, as Den‹pX,Lq “ 0 in the above notation as

because DenpHk, Lq “ 0 for all k ě 0 via the explanation in Section 2.2.

4.3. Normalized global Whittaker functions. Consider a nonsingular matrix T P SymrpQq, for
some r ě 0. Fix an integer m ” 0 pmod 4q. A computation using (4.1.11) and (4.2.4) gives the
functional equation

(4.3.1) W ‹
T,8py, sq

ź

p

W ‹
T,ppsq “

$

&

%

p´1qpr2´1q{8W ‹
T,8py,´sq

ś

pW
‹
T,pp´sq if r is odd

W ‹
T,8py,´sq

ś

pW
‹
T,pp´sq if r is even.

Consider any degree 2 étale algebra E{Q with associated quadratic character η : Aˆ Ñ t˘1u. Let
∆ Ď Z be the discriminant ideal. For a place v of Q, we write Lvps, ηq for the associated local
L-factor, and we let Λps, ηq “

ś

v Lvps, ηq be the completed L-function, where the product runs
over all places v. Recall that there is a functional equation

(4.3.2) Λps, ηq “ ϵps, ηqΛp1 ´ s, ηq

where ϵps, ηq “ |∆|´s`1{2. If we set

(4.3.3) Λ˚ps, ηq “ |∆|s{2Λps, ηq

then we have

(4.3.4) Λ˚ps, ηq “ Λ˚p1 ´ s, ηq.

If η is the trivial character, we write Λpsq “ Λps, ηq for short.
In the special case of m “ 4, we compute

(4.3.5)
W ‹
T,8py, sq

ś

pW
‹
T,ppsq

CT py, s,Φ
m{2
r q

“

$

’

’

&

’

’

%

´ 1
32π2 ps` 1qps` 2qΛps` 2qΛp2s` 2q if r “ 3

1
16π2 ps` 1{2qps` 3{2q

Λp2s`1qΛps`3{2q

Λ˚ps`1{2,ηT q
if r “ 2

´ 1
8π ps` 1qΛps` 1q if r “ 1
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where ηT denotes the quadratic character associated to QrXs{pX2 ´ discT q.

4.4. Normalized Eisenstein series. The following lemma follows from [KR88, Lemma 4.1, Lemma
4.6] (see also [Ste21, Theorem 3.10] and [KR94, (4.20)]).

Lemma 4.4.1. For all positive integers r, we have
`

Mr,8Φ2
r,8

˘

pg8, sq(4.4.1)

“ p´1qr ¨
2p1´sqr`rpr´1q{4πrpr`1q{2Γrpsq

Γrps{2 ` pr ` 5q{4qΓrps{2 ` pr ´ 3q{4q
¨ Φ2

r,8pg8,´sq, g8 P SppWrqpRq.

For a non-Archimedean place p of Q, we have

(4.4.2) pMr,pΦr,pq pgp, sq “ |2|rpr´1q{4
p Φr,ppgp,´sq ¨

$

’

’

’

&

’

’

’

%

ζpps´1qζpp2s´1q

ζpps`2qζpp2s`2q
, if r “ 3;

ζpps´1{2qζpp2sq

ζpps`3{2qζpp2s`1q
, if r “ 2;

ζppsq

ζpps`1q
, if r “ 1,

where ζppsq “ p1 ´ p´sq´1. Therefore we have

(4.4.3)
`

MrΦ
2
r

˘

pg, sq “ Φ2
rpg,´sq ¨

$

’

’

&

’

’

%

´
p1´sqp2´sq

p1`sqp2`sq
¨
Λps´1qΛp2s´1q

Λps`2qΛp2s`2q
, if r “ 3;

p1{2´sqp3{2´sq

p1{2`sqp3{2`sq
¨

Λps´1{2qΛp2sq

Λps`3{2qΛp2s`1q
, if r “ 2;

´ s´1
s`1 ¨

Λpsq

Λps`1q
, if r “ 1.

Proof. We remark that in (4.4.1), there is an extra factor of 2rpr´1q{4 compared to [KR88, Lemma
4.6]. This factor arises because of the difference between the measure dnpbq that we are using and
the standard Euclidean measure dx in loc. cit.. The extra factor |2|

rpr´1q{4
p in (4.4.2) also arises in

this way (see also Remark 3.5.1).
The formula (4.4.3) follows from combining (4.4.1), (4.4.2), [GS19, (5.94)] and the duplication

formula
ΓpsqΓps` 1{2q “ 21´2sπ1{2Γp2sq, s P C.

□

Define the normalized Eisenstein series to be

(4.4.4) Erpg, sq :“ Epg, s,Φ2
rq ¨

$

’

’

&

’

’

%

p1 ` sqp2 ` sqΛp2 ` sqΛp2 ` 2sq, if r “ 3;

p1{2 ` sqp3{2 ` sqΛps` 3{2qΛp2s` 1q, if r “ 2;

p1 ` sqΛps` 1q, if r “ 1.

By (4.4.3) and the functional equation Epg, s,Φq “ Epg,´s,MrpsqΦq for any section Φ P Irpsq, we
have

(4.4.5) Erpg,´sq “ ˘Erpg, sq

where the sign “˘” is “`” if r “ 1, 2 and is “´” if r “ 3. For z “ x ` iy P Hr, define Erpz, sq “

pdet yq´1Erpgz, sq. We have the following Fourier expansion by (3.4.9):

(4.4.6) Erpz, sq “
ÿ

TPSymrpQq

CrT py, sq ¨ qT



ARITHMETIC SIEGEL–WEIL FORMULA ON THE PRODUCT OF MODULAR CURVES 19

where CrT py, sq is given by normalizing CT py, s,Φ2
rq by the same factor from (4.4.4).

Example 4.4.2. For r “ 1 and s “ 1, the Eisenstein series E1pz, 1q is the classical non-holomorphic
Eisenstein series of weight 2 whose explicit Fourier expansion is

(4.4.7) E1pz, 1q “
π

3
´

1

Impzq
´ 8π

8
ÿ

n“1

σ1pnqqn.

5. Singular Fourier coefficients

In this section we focus on the Fourier coefficients in the decomposition (3.4.1) of the genus r
Eisenstein series Epg, s,Φq when the matrix T is singular, especially for m “ 4 and r “ 3.

5.1. Decomposition of the singular Fourier coefficients. Let T P SymrpQq be a matrix

(5.1.1) T “

˜

0r´t

T 5

¸

where 0 ď t ď r and T 5 P SymtpQq is nonsingular if t ‰ 0, and t “ rkpT q. By [GS19, Lemma 5.4],
there is a decomposition

(5.1.2) ET pg, s,Φq “

r
ÿ

j“t

ÿ

aPPr´t,j´tpQqzGLr´tpQq

Bj
T pm p

a
1t q g, s,Φq ,

where Pr´t,j´tpQq is a parabolic subgroup of GLr´t whose explicit expression can be found in [GS19,
(5.40)]. The functions Bj

T are defined by the following integral

(5.1.3) Bj
T pg, s,Φq “

ż

NjpAq

Φ
´

ηrj

´

w´1
j npbq

¯

g, s
¯

ψ
´

´tr
´

T
´

0r´j

b

¯¯¯

dnpbq.

It turns out that the most important terms in (5.1.2) are the terms corresponding to j “ t and
j “ r. For j “ r, we have the following identity by combining [GS19, Lemma 5.4, Remark 5.6,
(5.102), (5.103)],

Br
T pg, s,Φq “ WT 5

ˆ

e, s´
r ´ t

2
, rUt,rpsq ˝ rpgqsΦ

˙

(5.1.4)

“ WT 5

ˆ

e,
r ´ t

2
´ s, rpηrt q˚ ˝ Mrpsq ˝ rpgqsΦ

˙

“ WT 5

ˆ

e,
r ´ t

2
´ s, rpηrt q˚ ˝ rpgq ˝ MrpsqsΦ

˙

,

where the definition of the operator Uj,rpsq can be found in [GS19, (5.46), Lemma 5.5] (We omit the
details because the explicit definition will not be needed.). For j “ t,

Bt
T pg, s,Φq “ WT 5

ˆ

e, s`
r ´ t

2
, rpηrt q˚ ˝ rpgqsΦ

˙

.(5.1.5)

Moreover, if t “ 0, i.e., T “ 0r,

(5.1.6) B0
0rpg, s,Φq “ Φpg, sq, Br

0rpg, s,Φq “ pMrpsqΦq pg,´sq.

Lemma 5.1.1. Let y “ diagty1, y2u P SymrpRq be a positive definite symmetric matrix where
y1 P Symr´tpRq and y2 P SymtpRq. Let h P SppWtqpAq be an element. For all sections Φ P Irpsq, we
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have

prpηrt q˚ ˝ rpgiyqsΦq

ˆ

h, s´
r ´ t

2

˙

“ pdet y1qs{2`pt`1q{4 ¨ prrpgiy2q ˝ pηrt q˚sΦq

ˆ

h, s´
r ´ t

2
s

˙

.

Proof. By the definition of degenerate principal series, we have

prpηrt q˚ ˝ rpgiyqsΦq ph, sq “ Φ

ˆ

ηrt phqgiy, s´
r ´ t

2

˙

“ det y
s{2`pt`1q{4
1 Φ

ˆ

ηrt phgiy2q, s´
r ´ t

2

˙

.

The last expression is det y
s{2`pt`1q{4
1 ¨ prrpgiy2q ˝ pηrt q˚sΦq ph, sq. □

5.2. The case of corank 1. Let m “ 4, r “ 3 and t “ 2. We obtain the following lemma by
combining the explicit formula of the intertwining operator in Lemma 4.4.1 and Lemma 5.1.1.

Lemma 5.2.1. Let T 5 P Sym2pQq be a matrix. Let y “ diagty1, y2u P Sym3pRq be a positive definite
symmetric matrix where y1 P Sym1pRq and y2 P Sym2pRq. We have

WT 5

ˆ

e,
1

2
´ s, rpη32q˚ ˝ rpgiyq ˝ M3psqsΦ2

3

˙

(5.2.1)

“ ´y
´s{2`1
1 ¨

p1 ´ sqp2 ´ sq

p1 ` sqp2 ` sq
¨
Λps´ 1qΛp2s´ 1q

Λps` 2qΛp2s` 2q
¨WT 5

ˆ

giy2 ,
1

2
´ s,Φ2

2

˙

.

Let T P Sym3pQq be of the form in (5.1.1) and consider a positive definite 3 ˆ 3 matrix of the
form y “ diagty1, y2u P Sym3pRq where y1 P Sym1pRq and y2 P Sym2pRq. Combining Lemma 5.1.1
and 5.2.1 gives

E3
T pgiy, sq “p1 ` sqp2 ` sqΛp2 ` sqΛp2 ` 2sq ¨ y

s{2`1
1 ¨WT 5

ˆ

giy2 ,
1

2
` s,Φ2

2

˙

(5.2.2)

´p1 ´ sqp2 ´ sqΛp2 ´ sqΛp2 ´ 2sq ¨ y
´s{2`1
1 ¨WT 5

ˆ

giy2 ,
1

2
´ s,Φ2

2

˙

“y
s{2`1
1 E2

T 5

ˆ

giy2 ,
1

2
` s

˙

´ y
´s{2`1
1 E2

T 5

ˆ

giy2 ,
1

2
´ s

˙

.

Therefore

(5.2.3) C3
T py, sq “ y

s{2
1 C2

T 5

ˆ

y2,
1

2
` s

˙

´ y
´s{2
1 C2

T 5

ˆ

y2,
1

2
´ s

˙

.

5.3. The case of corank 2. Let m “ 4, r “ 3 and t “ 1.

Lemma 5.3.1. Let T “ diagt02, T
5u where T 5 P Sym1pQqztp0qu, let y “ diagty1, y

5u P Sym3pRq be
a positive definite symmetric matrix such that y1 P Sym2pRq and y5 P Sym1pRq. We have

C3
T py, sq “ pdet y1qs{2p1 ` sqΛp2 ` 2sqC1

T 5py5, 1 ` sq(5.3.1)

´ pdet y1q´s{2p1 ´ sqΛp2 ´ 2sqC1
T 5py5, 1 ´ sq

` fT py, sq,

where fT py,´sq “ ´fT py, sq and there exists a positive number C such that

(5.3.2) lim
tÑ`8

BfT
Bs

pty, 0q “ 0, lim
tÑ`8

B2fT
BtBs

pty, 0q “ Opt´1´Cq.
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Moreover, we have

CT
ρ“0

ż `8

1

d
dt

´

`

C3
T

˘1
pty, 0q

¯ dt
tρ

´
π

3
¨ CT
ρ“0

ż `8

1

d
dt

´

`

C1
T 5

˘1
´

ty5, 1
¯¯ dt

tρ
“ ´

BfT
Bs

py, 0q.(5.3.3)

Proof. By a similar strategy as used in Lemma 5.2.1, we obtain

E3
T pgiy, sq “ pdet y1qs{2`1p1 ` sqΛp2 ` 2sqE1

T 5pgiy5 , 1 ` sq(5.3.4)

´ pdet y1q´s{2`1p1 ´ sqΛp2 ´ 2sqE1
T 5pgiy5 , 1 ´ sq

` FT py, sq,

where FT py, sq corresponds to the (normalized) “middle” terms in (5.1.2), i.e. j “ 2. Equation
(5.3.1) follows upon setting fT py, sq “ det y´1FT py, sqq´T , and the functional equation for C3

T py, sq

implies that fT py, sq is an odd function of s. Formula (5.3.2) follows from [GS19, Proposition 5.8].
Finally we prove (5.3.3). By (5.3.1),

`

C3
T

˘1
py, 0q “

´π

6
log det y1 `

π

3
` 4Λ1p2q

¯

C1
T 5py5, 1q `

π

3

`

C1
T 5

˘1
py5, 1q `

BfT
Bs

py, 0q.(5.3.5)

Since T 5 ‰ p0q, the coefficient C1
T 5py5, 1q is independent of the matrix y5 by (4.4.7), hence for t ą 0,

`

C3
T

˘1
pty, 0q ´

π

3

`

C1
T 5

˘1
pty5, 1q

“

´π

3
log t`

π

6
log det y1 `

π

3
` 4Λ1p2q

¯

C1
T 5py5, 1q `

BfT
Bs

pty, 0q

“

´π

6
log det y1 `

π

3
` 4Λ1p2q

¯

C1
T 5py5, 1q `

π

3
C1
T 5py5, 1q log t`

BfT
Bs

pty, 0q.

Then (5.3.3) follows from the estimate (5.3.2) and [GS19, Lemma 5.11]. □

5.4. The case of corank 3. Let m “ 4, r “ 3, and t “ 0, so T “ 03.

Lemma 5.4.1. Let y P Sym3pRq be a positive definite symmetric matrix, then

C3
03

py, sq “ p1 ` sqp2 ` sqΛp2 ` sqΛp2 ` 2sq det ys{2(5.4.1)

´ p1 ´ sqp2 ´ sqΛp2 ´ sqΛp2 ´ 2sq det y´s{2

` fpy, sq,

where fpy,´sq “ ´fpy, sq and there exists a positive number C such that

(5.4.2) lim
tÑ`8

Bf

Bs
pty, 0q “ 0, lim

tÑ`8

B2f

BtBs
pty, 0q “ Opt´1´Cq.

Moreover, we have

CT
ρ“0

ż `8

1

d
dt

´

`

C3
03

˘1
pty, 0q

¯ dt
tρ

“ ´
Bf

Bs
py, 0q.(5.4.3)

Proof. A calculation gives that Φ2
3pgiy, sq “ det ys{2`1. Therefore, by (5.1.6) and Lemma 4.4.1,

E3
03

pgiy, sq “ p1 ` sqp2 ` sqΛp2 ` sqΛp2 ` 2sqdet ys{2`1(5.4.4)

´ p1 ´ sqp2 ´ sqΛp2 ´ sqΛp2 ´ 2sqdet y´s{2`1

` Fpy, sq,
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where Fpy, sq is a normalized sum of all the “middle” terms in (5.1.2), i.e. j “ 1 and j “ 2. Equation
(5.4.1) now follows upon setting. fpy, sq “ det y´1Fpy, sq, and the functional equation for fpy, sq

follows from the functional equation for C3
03

py, sq. Formula (5.4.2) follows from [GS19, Proposition
5.8].

Finally we prove (5.4.3). By (5.4.1),

`

C3
03

˘1
py, 0q “ 2πΛ1p2q `

π2

6
`
π2

18
log det y `

Bf

Bs
py, 0q.(5.4.5)

Hence for t ą 0,
`

C3
03

˘1
pty, 0q “ 2πΛ1p2q `

π2

6
`
π2

18
log det y `

π2

6
log t`

Bf

Bs
pty, 0q.

Then (5.4.3) follows from the estimate (5.4.2) and [GS19, Lemma 5.11]. □

6. Regularized Siegel–Weil formula

6.1. Some Schwartz functions at 8. Consider the quadratic space V8 “ M2pRq with quadratic
form x ÞÑ detpxq and symmetric bilinear pairing p´,´q with 1

2px, xq “ detpxq. We specialize some
formulas from [GS19] to these explicit coordinates.

Let z0 be the oriented negative 2-plane in M2pRq with oriented basis

(6.1.1)

#˜

´1 0

0 1

¸

,

˜

0 1

1 0

¸+

.

In the coordinates of Section 7.1, we have z0 “ pi, iq. The Siegel majorant (as in [GS19, (2.43)])
associated to z0 is

}x}2 “ a2 ` b2 ` c2 ` d2 for x “

˜

a b

c d

¸

P M2pRq “ V8.

For 1 ď r ď 3 and x “ px1, ¨ ¨ ¨ , xrq P V r
8, define the following real-valued functions:

νpxq :“ e
´π

r
ř

i“1
}xi}

2

, Rpxq :“
r
ÿ

i“1

ˆ

}xi}
2

2
´ detpxiq

˙

T pxq “
1

2
px,xq(6.1.2)

where T pxq is an r ˆ r symmetric matrix. When r “ 1, the function ν is the Siegel Gaussian from
[GS19, (2.44)], and we have Rpxq “ Rpx, z0q where the latter is Rpx, z0q “ hz0psxq in the notation
of [GS19, §2.3].

We also set ϕpxq :“ Rpxq ` 2
r
ř

i“1
detpxiq, and for 1 ď i ď r, define ξrKM,i P S pV r

8q by:

Let x “ px1, ¨ ¨ ¨ , xrq and x̂i “ p¨ ¨ ¨ , x̂i, ¨ ¨ ¨ q,

‚ For r “ 1, 2,

(6.1.3) ξrKM,ipxq “ νpxq p1 ´ 2πϕpx̂iqq

‚ For r “ 3 and j ă k, define fpxj , xkq “ paj ` djqpck ´ bkq ´ pak ` bkqpcj ´ bjq,

(6.1.4) ξ3KM,ipxq “ νpxq
`

1 ´ 2πϕpx̂iq ` 2π2fpx̂iq
2
˘
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We set ξrKM :“
r
ř

i“1
ξrKM,ipxq P S pV r

8q. These functions appear naturally in the Kudla–Millson forms

on the Hermitian symmetric domain associated to the quadratic space V8 (the original construction
can be found in [KM86, KM87], see also [GS19] for another construction). We refer the reader to
§7.6, especially Lemma 7.6.1, for a more precise statement.

Lemma 6.1.1. For 1 ď r ď 3, the Siegel–Weil section associated to the Schwartz function ξrKM,r is
a highest weight vector of weight λr where

(6.1.5) λr “

$

’

’

&

’

’

%

0, if r “ 1;

p2, 0q, if r “ 2;

p2, 2, 0q, if r “ 3.

More precisely,

(6.1.6) Φλrpg, sq “
`

ωr,8pgqξrKM,r

˘

p0q ¨ | detpapgqq|
s´p3´rq{2
8 .

Proof. By Lemma 7.6.1 and Remark 7.6.2, the Schwartz function ξrKM,r is exactly p´1qr´1ν̃i of
[GS19, (3.87)]. Formula (6.1.6) follows from [GS19, Lemma 3.4]. □

6.2. An auxiliary Eisenstein series. The group H :“ GSpinpV q is isomorphic to GL2 ˆGm GL2.
We consider the action of ph1, h2q P GL2 ˆGm GL2 on V by the following formula:

(6.2.1) ph1, h2q ñ x P V ÞÑ detph1q´1 ¨ h1 x
th2.

This action induces the following exact sequence:

(6.2.2) 1 ÝÑ Gm ÝÑ H ÝÑ SOpV q ÝÑ 1.

This action also induces an action of HpQvq (resp. OpV qpQvq) on S pV r
v q for all positive integers r

and all places v of Q given by

h “ ph1, h2q ñ φ P S pV r
v q ÞÑ

`

x P V r
v ÞÑ φph´1xq

˘

.

We also use ωr,v to denote this action.
Let V “ V2`V 1

2 be a Witt decomposition of V where V2 is a totally isotropic subspace of dimension
2, whose dual is V 1

2 . Let Q2 Ă OpV q be the parabolic subgroup which stabilizes the subspace V 1
2 . Let

Q2 “ M2 ¨U2 where U2 is the unipotent radical of Q2 and M2 is the Levi component which preserves
the Witt decomposition [KR94, §5.4]. In the current situation, we have M2 » GL2 ([KRS92, §3.2]).
Let K Ă OpV qpAq be a maximal compact subgroup so that we have an Iwasawa decomposition

OpV qpAq “ Q2pAq ¨K.

For h P OpV qpAq, we write h “ u ¨mpaq ¨ k, let |aphq| “ |detpaq|A. Define the Eisenstein series

(6.2.3) Eph, sq “
ÿ

γPQ2pQqzOpV qpQq

|apγhq|s`1{2.

It is proved in [KR94, Proposition 5.4.1] that this series is absolutely convergent for Repsq ą 1
2 and

has a meromorphic analytic continuation. The Eisenstein series has a simple pole at s “ 1
2 with a
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non-zero constant residue:

(6.2.4) κ “ Res
s“1{2

Eph, sq.

6.3. A (regularized) Siegel–Weil formula. Kudla–Rallis [KR94, Corollary 5.1.2] defines an oper-
ator D in the center of the universal enveloping algebra for SppW3,8q such that the regularized theta
series θpg, h, ω3,8pDqφq decreases rapidly on OpV qpQqzOpV qpAq for all φ P S pV pAq3q. Therefore
the integral

ż

OpV qpQqzOpV qpAq

θpg, h, ω3,8pDqφqEph, sq dh

is absolutely convergent for all s for which Eph, sq is holomorphic, where we give OpV qpAq the Haar
measure with OpV qpQqzOpV qpAq of total volume 1.

By Howe’s result [How89], there exists an element D1 in the center of the universal enveloping
algebra for OpV qpRq such that

ω3,8pDq “ ω3,8pD1q,

where ω3,8 on the right means the action of the group OpV qpRq on S pV 3
8q, and we have [KR94,

Lemma 5.5.3]
Eph, sq ˚D1 “ P psqEph, sq

where P psq “ ps´ 5{2q ps` 5{2q ps´ 1{2q ps` 1{2q by [KR94, Lemma 5.5.3]. Define

(6.3.1) Epg, s, φq :“
1

P psq

ż

OpV qpQqzOpV qpAq

θpg, h, ω3,8pDqφqEph, sq dh.

Proposition 6.3.1. Let φ P S pV pAq3q be a Schwartz function. Let κ be the constant in (6.2.4).
The associated Eisenstein series Epg, s, φq is holomorphic at s “ 0. The regularized theta integral
Epg, s, φq has a pole at s “ 1

2 of order at most 1 with residue B´1pg, φq. Moreover,

(6.3.2) Epg, 0, φq “ 2κ´1 ¨B´1pg, φq “
1

6

ż

OpV qpQqzOpV qpAq

θpg, h, ω3,8pDqφq dh.

Proof. The statement can be found in [HK91, Theorem 4.1]. □

6.4. Absolutely convergent theta integrals.

Lemma 6.4.1. Let φ P S pV pAq3q be a Schwartz function. Let T P Sym3pQq be a matrix. If the
function θT pg, h, φq is absolutely integrable over OpV qpQqzOpV qpAq, then

(6.4.1)
ż

OpV qpQqzOpV qpAq

θT pg, h, φq dh “
1

12

ż

OpV qpQqzOpV qpAq

θT pg, h, ω3,8pDqφqdh “
1

2
¨ ET pg, 0, φq.

Proof. By the absolute convergence of the theta integral, we have
ż

OpV qpQqzOpV qpAq

θT pg, h, ω3,8pD3qφqdh “

ż

OpV qpQqzOpV qpAq

θT pg, h, φq ¨ pD1
3q˚t1u dh

“ P

ˆ

1

2

˙

¨

ż

OpV qpQqzOpV qpAq

θT pg, h, φq dh “ 12

ż

OpV qpQqzOpV qpAq

θT pg, h, φqdh
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and the relation with ET pg, 0, φq follows upon applying Proposition 6.3.1 to the left-hand side. □

Part 2. Geometric side

7. Kudla–Millson theory on the product of upper half-planes

In a series of papers [KM86, KM87, KM90], Kudla and Millson developed a systematic construc-
tion of closed Schwartz forms representing the Poincaré duals of special cycles on symmetric domains
of orthogonal and unitary type. García and Sankaran [GS19] constructed Green currents for special
cycles on these domains (see also Kudla’s work [Kud03, Proposition 4.10] in the divisor case). The
product H2

1 is a symmetric domain of orthogonal type. In this section, we make these constructions
explicit in this case, following the appendix to Berndt and Kühn’s work [BK12a].

7.1. Orthogonal description of H2
1. There is a symmetric bilinear pairing on V8 “ M2pRq given

by the following formula:

(7.1.1)

˜˜

a1 b1

c1 d1

¸

,

˜

a2 b2

c2 d2

¸¸

“ a1d2 ` a2d1 ´ b1c2 ´ b2c1.

Recall that the group HpRq » GL2pRq ˆRˆ GL2pRq has an action on V8 by the formula (6.2.1):

ph1, h2q ¨ x :“ pdeth1q´1h1 x
th2.

Let D˘ be the space parameterizing oriented negative 2-planes X Ă V8 “ M2pRq, which carries an
induced action by HpRq. The space D˘ has two connected components D` and D´. We will fix an
isomorphism ι : H2

1
„
Ñ D` in the following way:

(7.1.2) z “ pz1, z2q P H2
1 ÞÝÑ SpanRtReZ, ImZu,

where z1 “ x1 ` iy1, z2 “ x2 ` iy2 and

(7.1.3) Z “

˜

z1z2 z1

z2 1

¸

, ReZ “

˜

x1x2 ´ y1y2 x1

x2 1

¸

, ImZ “

˜

x1y2 ` x2y1 y1

y2 0

¸

.

The right-hand side of (7.1.2) should be viewed as the span of an oriented basis. The isomorphism
(7.1.2) also respects the actions of the group HpRq˝ » GL`

2 pRq ˆRˆ
`

GL`
2 pRq on both sides [BK12a,

(A.4.3)]. We remark that [BK12a, §A.8] also gives another isomorphism between H2
1 and D` under

a different action of H on V . From now on, we denote D` simply by D.

7.2. Alternative coordinates for D˘. A slightly different description will also be useful. This
description is closer (but not identical) to [BK12a, §A.8]. This alternative is natural for complex
uniformization of special cycles. Outside of Section 7.2, we will default to the conventions of Section
7.1 unless specified otherwise.

Let W1 – Q‘2 and W2 – Q‘2 be 2-dimensional vector spaces over Q with chosen bases. View
W1 and W2 as consisting of column vectors and consider M2 “ V :“ HompW1,W2q. Equip W1 and
W2 with symplectic pairings x´,´y1 and x´,´y2 respectively, given by the Gram matrix

(7.2.1)

˜

0 1

´1 0

¸
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for the given bases. The symplectic pairings induce an involution HompW1,W2q Ñ HompW2,W1q

denoted M ÞÑ M :, i.e. xx,Myy2 “ xM :x, yy1 for all x P W2 and y P W1. There is an induced
symmetric bilinear pairing pM,M 1q :“ trpM :M 1q on M2, and this recovers the formula in (7.1.1).

Recall that we use H1 to denote the complex upper plane. Let H´
1 denote the complex lower half-

planes, and write H˘
1 for disjoint union of H1 and H´

1 . For W :“ Q‘2, we view H˘
1 as parameterizing

Hodge structures h on W with Hodge types p´1, 0q and p0,´1q in a standard way, for the following
conventions. We let z P H˘

1 correspond to the filtration F 0WC Ď WC where F 0WC is spanned by
the column vector pz, 1q. There is a corresponding complex structure C œ

WR where a P Cˆ acts by
hpa´1q. This is arranged so that if Ez is the elliptic curve C{pZ ` Zzq and W Ñ H1pEz,Qq sends
the standard basis to the ordered pair p1,´zq, then WR Ñ LieEz is C-linear.

We consider two copies of the above situation associated to W1 and W2 from before, and write
e.g., zj P H˘

1,j for j “ 1, 2. The spaces H˘
1,j are also equipped with tautological bundles ωj , where ωj

is the complex line subbundle of H˘
1,j ˆWj,C whose fiber over a point F 0Wj,C P H˘

1,j is the complex
line F 0Wj,C Ď Wj,C. Recall that Wj,C has a Hermitian pairing, which we normalize by the formula
x, y ÞÑ xx, iyyj . We thus obtain a positive definite metric on ωj by restriction from Wj,C, after
changing the pairing by a sign if necessary (the sign will be locally constant on H˘

1,j). We write
pωj,nat for the resulting metrized line bundles.2 In coordinates, the metric on pωj,nat has square norm
∥´∥2nat given by

(7.2.2)

∥∥∥∥∥
˜

zj

1

¸∥∥∥∥∥
2

nat

“ 2| Impzjq| for

˜

zj

1

¸

P F 0Wj,C.

Next, extend p´,´q to a C-bilinear pairing on VC. This gives a Hermitian pairing Y, Z ÞÑ pY , Zq

on VC.
The set D˘ of oriented negative 2-planes X Ď VR is in bijection with the set of complex lines

F 1VC Ď VC which are negative definite for the Hermitian pairing and with F 1VC K F 1VC for the
Hermitian pairing. This bijection is canonical up to the following convention: if F 1VC “ spanC Z for
some Z P VC, we take the associated oriented 2-plane X Ď VR with oriented basis tRepZq, ImpZqu.
This convention is such that X Ñ XC{F 1VC is orientation preserving.

The complex manifold structure on D˘ is given by the parameterization of these filtrations F 1VC Ď

VC. We obtain a tautological bundle E on D˘, which is the complex line subbundle of D˘ ˆ VC

whose fiber over a point F 1VC P D˘ is the complex line F 1VC Ď VC. We give E a Hermitian
metric by restricting the Hermitian pairing from VC to F 1VC and taking the negative. We write
pEnat “ pE , ∥´∥natq for the resulting metrized line bundle.

Giving F 1VC Ď VC as in the previous paragraph is the same as giving a Hodge structure on
VR with Hodge types among p1,´1q, p0, 0q, p´1, 1q, with the additional requirements that the Hodge
decomposition is orthogonal for the Hermitian pairing, that the Hermitian pairing is negative definite
on F 1VC, and that we have dimC F

1VC “ 1. Using the definition V “ HompW1,W2q, we find that
such Hodge structures are exactly those Hodge structures induced by Hodge structures hj on Wj ,

2The subscript ∥´∥nat (“natural”) is to indicate a particular choice of normalization. We will eventually also consider
∥´∥Pet (“Petersson”) and ∥´∥, with the latter appearing in our main theorem.
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subject to the condition that the Hermitian pairings

(7.2.3) xx, iyyj ` ixx, yyj

on Wj,R are either both positive definite or both negative definite for j “ 1, 2. Here i acts on Wj,R

via the complex structure associated to the Hodge structure hj , as described above. For the reader’s
convenience, we recall that the above Hermitian pairing on Wj,R agrees with the Hermitian pairing
on F 0Wj,C restricted from Wj,C, under the canonical C-linear isomorphisms F 0Wj,C Ñ Wj,C{F 0Wj,C

and Wj,R Ñ Wj,C{F 0Wj,C.
Unwinding the above identification gives an isomorphism of complex manifolds

(7.2.4)

pH1,1 ˆ H1,2q \ pH´
1,1 ˆ H´

1,2q D˘

pz1, z2q spanC

˜

z2 ´z1z2

1 ´z1

¸

iD˘

˜

z2 ´z1z2

1 ´z1

¸

“

˜

z2

1

¸

´

1 ´z1

¯

.

In other words, the pair pF 0W1,C, F
0W2,Cq is sent to F 1VC :“ HomCpW1,C{F 0W1,C, F

0W2,Cq, and we
can recover the pair pF 0W1,C, F

0W2,Cq from F 1VC as the kernel and image of any nonzero element
of F 1VC. With this convention, the connected component D` Ď D˘ from Section 7.1 corresponds
to H1,1 ˆ H1,2.

Recall that each H˘
1,j carries a tautological bundle ωj , as described above. There is a second line

bundle over each H˘
1,j given by the quotients Wj,C{F 0Wj,C as F 0Wj,C varies. The fixed symplectic

pairing onWj,C identifies this second line bundle with the dual ω_
j , and this identification is canonical

up to a sign convention.3 Up to this sign, we have a canonical identification of tautological bundles
i˚D˘E – p˚

1ω1bp˚
2ω2 for pullback along iD˘ from (7.2.4), where p1 : H˘

1,1ˆH˘
1,2 Ñ H˘

1,1 and p2 : H˘
1,1ˆ

H˘
1,2 Ñ H˘

1,2 are the projections. In the above coordinates, this isomorphism (for one of the two
choices of sign) is

(7.2.5)

p˚
1ω1 b p˚

2ω2 i˚D˘E
˜

z1

1

¸

b

˜

z2

1

¸ ˜

z2 ´z1z2

1 ´z1

¸

.

„

The other choice of sign gives the negative of this isomorphism. By construction, the above iso-
morphism must preserve the Hermitian metrics. This can also be verified by direct calculation, i.e.
both sides of (7.2.5) have square norm 4| Impz1q Impz2q|. We thus have a canonical (up to sign)
isomorphism of metrized tautological bundles

(7.2.6) i˚D˘
pEnat – p˚

1pω1,nat b p˚
2pω2,nat.

We next describe actions of H “ GL2 ˆGm GL2 in this setup. View the first and second factors
of GL2 as acting on W1 and W2, respectively. This induces actions GL2pRq

œ H˘
1,j for j “ 1, 2

by pushforward of Hodge structures, and this agrees with the usual action of GL2pRq by Möbius

3 Here, we simply mean the convention on whether the alternating pairing on Wj induces Wj Ñ W_
j given by

x ÞÑ xx,´yj or x ÞÑ x´, xyj .
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transformations. For each tautological bundle ωj , we also define an action GL2pRq

œ

ωj to be
| det g|´1{2 times the naive one induced by GL2pRq

œ

Wj,C. This is arranged so that the action
preserves Hermitian metrics: for g P GL2pRq and s any local section of ωj , we have ∥g˚psq∥nat “

g˚ ∥s∥nat.
There is also an action of H on V given by ph1, h2q ˝x “ h2xh

´1
1 . Note that this is different from

the action in Section 7.1; the two actions intertwine via the involution ph1, h2q ÞÑ ph1, Jh2J
´1q of

GL2 ˆGm GL2 for J the matrix from (7.2.1). This induces an action H

œ D˘, and an action H

œ E
on the tautological bundle which preserves the Hermitian metrics: for h “ ph1, h2q P HpRq and s

any local section of E , we have ∥h˚psq∥nat “ h˚ ∥s∥nat.
With these conventions, the description of D˘ in (7.2.4) and the identification of tautological

bundles in (7.2.5) are both HpRq-equivariant. In these alternative coordinates, the first Chern form
c1ppE_q is also given by the formula (7.4.5) (which was calculated using the coordinates from Section
7.1), i.e.,

(7.2.7) c1ppE_q “ Ω.

We refer to (7.4.5) for an explicit expression of Ω.

7.3. Special cycles on D˘. We next recall local special cycles on D˘, which should trace back to
the work of Hirzebruch and Zagier [HZ76]. For r ě 0 and x “ px1, . . . , xrq P V r

8, we have the Kudla
local special cycle

(7.3.1) D˘
x :“ tZ P D˘ : pZ, xiq “ 0 for 1 ď i ď ru Ď D˘

where Z P D˘ denotes an oriented negative 2-plane in V8. The subset D˘
x Ď D˘ is a complex

submanifold. We set Dx “ D X D˘
x .

We have D˘
x ‰ H if and only if spanRtx1, . . . , xru is positive definite or the zero space. We

have D˘
x “

r
Ş

i“1
D˘
xi , as follows immediately from the definition. These assertions also hold with D˘

replaced by D.
Any element x P VR gives a C-linear functional px,´q on VC, and hence a section sx of the dual

tautological bundle E_ on D˘. In the notation of Section 7.2, recall that any point Z P D˘ gives
Hodge filtrations on VC, W1,C, and W2,C. Given such x and Z, the followings are equivalent.

(1) The map x : W1,R Ñ W2,R preserves Hodge structures.
(2) We have x P F 0VC, or equivalently, x P F 0VC X F 0VC.
(3) We have px, Zq “ 0 (here Z means the corresponding oriented negative 2-plane).
(4) The point Z P D˘ lies in the zero locus of sx.

The local special cycle D˘
x Ď D˘ is the locus where these equivalent conditions are satisfied. For

any h P HpRq, we have h ¨ D˘
x “ D˘

h¨x for the actions HpRq

œ

V8 and HpRq

œ D˘ from Section 7.1.
The same holds for the alternative action by HpRq used in Section 7.2.

In the coordinates D – H2
1 from Section 7.1, if x “

`

a b
c d

˘

, then the set Dx Ď H2
1 consists of

solutions pz1, z2q to the equation

(7.3.2) dz1z2 ´ cz1 ´ bz2 ` a “ 0.
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7.4. Kudla–Millson form. For integers r ě 0, a Schwartz form α on D of bidegree pp, qq with
coefficients in S pV r

8q will mean an assignment x ÞÑ αpxq with

(7.4.1) αpxq P Ap,qpDq for all x P V r
8, and αp´qz P S pV r

8q b

p,q
ľ

T ˚
z D for all z P D

where Ap,qpDq is the space of smooth pp, qq-forms on D. The Schwartz form α is said to be HpRq˝-
invariant if h˚αphxq “ αpxq for all h P HpRq˝, and is said to be closed if αpxq is closed for all x.
For any fixed z P D, giving an HpRq˝-invariant Schwartz form of degree pp, qq is the same as giving
an element of

Źp,q T ˚
z D which is K˝

z :“ StabHpRq˝pzq-invariant.
Suppose α is an HpRq˝-invariant Schwartz form on D with coefficients in S pV r

8q, not necessarily
of pure degree pp, qq (allow sums of forms of different degree). Then dα is also an HpRq˝-invariant
Schwartz form, which may be described as follows. Let h :“ LieHpRq˝. Given z P D, set kz :“ LieK˝

z ,
and consider the associated Cartan decomposition h “ pz ‘ kz. Pick any basis tXiui of pz, with
associated dual basis tX˚

i ui of p˚
z . After pulling back to HpRq˝, a calculation using the invariant

formula for the exterior derivative shows that α ÞÑ dα is given by

(7.4.2)

“

S pV r
8q b

Ź˚ T ˚
z D

‰K˝
z

“

S pV r
8q b

Ź˚ T ˚
z D

‰K˝
z

ř

j ϕj b βj
ř

i,jpXiϕjq b pX˚
i ^ βjq.

For this, we use HpRq˝-invariance of α and the fact that rpz, pzs Ď kz.
A special case of a main result from [KM86] and [KM87] gives a certain closed HpRq˝-invariant

Schwartz form φKM on D. We refer to [KM86, Theorem 3.1 (ii)] for more details. Following the
Appendix of [BK12a], we have an explicit expression for φKM: For z “ pz1, z2q P H2

1 » D, and
x “

`

a b
c d

˘

, define

(7.4.3) Rpx, zq :“
|dz1z2 ´ cz1 ´ bz2 ` a|2

2y1y2
∥x∥2z :“ 2Rpx, zq ` 2 detpxq,

where Rpx, zq corresponds to hzpsxq from [GS19, §2.3], and ∥´∥z is the Siegel majorant associated to

z, as in [GS19, (2.43)]. Let hzi “
`

1 xi
0 1

˘

¨

ˆ

y
1{2
i 0

0 y
´1{2
i

˙

P SL2pRq, and define hz “ phz1 , hz2q P HpRq˝.

If h´1
z ¨ x “ phz1q

´1 x th´1
z2 “

`

a1 b1

c1 d1

˘

, we have Rpx, zq “ Rph´1
z ¨ xq (recall our notation from §6.1).

The formula [BK12a, (B.4.1)] implies that

φKMpxqz “
e´πpa12`b12`c12`d12q

4
ˆ(7.4.4)

ˆ

`

pa1 ` d1q2 ` pc1 ´ b1q2 ´ π´1
˘

¨

ˆ

dx1 ^ dy1
y21

`
dx2 ^ dy2

y22

˙

`
`

pa1 ` d1q2 ´ pc1 ´ b1q2
˘

¨
dx1 ^ dy2 ´ dy1 ^ dx2

y1y2

´ 2
`

a1 ` d1
˘ `

c1 ´ b1
˘

¨
dx1 ^ dx2 ` dy1 ^ dy2

y1y2

˙

.



30 RYAN C. CHEN AND BAIQING ZHU

Our sign is the opposite of [BK12a, (B.4.1)]; see the remark on [BK12a, Page 70]. From this explicit
expression, we have

(7.4.5) φKMp0q “ Ω :“ ´
1

4π
¨

ˆ

dx1 ^ dy1
y21

`
dx2 ^ dy2

y22

˙

.

Notice that ´Ω is an invariant Kähler form on D.

7.5. Polynomial Fock space. For fixed z P D, the polynomial Fock space SpV r
8qz Ď S pV r

8q

consists of those Schwartz functions of the form

(7.5.1) x ÞÑ ppolynomial in the coordinates of xq ¨ e´π∥x∥2z

for x P V r
8, where ∥´∥z is the Siegel majorant associated to z, as in (7.4.3). The action by the

universal enveloping algebra for SppWr,8q preserves SpV r
8qz (see e.g. [BF10, §3]).

Lemma 7.5.1. Let α be an HpRq˝-invariant Schwartz form on D with coefficients in the polynomial
Fock space. For any fixed x “ px1, . . . , xrq, and for all ρ P C, the integral

(7.5.2)
ż `8

1
α˝p

?
txq

dt

t1`ρ
α˝pxq :“ e

2π
r
ř

i“1
detpxiq

αpxq

converges uniformly absolutely on compact subsets of DzDx to a smooth form, and the convergence
is also uniform for ρ in compact subsets.

Proof. Without loss of generality, we may assume the polynomial-in-x part of αpxqz, as in (7.5.1),
is homogeneous of some degree k ě 0 in the coordinates of x for some z (equivalently, any z). We
then have

(7.5.3) α˝p
?
txq “ tke´2πtRpx,zq ¨ psmooth form on D independent of tq.

But Rpx, zq is continuous and positive away from Dx; then note that the integral

(7.5.4)
ż `8

1
tke´2πct dt

t1`ρ

is absolutely convergent for any c ą 0 and any ρ P C. The same argument shows that any order z-
partial derivative of (7.5.3) gives an integrand which is uniformly absolutely convergent on compact
subsets of DzDx, which implies smoothness. □

7.6. Green currents of special cycles. For x “ px1, ¨ ¨ ¨ , xrq P V r
8 where 1 ď r ď 3, define

(7.6.1) φKMpxq :“ φKMpx1q ^ ¨ ¨ ¨ ^ φKMpxrq.

This is an pr, rq-form on D, and is hence identically 0 when r “ 3. For 1 ď i ď r, define

(7.6.2) νr,ipxq “ e´2πpRpxi,zq`detpxiqq ¨ φKMpx1, ¨ ¨ ¨ , pxi, ¨ ¨ ¨xrq

and νrpxq “
r
ř

i“1
νr,ipxq. Both νr and νr,i are pr ´ 1, r ´ 1q-smooth forms on D, and νr is an HpRq˝-

invariant Schwartz form [GS19, Proposition 2.6]. At the point z “ pi, iq, we have

(7.6.3)
`

νr,ipxq ^ Ω3´r
˘

pi,iq
“ ν̃r,ipxq ¨ Ω2

pi,iq,
`

νrpxq ^ Ω3´r
˘

pi,iq
“ ν̃rpxq ¨ Ω2

pi,iq,
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for some Schwartz functions ν̃r,i, ν̃r P S pV r
8q. With notation as in §6.1, we have explicit expressions

for these Schwartz functions.

Lemma 7.6.1. Consider x “ px1, ¨ ¨ ¨ , xrq P V r
8 where 1 ď r ď 3. We have the following identities:

(7.6.4) ν̃r,ipxq “ ξrKM,ipxq, 1 ď i ď r.

Proof. The explicit formula of ν̃r,i for r “ 1 can be found in [BK12a, (B.4)]. For r “ 2, 3, the explicit
formula follows from its defining equation (7.6.2). The final computation gives the expression exactly
in the definition of ξrKM,i from §6.1. □

Remark 7.6.2. In [GS19, (3.87)], their Ω corresponds to our ´Ω, so that our ν̃r,ipxq corresponds
to p´1qr´1ν̃ipxq of loc. cit..

Following [GS19, §2.6], consider the following integral on DzDx:

(7.6.5) g˝
rpx, ρq :“

ż `8

1
ν˝
r p

?
txq

dt
t1`ρ

. ν˝
r pxq :“ e

2π
r
ř

i“1
detpxiq

νrpxq.

Over DzDx, this integral converges to a smooth form for all ρ P C, e.g. by Lemma 7.5.1. For the
convergence over D, we record the following lemma from [GS19].

Lemma 7.6.3 ([GS19, Proposition 2.12]). The integral (7.6.5) converges to a locally integrable4

form on D if Repρq ą 0, and extends meromorphically to the right half-plane Repρq ą ´1{2 as a
current. Moreover, if Dx is either empty or of codimension r in D, the integral converges locally
uniformly on D and in ρ to a locally integrable form on D for Repρq ą ´1{2.

When r “ 1, the integral (7.6.5) converges at ρ “ 0 if x ‰ 0, and e´2π detpxqg˝
1px, 0q recovers

Kudla’s Green function [Kud03, (4.28)], as in [GS19, Example 2.10].
As in [GS19, Definition 2.13], we use the meromorphic continuation of g˝

rpx, ρq to define

(7.6.6) g˝
rpxq :“ CT

ρ“0
g˝
rpx, ρq,

where the symbol “CT
ρ“0

” means the constant term of the expansion at ρ “ 0, i.e., for a compactly

supported form η P A3´r,3´r
c pDq,

(7.6.7) xg˝
rpxq, ηy “ CT

ρ“0
xg˝
rpx, ρq, ηy ,

where x¨, ¨y denotes the pairing between currents and compactly supported forms. We also use the
notation

ż

D
g˝
rpxq ^ η :“ xg˝

rpxq, ηy ,

but the readers should keep in mind that we do not claim g˝
rpxq is a literal form.

For r1 “ dimR spanRtxu, Garcia and Sankaran [GS19, Proposition 2.12 (vi)] proved that g˝
rpxq

satisfies

(7.6.8) ddcg˝
rpxq ` δDx ^ Ωr´r1

“ φ˝
KMpxq φ˝

KMpxq :“ e
2π

r
ř

i“1
detpxiq

¨ φKMpxq

4The smoothness assertion of loc. cit. does not hold, as can be seen in the case of r “ 1 and dimD “ 1. In general,
at points on Dv, the claim of boundedness of ν˝

p
?
tvq as t Ñ 8 also does not hold, as can be seen e.g. by inspection

of (7.4.4). The same unboundedness applies to φ˝
p
?
tv1
iq in the proof of loc. cit..
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with the usual convention ddc “ ´ 1
2πiBB.

8. Special cycles on the integral model

8.1. Moduli problems. Let Ell be the moduli stack of elliptic curves. It is a smooth separated
Deligne–Mumford stack of finite type over SpecZ. Let π : A Ñ Ell be the universal elliptic curve
over Ell, and define the Hodge bundle on Ell to be ωA :“ π˚Ω

1
A{Ell. This is a line bundle over Ell,

and carries a Hermitian metric in the complex fiber. We take the normalizations

(8.1.1) pα, βqnat “
i

2

ż

ApCq

β ^ α pα, βqPet :“
1

π
pα, βqnat pα, βq :“ p4πeγq´1{2pα, βqPet

for A P EllpCq and α, β P H0pA,ωAq (viewed as holomorphic 1-forms on ApCq), where γ is the
Euler–Mascheroni constant. The resulting metrized line bundles for ∥´∥nat, ∥´∥Pet, and ∥´∥ will
be denoted, pωA,nat, pωA,Pet, and pωA, respectively, with the only difference being the normalization of
the metric.

Define M :“ Ell ˆZ Ell. Denote by p1 (resp. p2) the first (resp. second) projection morphism
from M to Ell. We define the metrized tautological bundle on M to be pE :“ p˚

1pωA b p˚
2pωA. We also

set pωj :“ p˚
j pωA for j “ 1, 2. We also write pEnat and pEPet as helpful, to indicate the same line bundle

but with metric defined using ∥´∥nat or ∥´∥Pet.
We write Ell for the Deligne–Rapoport compactification of Ell as in [DR73, §III, Remarque 2.6],

i.e. Ell parameterizes families of generalized elliptic curves whose geometric fibers are irreducible.
Here Ell Ñ SpecZ is a smooth proper Deligne–Mumford stack. Define M “ Ell ˆZ Ell, which has
dimension 3, is also a smooth proper Deligne–Mumford over SpecZ, and contains M ãÑ M naturally
as a dense open substack. Via the classical j-invariant, the coarse moduli scheme associated to M
(resp. M) is M » P1

Z ˆZ P1
Z (resp. M » A1

Z ˆZ A1
Z » A2

Z), as follows from the corresponding
statements for Ell and Ell, given in [DR73, §VI], and e.g. compatibility of coarse moduli maps with
flat base change.

8.2. Special cycles on M. In the coming sections, we discuss special cycles and associated Green
currents on the Deligne–Mumford stack M.

Definition 8.2.1. For 1 ď r ď 3, let T “ pTijq P SymrpQq be a symmetric matrix. Denote by ZpT q

a stack whose fiber category over a scheme S consists of the following objects,
`

pE,E1q,x “ px1, ¨ ¨ ¨ , xrq
˘

,

where pE,E1q is an object in MpSq and xi P HompE,E1q satisfy T “ 1
2px,xq, i.e.

Tij “
1

2
pdegpxi ` xjq ´ degpxiq ´ degpxjqq “

1

2

`

xi ˝ x_
j ` xj ˝ x_

i

˘

.

There is a natural finite, unramified, and relatively representable (see the works of Howard and
Madapusi [HM22, Definition 2.2.11]) morphism ir : ZpT q Ñ M given by forgetting the morphisms
x of an object ppE,E1q,xq of ZpT q. In particular, we know that ZpT q is a Deligne–Mumford stack.
We call ZpT q Ñ M a “special cycle”. Étale locally on the target, the morphism ZpT q Ñ M becomes
a disjoint union of finitely many closed immersions (equivalent to the finite unramified and relatively
representable property).
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Since the quadratic space HompE,E1q is positive-definite (positivity of the Rosati involution), the
stack ZpT q is non-empty only if T is positive semi-definite. We also see that ZpT q is empty unless T
is the normalized Gram matrix for an integral quadratic form. By the above definition, the special
cycle is GLrpZq-invariant, i.e., for an element γ P GLrpZq, we have a natural isomorphism:

ZpT q
„
ÝÑ ZptγTγq(8.2.1)

`

pE,E1q,x
˘

ÞÑ
`

pE,E1q,x ¨ γ
˘

.

If T is of the form diagt0r´rkpT q, T
5u for a nonsingular matrix T 5, then we have ZpT q “ ZpT 5q

(by positivity of HompE,E1q again). For general T , it is always possible to find a matrix γ P GLrpZq

such that tγTγ is of the form diagt0r´rkpT q, T
5u for a nonsingular matrix T 5 P SymrkpT qpQq. In this

situation, we set det1pT q :“ detpT 5q. This is independent of the choice of γ. We caution the reader
that this notation det1 differs from e.g. [GS19, Page 929].

Lemma 8.2.2. For 1 ď r ď 3, let T “ pTijq P SymrpQq be a nonzero matrix.

(a). The morphism ZpT q Ñ M is a local complete intersection morphism. The generic fiber
ZpT qQ Ñ SpecQ is smooth. If ZpT q is nonempty, then it is equidimensional with dimZpT q “

dimM ´ rkpT q.
(b). If rkpT q “ 1, then ZpT q Ñ M is a generalized Cartier divisor in the sense of [HM22,

Definition 2.4.1].
(c). If rkpT q “ 2, then ZpT q Ñ SpecZ is proper quasi-finite and flat with étale generic fiber. For

any field k and any object ppE,E1q,xq in ZpT qpkq, the elliptic curves E and E1 both admit
an action by Qp

?
´det1 T q. In particular, if k has characteristic p ą 0, then E and E1 are

both supersingular (resp. ordinary) if p is nonsplit (resp. split) in Qp
?

´det1 T q.
(d). If rkpT q “ 3, if ZpT q is nonempty, it is supported on the supersingular locus over a unique

prime p determined by T in the following way:

(8.2.2) tpu “ DiffpT q :“ tp : T cannot be represented in M2pQpqu.

Proof. By the remarks preceding the lemma, it suffices to prove the case when T is nonsingular by
choosing some γ P GLrpZq such that tγTγ is of the form diagt0r´rkpT q, Su for a nonsingular matrix
S P SymrkpT qpQq. Therefore we assume T is nonsingular for the rest of the proof.

(b) We first consider the case r “ 1. Let T “ ptq where t P Qˆ, the special cycle ZpT q is
nonempty if and only if t P Zą0, and it parametrizes degree t isogenies between elliptic curves. This
is exactly the notion of rt´Isogs moduli problem introduced by Katz and Mazur [KM85, §6.5]. That
the special cycle ZpT q is a generalized Cartier divisor is essentially proved in [KM85, Proposition
6.8.6]. The flatness over ZpT q over Z is proved in Theorem 6.8.1 of [KM85]. The projection map
pr1 : ZpT qQ Ñ EllQ is étale, so ZpT qQ Ñ SpecQ is smooth.

For general r, there is a finite unramified morphism from ZpT q to an open and closed substack of
ZpT11q ˆM ¨ ¨ ¨ ˆM ZpTrrq. If ZpT q is nonempty, then T is positive definite, so each Tii is positive.
Since M is regular and each ZpTiiq Ñ M is a generalized Cartier divisor, the local complete
intersection and dimension claims will follow as soon as we show dimZpT q ď dimM ´ rkpT q (see
also [HM22, Proposition 2.4.4]).
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(c) We next consider the case r “ 2. Suppose γ P GL2pQq is such that tγTγ “ diagpt1, t2q. Given
any field-valued point pE,E1,xq of ZpT q, consider px1

1, x
1
2q :“ x ¨ γ. If x :“ x1_

2 ˝ x1
1, then x_ “ ´x

and x_ ˝ x “ detT ¨ pdet γq2 ” detT mod Qˆ2, so the Q-subalgebra of End˝pE1q generated by x

is isomorphic to Qp
?

´detT q. Since E and E1 are isogenous (via e.g. x1
1), we conclude that E

must also have CM by the same field. Since every CM elliptic curve may be defined over either Q
or Fp, we conclude that every point of ZpT qQ is closed (in the generic fiber) and that every point
of ZpT q in positive characteristic is also closed. This implies that the generic fiber ZpT qQ cannot
have any positive dimensional components, and that ZpT q cannot have any positive dimensional
components supported in positive characteristic, i.e. dimZpT q ď 1. We now know that ZpT q Ñ M
is a local complete intersection, and since M is regular, we also know that ZpT q is Cohen–Macaulay,
so ZpT q Ñ SpecZ is flat by miracle flatness.

Every Q-point of ZpT q descends to SpecOL for some number field L, because CM elliptic curves
have potentially everywhere good reduction, and x extends by the Néron mapping property. Since
ZpT q Ñ SpecZ is flat and 0-dimensional in the generic fiber, the generic points of the topological
space |ZpT q| are all (images of) Q-points and there are only finitely many of them. This implies
that ZpT q can be covered by finitely many schemes of the form SpecOL, which is enough to imply
that ZpT q Ñ SpecZ is proper and quasi-finite (we already know that ZpT q Ñ SpecZ is separated
and finite type).

It remains to show that ZpT q Ñ SpecZ has étale generic fiber. This can be shown in the style of
e.g. [How12, Theorem 2.2.1]: for all but finitely many primes p, the morphism ZpT qSpf Zp Ñ Spf Zp
is formally étale, because (for all but finitely many primes p) the associated deformation problem
can be identified (Serre–Tate) with the deformation problem for pairs pX, ιq where X is a p-divisible
group of height 2 and dimension 1, and ι is an action on X by the maximal order in Qpp

?
´detT q.

One can show that this deformation problem is formally étale using Grothendieck–Messing theory,
after further discarding the primes which ramify in Qp

?
´detT q.

(d) For r “ 3, let’s assume that ZpT q ‰ ∅. Let k be an algebraically closed field such that
ZpT qpkq ‰ ∅. We will show that charpkq is positive. Let ppE,E1q, px1, x2, x3qq be an object in
ZpT qpkq. The nonsingularity of T implies that x1, x2 and x3 are three linearly independent vectors
in the quadratic space HompE,E1q˝ :“ HompE,E1q bZ Q, therefore

dimQ HompE,E1q˝ ě 3.

Since the dimension of the space HompE,E1q˝ can only be 1, 2 or 4, and it is 4 if and only if E and
E1 are two isogenous supersingular elliptic curves over k, we have charpkq “ p for some finite prime
p, and ppE,E1q, px1, x2, x3qq lies on the supersingular locus of M over p. Moreover, the quadratic
space HompE,E1q˝ is isometric to the unique division quaternion algebra ramified at p and 8 over
Q. Therefore DiffpT q “ tpu by [Kud97, Proposition 1.3]. □

8.3. Special cycles in Chow groups. Let ZrpMq be the group of codimension r cycles on M,
i.e. formal Z-linear combinations of integral closed substacks of codimension r. As defined, ZpT q is
not an actual cycle on M, and it only admits a finite unramified representable morphism ir to M.
Define ZsubpT q P ZrkT pMq be the cycle given by the stack-theoretic image of ir.
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Example 8.3.1. For T “ ptq where t P Zą0, we set Tt :“ ZsubpT q. Generically, the morphism
i1 : ZpT q Ñ Tt has degree 2 because over each object pE,E1q of Tt, there are two isogenies x and
´x with degree t. For later use, we denote by Tt Ď M (resp. Tt Ď M) the image of Tt (resp. T t)
under the coarse moduli map M Ñ M (resp. M Ñ M). Alternatively, Tt is defined by the product
of all modular polynomials of degree t{d2 where d ranges over all positive integers such that d2|t.

8.4. Complex uniformization. Let H :“ GL2 ˆGmGL2. We write h “ ph1, h2q for elements of H.
By the standard open compact subgroup of HpAf q, we mean K˝ :“ HpẐq. We are mostly interested
in the level group K˝, but will make occasional use of general open compact K Ď K˝ for the purpose
of obtaining a scheme rather than a stack.

Let S be a (possibly infinite) set of primes, and write e.g. Zr1{Ss for the localization of Z given by
inverting the multiplicative set generated by elements of S. We say that an open compact subgroup
K Ď K˝ is good away from S if K “ KS ˆ KS for open compact subgroups KS Ď HpAf,Sq and
KS Ď HpAS

f q with KS “ K˝S. In particular, K˝ is good away from S “ H.
Let L :“ Z‘2 be the Z-lattice of rank 2 with chosen basis, and equip L with the symplectic form

with Gram matrix

(8.4.1)

˜

0 1

´1 0

¸

in this basis. Let L1 be another copy of L, with the same alternating pairing.
Given an open compact subgroup K Ď K˝ good away from S, we define a stack in groupoids

MK Ñ SpecZr1{Ss whose fiber category MKpSq over a connected locally Noetherian scheme S
over SpecZr1{Ss is the groupoid of tuples pE,E1, η, η1q with

E,E1 elliptic curves over S

pη, η1q a π1pS, sq-stable KS-orbit of isomorphisms of ẐS-modules

η : LẐS

„
ÝÑ

ź

ℓPS

TℓpEq η1 : L1

ẐS

„
ÝÑ

ź

ℓPS

TℓpE
1q

which preserve alternating pairings up to a common scalar

where E and E1 are equipped with their principal polarizations, which induce alternating pairings on
their Tate modules, and where s is any choice of geometric point on S; the choice of s does not matter
and is suppressed from notation. The isomorphisms in MKpSq are pairs of isomorphisms of elliptic
curves which respect the orbits pη, η1q. As usual, the alternating pairings on Tate modules depend
on trivializations of roots of unity, but the above definition does not depend on this trivialization as
we only require identification of alternating pairings up to common scalar.

There is a smooth separated Deligne–Mumford stack of finite type MK Ñ SpecZr1{Ss represent-
ing the above moduli problem (after restriction to connected locally Noetherian test objects) and the
forgetful map MK Ñ Mr1{Ss is finite étale of degree rK˝ : Ks. Indeed, one can show that the given
moduli description of MK gives an étale local system on M (such a local system may be described
only on connected locally Noetherian test objects). The morphism MK Ñ M is determined by
its description on connected locally Noetherian test objects. We also have a (somewhat indirect)
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description of the groupoid MKpSq for an arbitrary scheme S over SpecZr1{Ss (not necessarily con-
nected or locally Noetherian): we can recover MK Ñ M from its “sheaf of sections”, i.e. we obtain
a “sheaf of K-level structures” LevelK on M such that MKpSq parameterizes pairs pE,E1q P MpSq

along with a section of LevelK over pE,E1q, and after restricting to connected locally Noetherian S,
sections of LevelK may be functorially identified with data pη, η1q as above.

The formation of MK is compatible with enlargement of S: in the situation above, if s is a point
in characteristic p (possibly p “ 0), then at any ℓ R S with ℓ ‰ p, we have a unique π1pS, sq-stable
Kℓ-orbit of isomorphisms ηℓ : LZℓ Ñ TℓpEq and η1

ℓ : L
1
Zℓ Ñ TℓpE

1q which preserve alternating pairings
up to the same scalar. When K “ K˝, we have M “ MK . For sufficiently small K, the stack
MK is (representable by) a scheme. Whenever MK is a scheme, it is also quasi-projective over
SpecZr1{Ss. It is enough for K to act trivially on L{NL and L1{N 1L1 for some integers N,N 1 ě 3.

For any T P SymrpQq with 1 ď r ď 3, recall that we have a “special cycle” ZpT q Ñ M as defined
in Section 8.2. We write ZpT qK Ñ MK for the pullback over MK .

We have complex uniformization of MK and ZpT qK Ñ MK in the standard way, as we now
describe. In Section 8.4, we take the conventions of Section 7.2, except we slightly switch notation
and write W,W 1 instead of W1,W2, etc. Take the canonical embeddings L Ñ W and L1 Ñ W 1,
using the given bases (i.e. Z‘2 ãÑ Q‘2). Fix r, and consider the characteristic function φ :“

111br

HompL,L1qbZẐ
P C8

c pV pAf qrq. Given any r-tuple x8 P V pAf qr, we define the “away-from-8 special
cycle” (nonstandard terminology) to be the discrete set

(8.4.2) Zpx8qK :“ th P HpAf q{K : φph´1x8q “ 1u.

Consider the setoid ZpT qKpCqframed, consisting of data

pE,E1,x, η, η1q P ZpT qKpCq

ϕ : H1pE,Qq
„
ÝÑ W ϕ1 : H1pE1,Qq

„
ÝÑ W 1

(8.4.3)

where ϕ and ϕ1 are isomorphisms of Q vector spaces which preserve symplectic pairings up to a
common scalar, where the alternating pairings on H1pE,Qq come from the principal polarizations
on E and E1. We call pϕ, ϕ1q a “framing”. Morphisms in this category are morphisms in ZpT qKpCq

which are compatible with pϕ, ϕ1q. The group HpQq acts on the isomorphism classes of ZpT qKpCq

by acting on framings via the formula h ¨ pϕ, ϕ1q “ ph1ϕ, h2ϕ
1q for h “ ph1, h2q P HpQq.

Hodge theory provides a canonical bijection

(8.4.4) ZpT qKpCqframed
„
ÝÑ

ž

xPV pQqr

1
2

px,xq“T

D˘
x ˆ Zpx8qK

which is HpQq-equivariant (after passing to isomorphism classes), described as follows. Given an
object as in (8.4.3), we obtain x P V pQqr and h “ ph1, h2q P Zpx8qK defined by the commutative
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diagram
(8.4.5)

WAf W H1pE,Qq H1pE,Zq
ś

ℓ TℓpEq LẐ WAf

W 1
Af W 1 H1pE1,Qq H1pE1,Zq

ś

ℓ TℓpE
1q L1

Ẑ
W 1

Af .

x

ϕ

x

η

h1

ϕ1 η1

h2

A datum as in (8.4.3) also gives a point of D˘
x , as the Hodge structures on H1pE,Qq and H1pE1,Qq

induce Hodge structures on W and W 1 respectively (using ϕ and ϕ1). Here we are using the identi-
fication pH`

1 ˆ H1`
1 q \ pH´

1 ˆ H1´
1 q – D˘ from Section 7.2 and the description of local special cycles

from Section 7.3.
The canonical forgetful map ZpT qKpCqframed Ñ ZpT qKpCq now induces a canonical isomorphism

(equivalence) of orbifolds5

(8.4.6)
„

HpQqz

ˆ

ž

xPV pQqr

1
2

px,xq“T

D˘
x ˆ Zpx8qK

˙ȷ

„
ÝÑ ZpT qanK,C

where ZpT qanK,C means analytification of ZpT qK,C. The case T “ 0r gives complex uniformization

(8.4.7)
„

HpQqz

ˆ

D˘ ˆHpAf q{K

˙ȷ

„
ÝÑ Man

K,C .

Outside of Section 8.4, we will typically be looser and just write ZpT qKpCq and MKpCq instead of
ZpT qanK,C and Man

K,C, etc..
The complex uniformization also gives an analytic description of the metrized tautological bundle

pE on M in the complex fiber. We spell this out, as some care is needed for the metrics to align. To
simplify slightly, we assume that K is chosen such that MK is a scheme.

Given a point pE,E1, η, η1q P MKpCq, the analytification of pω1,nat has fiber over this point which
may be identified with the line F 0H1pE,Cq Ď H1pE,Cq. This identification is canonical up to
a sign convention (Footnote 3); pick either of the two conventions. The same holds for pω2,nat

and F 0H1pE1,Cq. Given a lift pE,E1, η, η1, ϕ, ϕ1q P MKpCqframed, the C-lines F 0WC Ď WC and
F 0W 1

C Ď W 1
C. are (by definition) the images ϕpF 0H1pE,Cqq and ϕ1pF 0H1pE1,Cqq. Recall that the

maps ϕ and ϕ1 preserve alternating pairing only up to scalar. If “detϕ P Qˆ” and “detϕ1 P Qˆ” are
the similitude factors (e.g. the alternating pairing on W pulls back to detϕ times the alternating
pairing on H1pE,Qq, then rescaling gives isomorphisms

(8.4.8) F 0WC
|detϕ|´1{2ϕ

ÐÝÝÝÝÝÝÝ F 0pE,Cq F 0W 1
C

| detϕ1|´1{2ϕ1

ÐÝÝÝÝÝÝÝÝ F 0pE1,Cq

5For us, a (complex) orbifold is a stack over complex analytic spaces with the étale topology, which admits a repre-
sentable étale cover by complex manifolds.
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which preserve Hermitian pairings exactly. This pair of isomorphisms is HpQq-equivariant (recall the
rescaled action from Section 7.2). In other words, we have written down an HpQq-equivariant metric-
preserving isomorphism between (1) the analytification of pEnat on MK , pulled back to D˘ˆHpAf q{K

and (2) the metrized tautological bundle on D˘ (from Section 7.2) pulled back to D˘ ˆHpAf q{K.
We can form the first Chern form c1ppE_

natq “ c1ppE_
Petq “ c1ppE_q on Man

K,C. Since the p1, 1q-form
c1ppE_q on D˘ is HpRq-invariant, it descends (uniquely) to a p1, 1q-form Ω :“ c1ppE_q on the orbifold
Man

K,C even for possibly stacky level K.

8.5. Degrees of special cycles. For a matrix T P SymrpQq, the generic fiber ZpT qQ is nonempty
only if rkpT q ď 2. Define the degree of ZpT q (resp. ZpT q) when rkpT q ď 2 with respect to the line
bundle E in the following way:

(8.5.1) degE_
Q

pZpT qQq :“

ż

ZpT qpCq

c1pi˚r
pE_q2´rkpT q.

8.5.1. The case of rank 0. Let T “ 0r. The special cycle is ZpT q “ M. We have the usual
complex uniformizations MpCq – rSL2pZqzH1s2 and MpCq – pSL2pZqzH1q2, where r´s means
stacky quotient and p´q means non-stacky quotient. Using the quotient integral formula and the
trivial action of the size 4 group t˘1u ˆ t˘1u Ď SL2pZq ˆ SL2pZq on H1 ˆ H1, we compute

(8.5.2) degE_
Q

pZpT qQq “

ż

MpCq

c1ppE_q2 “
1

4

ż

MpCq

Ω2 “
1

4

ż

pSL2pZqzH1q
2

dx1dx2dy1dy2
8π2y21y

2
2

“
1

288
.

8.5.2. The case of rank 1. Consider T P SymrpQq with rkpT q “ 1. Let α P GLrpZq be a matrix such
that (9.6.1) holds, i.e., tαTα “ diagt0r´1, T

5 “ ptqu. Clearly we have ZpT q “ ZpT 5q. Generically,
the morphism i1 : ZpT 5q Ñ ZsubpT 5q “ Tt has degree 2, while the generic automorphism group of
Tt has size 4,

(8.5.3) degE_
Q

pZpT qQq “ degE_
Q

pZpT 5qQq “ 2 degE_
Q

pTt,Qq “
1

2

ż

|TtpCq|

Ω||TtpCq|.

Lemma 8.5.1. For T P SymrpQq with rkpT q “ 1 and all y5 P Sym1pRqą0,

(8.5.4) degE_
Q

pZpT qQq “ p96πq´1C1
T 5py5, 1q.

Proof. If T 5 is not positive definite and integral, the special cycle ZpT q “ ZpT 5q “ ∅. The Fourier
coefficient C1

T 5py5, 1q is 0 by Example 4.4.2. Hence both sides of (8.5.4) are 0. Now we consider the
case that T 5 is positive definite and integral. By [Kud03, Theorem 4.23], there exists a number C
such that

(8.5.5) degE_
Q

pZpT 5qQq “ C ¨ C1
T 5py5, 1q.

For T 5 “ p1q, the left hand side of (8.5.5) is given by (8.5.3) as

1

2

ż

|T1pCq|

Ω||T1pCq| “
1

2

ż

SL2pZqzH1

´
dx^ dy
2πy2

“ ´
1

12
.

However, the right hand side of (8.5.5) is C ˆ ´8π. Hence C “ p96πq´1. □
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8.5.3. The case of rank 2. Consider T P SymrpQq with rkpT q “ 2. By Lemma 8.2.2, we know
that ZpT q Ñ SpecZ is flat proper quasi-finite with étale generic fiber. We will need to compute
the (stacky) degree degE_

Q
pZpT qQq P Q of the generic fiber ZpT qQ Ñ SpecQ (in the sense of e.g.

[Che24, (A.1.11)], which should largely go back to Vistoli).

Lemma 8.5.2. Let T P Sym2pQq be a positive definite matrix. For all y P Sym2pRqą0,

(8.5.6) degE_
Q

pZpT qQq “ degE_
Q

pZpT qQq “ p16π2q´1C2
T

ˆ

y,
1

2

˙

.

Proof. Denote by Hp∆q the Hurwitz class number, i.e. the weighted number of equivalence classes
of positive definite binary quadratic forms with discriminant ´∆. For half-integral positive definite
matrix T P Sym2pQq, the following formula follows from [GK93, (2.19)] and [Gö07b, Proposition
1.1] (see also [CY20, Theorem 7.3]),

degE_
Q

pZpT qQq “
ÿ

αP|ZpT qpCq|

1

#Autpαq

“
ÿ

pE,E1qP|ZsubpT qpCq|

RHompE,E1qpT q

#AutpEq ¨ #AutpEq

“
ÿ

d|contpT q

d ¨H

ˆ

4 detpT q

d2

˙

,

where RHompE,E1qpT q is the representation number of the quadratic form corresponding to T in the

quadratic space HompE,E1q, and for T “

´

t1 t{2
t{2 t2

¯

, the number contpT q “ gcdpt1, t2, tq.
By [Nag92, Theorem 2.1.1],

CT

ˆ

y,
1

2
,Φ2

2

˙

“ 288
ÿ

d|contpT q

d ¨H

ˆ

4 detpT q

d2

˙

.

Hence

degE_
Q

pZpT qQq “ 288´1CT

ˆ

y,
1

2
,Φ2

2

˙

“ p16π2q´1C2
T

ˆ

y,
1

2

˙

.

If T is positive definite but not half-integral, both sides of (8.5.6) are 0. Therefore (8.5.6) holds for
all positive definite matrices T P Sym2pQq. □

9. Green currents and arithmetic cycles

9.1. Hermitian vector bundles. We recall some basics on stacky degrees of Hermitian line bun-
dles, which is summarized and specialized from [Che24, §4.1].

Given a smooth algebraic stack X over SpecC, a Hermitian vector bundle pL on X is the following
functorial assignment: for every morphism S Ñ X with S a scheme smooth over SpecC, the
assignment gives a vector bundle on S with a smooth Hermitian metric on the analytification. We
sometimes write pL “ pL, } ´ }q where L is the underlying line bundle on X and } ´ } is the norm
associated with the smooth Hermitian metric (on the analytification), defined functorially.

Given an algebraic stack X which is flat and finite type over SpecZ with smooth generic fiber, a
Hermitian vector bundle on X is a vector bundle L on X equipped with a smooth Hermitian metric
on E |XC which is complex conjugation invariant.
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Next, we discuss stacky degrees of Hermitian line bundles along the lines of [Che24, §4.1]. Assume
that Z is a reduced 1-dimensional Deligne–Mumford stack which is proper and flat over SpecZ. Let
pL “ pL, } ´ }q be a Hermitian line bundle on Z. The Arakelov arithmetic degree ydegp pLq of pL on Z
is valued in R, and may be described as follows. If Z “ SpecOE for a number field E, we have the
standard definition

(9.1.1) ydegp pLq :“ ´
ÿ

v

log }s}v with }s} :“ q´ordvpsq
v if v ă 8,

where the sum runs over all places v of E, the quantity qv is the cardinality of the residue field at
v, and s is any rational section of the line bundle L.

If Z is integral (equivalently, reduced and irreducible by quasi-separatedness), there exists a finite
surjection SpecOE Ñ Z and set

(9.1.2) ydegp pLq :“
1

degpE{ZQq
ydeg pL|SpecOE q

where degpE{ZQq denotes the degree of the finite étale morphism SpecE Ñ ZK . This definition
does not depend on the choice of E or the morphism SpecOE Ñ Z, since any two such choices may
be covered by finite surjections from a third such choice SpecOE1 (and these finite surjections can
be made compatible with the maps to Z). If Z is not necessarily irreducible, we define ydegp pLq by
summing over the irreducible components of Z. If X a Deligne–Mumford stack which is flat, finite
type, and quasi-separated over SpecZ, equipped with a Hermitian line bundle pL, and if Z is a cycle
on X whose components satisfy the conditions imposed on Z from above, then we define ydegp pL|Zq

by summing over the components of Z.

9.2. Green currents on M. Now we are going to construct Green currents for ZpT q following
[GS19]. For a positive definite matrix y “ a ¨ ta P SymrpRq where a P GLrpRq and a complex number
ρ P C such that Repρq ą ´1{2, consider the following summation of currents on D:

(9.2.1) g˝pT, y, ρq “
ÿ

xPΩT pV qXM2pZqr

g˝
rpx ¨ a, ρq.

The goal of this section is to prove the convergence and the meromorphic continuation property of
the above summation. The summation (9.2.1) is closely related to another summation:

ν˝pT, yq :“
ÿ

xPΩT pV qXM2pZqr

e2πtrpT yqνrpx ¨ aq,(9.2.2)

the above summation (9.2.2) converges to a SL2pZq ˆ SL2pZq-invariant smooth pr ´ 1, r ´ 1q-form
on D since νr is a pr ´ 1, r ´ 1q smooth form on D with coefficients in the polynomial Fock space.

We have the following convergence lemma, as in [GS19, Proposition 4.3]. For completeness, we
give a self-contained proof, with an explicit bound on Repρq, and also give the interchangeability of
the x sum and t integral.

Lemma 9.2.1. (a). The summation (9.2.1) converges for Repρq ą 0 to a SL2pZq ˆ SL2pZq-
invariant locally integrable form on D, and

(9.2.3) g˝pT, y, ρq “

ż `8

1
ν˝pT, tyq

dt
t1`ρ

.
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(b). The summation (9.2.1) extends meromorphically6 to the right half-plane Repρq ą ´1{2 as a
current on D, which is holomorphic except for a possible simple pole at ρ “ 0.

Proof. Let U Ă D be an open subset whose closure U is compact. The following set is finite by
Lemma A.0.1:

S “ tx P M2pZqr : T pxq “ T and Dx X U ‰ ∅u.

Let S1 “ ΩT pV q XM2pZqrzS, so that S\S1 indexes the non-zero terms appearing on the right hand
side of (9.2.1). By Lemma A.0.1, there exists a number C ą 0 such that for all x “ px1, ¨ ¨ ¨ , xrq P S1,

(9.2.4) Rpx, zq “

r
ÿ

i“1

Rpxi, zq ą C, z P U.

Similar inequality also holds with x replaced by x ¨ a and C by another positive number C 1.
Consider the following sums:

A “
ÿ

xPS

g˝
rpx ¨ a, ρq, B “

ÿ

xPS1

g˝
rpx ¨ a, ρq(9.2.5)

For the summation A, it converges to a locally integrable form when Repρq ą 0 and extends
meromorphically to the right half-plane Repρq ą ´1{2 as a current by the finiteness of the set S and
Lemma 7.6.3. Lemma 7.6.3 also implies that for Repρq ą 0,

A “
ÿ

xPS

ż `8

1
ν˝p

?
tx ¨ aq

dt

t1`ρ
“

ż `8

1

ÿ

xPS

ν˝p
?
tx ¨ aq

dt

t1`ρ

For the summation B, each term g˝
rpx ¨ a, ρq is a smooth form over U (because x R S) for all

ρ P C by Lemma 7.5.1. Let z P U be a point, and fix a basis of the vector space
Źr´1,r´1 T ˚

z D. The
coordinates of the smooth forms g˝

rpx¨a, ρq under this basis are bounded by finite linear combinations
of integrals of the following type:

(9.2.6)
ż `8

1

´

Rp
?
tx ¨ a, zq ` t ¨ trpT yq

¯k
ˆ e´2πtRpx¨a,zq dt

t1`ρ
, k P Zą0.

Now we try to estimate these coordinates by estimating (9.2.6). Firstly, we have Rpx, zq ą 0 since
x P S1, then each integral (9.2.6) converges for all ρ P C.

Moreover, by the compactness of U , there exist positive numbers aU and bU such that

aU ¨ }x}2 ď Rpx ¨ a, zq ` trpT yq ď bU ¨ }x}2.

Then except finitely many x, we have Rpx, zq ě aU{2 ¨ }x}2 for all the other x P S1. For those x,
the integral (9.2.6) is bounded in the following way:

ż `8

1
tk pRpx ¨ a, zq ` trpT yqq

k
ˆ e´2πtRpx¨a,zq dt

t1`ρ
ď

ż `8

1
bkU}x}2k ˆ e´aUπt}x}2 dt

t1`ρ´k

ď Cρ,kb
k
U}x}2k

ż `8

1
e´aUπt}x}2{2dt “ 2Cρ,kb

k
U paUπq´1}x}2k´2 ¨ e´aUπ}x}2{2,

where Cρ,k is a positive number such that

1

t1`ρ´k
ď Cρ,k ¨ eaUπt}x}2{2, for all t ě 1.

6For the purpose of this paper, the notion of “meromorphic family of currents” is as in [GS19, Footnote 2].
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Then we can find a positive number Cρ,U depending only on ρ and U , such that for all x P S1, the
coordinates of g˝

rpx ¨ a, ρq are bounded by the following function

Cρ,U ¨ e´
aUπ

4
¨}x}2 , for all z P U.

Therefore the sum B converges absolutely for all ρ P C to a smooth form on U by standard arguments
for the convergence of theta series. Hence the following identity holds for all ρ P C,

B “
ÿ

xPS1

ż `8

1
ν˝p

?
tx ¨ aq

dt

t1`ρ
“

ż `8

1

ÿ

xPS1

ν˝p
?
tx ¨ aq

dt

t1`ρ
.

□

The summation (9.2.1) is independent of the choice of a P GLrpRq by the OrpRq-invariance of the
forms νrpxq ([GS19, Proposition 2.12(ii)]). It is also easy to verify that for γ P GLrpZq,

(9.2.7) g˝ptγTγ, y, ρq “ g˝pT, γytγ, ρq.

The current g˝pT, y, ρq descends to a current on MpCq by its invariance under SL2pZq ˆ SL2pZq.
This descended current will also be denoted g˝pT, y, ρq, and can be calculated using the follow-
ing “quotient intgral” procedure: any compactly supported smooth form η P A3´r,3´r

c pMpCqq

is specified by an pSL2pZq ˆ SL2pZqq-invariant form η̃ P A3´r,3´rpDq, which can be written as
η̃ “

ř

γPSL2pZqˆSL2pZq γ
˚α for some α P A3´r,3´r

c pDq via a partition of unity argument. We then have

(9.2.8)
ż

MpCq

g˝pT, y, ρq ^ η “

ż

D
g˝pT, y, ρq ^ α.

Equivalently, if F Ď D is a fundamental domain (say, the self-product of the usual fundamental
domain for H1), we have

(9.2.9)
ż

MpCq

g˝pT, y, ρq ^ η “
1

4

ż

F
g˝pT, y, ρq ^ η

for Repρq ą 0, where g˝pT, y, ρq is represented by a locally L1 form on D. The factor 1
4 accounts for

the trivial action of t˘1uˆt˘1u Ď SL2pZqˆSL2pZq on D. For Repρq ą ´1{2, the current g˝pT, y, ρq

can then be calculated from (9.2.9) via unique meromorphic continuation in ρ.
By Lemma 9.2.1 and its proof, the constant term in the Laurent expansion

(9.2.10) g˝pT, yq :“ CT
ρ“0

g˝pT, y, ρq

descends to a current on MpCq. The meaning of (9.2.10) is: for an element η P A3´r,3´r
c pMpCqq,

the pairing
ş

MpCq
g˝pT, y, ρq ^ η defines a meromorphic function in ρ for Repρq ą ´1{2, and then

(9.2.11)
ż

MpCq

g˝pT, yq ^ η :“ CT
ρ“0

ż

MpCq

g˝pT, y, ρq ^ η.

9.3. Extension to the compactification. We seek to extend the current g˝pT, y, ρq on MpCq to a
current on the compactification MpCq. At least for Repρq ą 0, where g˝pT, y, ρq is represented by a
locally L1 form on MpCq, one can attempt to define the value of g˝pT, y, ρq on η P A3´r,3´r

c pMpCqq
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by the integral

(9.3.1)
ż

MpCq

g˝pT, y, ρq ^ η “

ż

MpCq

g˝pT, y, ρq ^ η|MpCq.

The convergence of this integral, however, is not automatic since the restriction η|MpCq need not be
compactly supported.

For r “ 3, Theorem C.1.1 shows that g˝pT, y, ρq is in fact L1 on MpCq at least if Repρq ą 2,
so that g˝pT, y, ρq defines a current on MpCq for such ρ. That theorem also explains the unique
meromorphic continuation of g˝pT, y, ρq to a family of currents on MpCq for Repρq ą ´1{2, with at
most a simple pole at ρ “ 0. The constant term at ρ “ 0 is then a current on MpCq which extends
the previously defined current g˝pT, yq on MpCq. We simplify notation and also write g˝pT, yq for
this extension to MpCq.

We expect an analogue of Theorem C.1.1 to hold for r “ 1 and r “ 2 as well. In particular, we
expect a meromorphic extension of gpT, y, ρq on MpCq to Repρq ą ´1{2, with a possible pole at
ρ “ 0. Since these cases are not needed for the present paper, we do not pursue them here.

However, in the special case where r “ 1 and T “ ptq ‰ 01, the proof of [GS19, Proposition
4.3] and the calculation [GS19, Example 2.10] shows that g˝pT, yq “ g˝pT, y, 0q is represented by a
locally L1 function on MpCq. In this case, the pairing (9.3.1) already converges absolutely at ρ “ 0,
as follows from [BK12b, Theorem 4.2]. Indeed, the function g˝pT, yq is two times the Kudla’s Green
function studied by Berndt and Kühn. This function is nonnegative, since each summand in its
defining series is an integral of a nonnegative Gaussian. Hence [BK12b, Theorem 4.2] implies

(9.3.2)
ż

MpCq

|g˝pT, yq|Ω2 ă 8.

The absolute convergence of
ş

MpCq
g˝pT, yq^η for any continuous p2, 2q-form η on MpCq then follows

from the following lemma.

Lemma 9.3.1. Let η be a continuous p2, 2q-form on MpCq. Write η|MpCq “ f ¨ Ω2 for some
continuous function f on MpCq. Then f is bounded.

Proof. Points on the boundary MpCqzMpCq are of the form p8, z2q or pz1,8q or p8,8q for z1, z2
in EllpCq. By compactness of MpCq, it suffices to show that the coefficients of Ω2 are bounded away
from 0 on any orbifold chart near any given boundary point. For points on EllpCq, we use the usual
orbifold chart H1 Ñ EllpCq with the upper half-plane H1. Near 8, we use the usual coordinate
q “ e2πiz, for |q| ! 1, which gives an orbifold chart near 8 for q in a complex disc of radius ! 1

equippped with the trivial action by Z{2Z. See for instance [Hai14, §4] for this orbifold description
near the cusp 8.

On the above orbifold chart near a boundary point p8, z2q for z2 ‰ 8, the form Ω2 is a constant
multiple of p|q1| log |q1|q´2y´2

2 dq1 ^ dq1 ^ dx2 ^ dy2, where q1 “ e2πiz1 is the usual local coordinate
near 8, and where x2 ` iy2 are coordinates in the upper-half plane. This expression for Ω2 is clearly
bounded away from 0 near q1 “ 0 and near (a lift in H1 of) a fixed z2. A similar argument applies
near a boundary point pz1,8q. For the boundary point p8,8q, the form Ω2 is a constant multiple
of p|q1| log |q1|q´2p|q1| log |q1|q´2 dq1 ^ dq1 ^ dq2 ^ dq2, which is also bounded away from 0 for small
q1, q2. □
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9.4. Theta series associated to currents. Let 1 ď r ď 3 be an integer. Consider the theta series
associated to a Schwartz function φ P S pVrq, with ω the Weil representation from

θ pg, h,φq “
ÿ

xPV r

pωpgqφq
`

h´1x
˘

.

For T P SymrpQq, define θT pg, h,φq “
ř

xPΩT pV q

pωpgqφq
`

h´1x
˘

.

Now assume that φ is OrpRq-invariant, where OrpRq Ď Kr,8 is the diagonally embedded or-
thogonal group for the Gram matrix 1r, with Kr,8 Ď Sp2rpRq the standard maximal compact as
in (3.1.3). For gz P SppWrqpAq as in (3.1.4) where z “ x ` iy P Hr and y “ a ¨ ta, we define
θ pz, h,φq :“ detpyq´1 ¨ θ pgz, h,φq and for all T P SymrpQq, set

Cθ,T py, h,φq :“ detpyq´1 ¨ θT pgz, h,φq ¨ q´T , qT “ e2πitrpT zq.

The OrpRq-invariance ensures that this does not depend on the choice of gz. In particular, if φ is
moreover factorizable as φ “ φ8 b 1M2pẐqr

P S pVrq, then for h “ ph8, ef q, we have

(9.4.1) Cθ,T py, h,φq “
ÿ

xPΩT pV qXM2pZqr

e2πtrpT yqφ8

`

h´1
8 x ¨ a

˘

.

For a matrix T P SymrpQq, a matrix y P SymrpRqą0, a point z P D, and ρ P C with Repρq ą 0,
using the formula (9.2.3), definitions (9.2.2) and (7.6.3), and the OpV qpRq-invariance of νr from
[GS19, Proposition 2.6(d)] gives

`

g˝pT, y, ρq ^ Ω3´r
˘

z
“

ż `8

1
ν˝pT, tyqz ^ Ω3´r

z

dt
t1`ρ

(9.4.2)

“

ż `8

1
Cθ,T

´

ty, hz, ν̃r b 1M2pẐqr

¯ dt
t1`ρ

¨ Ω2
z

for any hz P OpV qpRq with hz ¨ pi, iq “ z. Note that the Schwartz function ν̃r P S pV r
8q is OrpRq-

invariant by [GS19, Proposition 2.6(f)], and is StabOpV qpRqpi, iq-invariant by [GS19, Proposition
2.6(d)].

9.5. Green current equation. Define

(9.5.1) φ˝
KMpT, yq “ e2πtrpT yq

ÿ

xPΩT pV qXM2pZqr

φKMpx ¨ aq.

If T “ ptq is a 1 ˆ 1 matrix where t P Qˆ, it is proved that we have the following identity of
currents on MpCq [BK12a, Proposition 2.4]:

(9.5.2)
1

2
ddcg˝pT, yqcoarse ` δTt “

1

2
φ˝

KMpT, yqcoarse,

Where φ˝
KMpT, yqcoarse is the current on theMpCq defined by (9.2.9) without the 1{4 factor. Similarly,

ddcg˝pT, yqcoarse is defined on invariant forms on D with compact support modulo SL2pZq ˆ SL2pZq

as 4 times the stacky count defined in loc. cit. Recall that Tt Ď M denotes the (reduced, scheme-
theoretic) image of Tt Ď M under the coarse moduli map M Ñ M . This Tt is nonempty if and only
if t P Zą0. Acting on invariant forms on D, we have δTt “ 4δTt “ 2δZptq.

The formula (9.5.2) thus implies the following current identity on MpCq:

(9.5.3) ddcg˝pT, yq ` δZpT q “ φ˝
KMpT, yq.
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García and Sankaran give a much more general form of (9.5.3). We record the case relevant for
this paper.

Lemma 9.5.1. For 1 ď r ď 3, let T P SymrpQq be any matrix. The following equality of currents
holds on MpCq:

(9.5.4) ddcg˝pT, yq ` δZpT q ^ Ωr´rkT “ φ˝
KMpT, yq.

Proof. The claimed equality of currents on MpCq can be checked locally on the orbifold chart
D Ñ MpCq, via partitions of unity. Using the complex uniformization of ZpT q from (8.4.6), the
claimed current identity now follows from the corresponding Green current identity on D, which
appears in (7.6.8). See also the proof of [GS19, Proposition 4.4].

□

9.6. Arithmetic special cycle classes. For 1 ď r ď 3, let T P SymrpQq be a matrix and y P

SymrpRq be a positive definite matrix. Given such a pair pT, yq, we define a number detpy1q P Rą0

as follows. Let α P GLrpZq be a matrix such that

(9.6.1) tαTα “

˜

0r´rkpT q

T 5

¸

is block diagonal, where T 5 P SymrkpT qpQq is a nonsingular matrix. Such α are unique up to right
multiplication by elements of the form

(9.6.2)

˜

˚ ˚

0 ˚

¸

with block diagonal entries in GLr´rkpT qpZq and GLrkpT qpZq, respectively. Therefore the following
number is well-defined:

(9.6.3) det1 T “ detT 5.

As elements in ZrkpT qpMq, we also have

(9.6.4) ZpT q “ ZpT 5q

By Gram–Schmidt, we may decompose

(9.6.5) α´1ytα
´1

“

˜

1 c

0 1

¸˜

y1 0

0 y5

¸˜

1 0
tc 1

¸

for c P Mr´rkpT q,rkpT qpRq, and where y1 P Symr´rkpT qpRq and y5 P SymrkpT qpRq. The matrix c

is uniquely determined by α´1ytα
´1, and both y1 and y5 must be positive definite. The above

discussion on uniqueness of α up to right translation by block upper triangular matrices shows that
detpy1q and detpy5q are both independent of the choice of α. Given pT, yq, the GLrkpT qpZq-orbit of the
pair pT 5, y5q is also well-defined, where γ P GLrkpT qpZq acts as γ ¨ pT 5, y5q “

`

tγ´1T 5γ´1, γy5
`

tγ
˘˘

.
By construction, we find that the quantities detpy1q and detpy5q do not change if the pair pT, yq

is replaced by ptαTα, α´1ytα´1q for any α P GLrpZq. The GLrkpT qpZq-orbit of pT 5, y5q also does not
change. Moreover, the Fourier coefficient is also unchanged under the above operations.
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Lemma 9.6.1. Let T P SymrpQq be a matrix and y P SymrpRq be a positive definite matrix. Let T̃
be the right hand side of (9.6.1). Let ỹ “ diagty1, y

5u be the middle matrix on the right hand side of
(9.6.5),

(9.6.6) CrT py, sq “ Cr
T̃

pỹ, sq

Proof. It’s easy to show that CrT py, sq “ Cr
T̃

pα´1ytα
´1
, sq, so it suffices to prove

Cr
T̃

pα´1ytα
´1
, sq “ Cr

T̃
pỹ, sq.

By (9.6.5), an easy calculation implies that for the matrix c P Mr´rkpT q,rkpT qpRq,

giα´1ytα´1 “ mpθqgiỹ, θ “

˜

1 c

0 1

¸

P GLrpAq.

By [GS19, (5.56)], for all Φ P Irpsq,

ET̃ pmpθqg, s,Φq “ ET̃ pg, s,Φq.

By the definition of the coefficient CT , we have

Cr
T̃

pα´1ytα
´1
, sqe´2πtrpT̃α´1ytα´1

q “ Cr
T̃

pỹ, sqe´2πtrpT̃ ỹq.

It’s easy to verify that trpT̃α´1ytα´1q “ trpT̃ ỹq. Then (9.6.6) follows. □

Definition 9.6.2. For 1 ď r ď 3, let T P SymrpQq be a matrix and y P SymrpRq be a positive
definite matrix. Define the following current on MpCq

(9.6.7) gpT, yq :“

$

&

%

g˝pT, yq, if detpT q ‰ 0;

g˝pT, yq ´ logpdet y1qδZpT q ^ Ωr´rkpT q´1, if detpT q “ 0.

where detpy1q P Rą0 is associated to the pair pT, yq as in (9.6.5).

Remark 9.6.3. There is a similar modification of g˝pT, yq which appears in [GS19, Definition 4.5],
but our definition is not identical to theirs. Our modification of g˝pT, yq is closer to the construction
of [Che24, §12.4], but without the complications of loc. cit. involving class number issues.

Remark 9.6.4. The current δZpT q ^Ωr´rkpT q´1 extends naturally to the compactification as follows.
For η P A3´r,3´r

c pMpCqq, define
ż

MpCq

´

δZpT q ^ Ωr´rkpT q´1
¯

^ η :“

ż

ZpT qpCq

pη ^ Ωr´rkpT q´1q

ˇ

ˇ

ˇ

ZpT qpCq
.

The integral on the right is finite. Indeed, if T is positive semidefinite of rank 1, it is an integral over
a finite union of modular curves, and convergence follows from their finite volume. If T is positive
semidefinite of rank 2, it is a finite sum of values of the function η at CM point.

Therefore for r “ 3, the current gpT, yq extends to a current on MpCq by our discussion in §9.3.

In the situation of Definition 9.6.2, the above discussion shows that we also have gptγTγ, yq “

gpT, γytγq for any γ P GLrpZq. Note that gpT, yq “ g˝pT, yq if detT ‰ 0. Moreover, the following
green current equation holds on MpCq,

(9.6.8) ddcgpT, yq ` δZpT q ^ Ωr´rkpT q “ φ˝
KMpT, yq.
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With notation as in Section 9.2, we define an arithmetic special cycle class r pZpT, yqs P xCh
3
pMq

by
(9.6.9)

r pZpT, yqs :“

$

&

%

`

ZpT 5q, gpT 5, y5q
˘

¨ pc1ppE_qr´rkpT q `
`

0, gpT, yq ´ gpT 5, y5q ^ Ωr´rkpT q
˘

, if T ‰ 0r

pc1ppE_qr ` p0, gp0r, yqq , if T “ 0r,

for the pair pT, yq. This construction (9.6.9) is essentially [GS19, (5.158)], except we have the
additional complication that M is not proper, and also an additional complication from stackiness
of M. There is also the discrepancy from Remark 9.6.3. Due to the local complete intersection
property for the special cycles ZpT q as explained in Lemma 8.2.2 and its proof, we do not make the
additional derived modifications discussed in [Che24, §4.4].

To remedy the non-properness, it should be preferable to work with M instead of M, and to
replace the Gillet–Soulé arithmetic intersection theory with a version of the theory from [BGKK07].
On the other hand, one can formulate the arithmetic intersection numbers more directly, as we
explain next. We take this simpler approach, as the technical issues in defining the arithmetic cycle
classes on the compactified stack M are largely separate from the main ideas of this paper.

9.7. Arithmetic degrees of special cycles. For regular proper Deligne–Mumford stacks, there
is a well-defined notion of arithmetic degree on the top-codimension arithmetic Chow group [Gil09].
However, the stack M is not proper over Z. Although the line bundle underlying the Hermitian
line bundle pE_ extends to M, its metric has logarithmic singularities along the boundary MzM,
while its first Chern form has log-log growth [BGKK07, (7.60)]. Thus it seems natural to expect
that the arithmetic special cycles should define classes in arithmetic Chow groups allowing log-log
singularities along the boundary MzM, though there is a technical complication due to stackiness.
Moreover, by the analysis in [BK12a, Proposition 2.16], Kudla’s Green function g˝pT, yq also fails to
be a Green function with log-log singularities in the sense of Burgos–Kramer–Kühn [BGKK07].

Nonetheless, one can make a precise definition for the expected arithmetic degrees of the cycles
pZpT, yq, for example as in [Che24, §4.7].

If rkpT q “ 3, the special cycle ZpT q is an Artinian Deligne–Mumford stack supported over at
most one prime. Let’s say ZpT q is supported over p, define

ydeg

ˆ

´

pE_
¯0 ˇ

ˇ

ZpT q

˙

“ log p ¨ pthe stacky length of the Artinian Deligne–Mumford stack ZpT qq

More precisely, choose a finite étale cover Z Ñ ZpT q of constant degree d, where Z is a scheme. The
stacky length is the Z-length of Z divided by d, and the arithmetic degree is obtained by multiplying
this quantity by log p.

Next consider the case rkpT q “ 2. By Lemma 8.2.2, we know that ZpT q Ñ SpecZ is proper
quasi-finite flat with étale generic fiber. The number ydegpppE_q|ZpT qq was defined in Section 9.1.

If rkpT q “ 1, let T 5 “ ptq be the matrix obtained in (9.6.1). In [BGKK07, §7.8], the authors
showed that the metrized tautological bundle on the coarse space M (in the sense of loc. cit.)
extends to a Hermitian Q-line bundle with good metric (we refer to [BGKK07, Definition 7.4] for
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the notion of good metric) along MzM . Denote by pE_

M
this metrized Q-line bundle on M . Define

(9.7.1) ydeg

ˆ

´

pE_
¯2

|ZpT q

˙

“ 2´1 ¨ ydeg

ˆ

´

pE_

M

¯2
|Tt

˙

.

The factor 2´1 is inserted because we divide by 4 for stacky considerations, and then multiply by 2

since ZpT q Ñ Tt has degree 2 as in Example 8.3.1.
Finally if rkpT q “ 0, we have ZpT q “ M. Define

(9.7.2) ydeg

ˆ

´

pE_
¯3

|Zp0rq

˙

“ 4´1 ¨ ydeg

ˆ

´

pE_

M

¯3
|M

˙

.

The factor 4´1 is inserted for stacky considerations.
Motivated by the (9.6.9) on the expected arithmetic special cycle class pZpT, yq, define

(9.7.3) ydegr pZpT, yqs – ydeg

ˆ

´

pE_
¯3´rkpT q ˇ

ˇ

ZpT q

˙

`
1

2

ż

MpCq

gpT, yq ^ Ω3´r.

Since MpCq is noncompact, convergence of the integral is not automatic. For r “ 3, however,
convergence follows from the estimates in Appendix C, as discussed in §9.3. Thus the arithmetic
degree in (9.7.3) is well defined in this case. Our main theorem explains that these arithmetic degrees
appear in the Fourier coefficients of the classical genus 3 Siegel Eisenstein series.

Theorem 9.7.1. For every T P Sym3pQq and y P Sym3pRqą0, we have

(9.7.4) ydegr pZpT, yqs “ ´p32π2q´1
`

C3
T

˘1
py, 0q.

The proof will be completed in Section 14.

10. Faltings heights of corank 1 cycles

For a matrix T of rank 1 or 3, the height of the corresponding cycle ZpT q is more or less known
by [BGKK07, Theorem 7.61] (rank 1) and [GK93] (rank 3). In this paper, we handle the rank 2

case, i.e. when ZpT q is a 1-cycle.

10.1. Faltings heights of CM elliptic curves. For a rank 2 matrix T , recall (Lemma 8.2.2) that
every object in ZpT qpQq consists of a pair of CM elliptic curves (and additional data). The right-
hand side of (9.7.3) involves the Faltings heights of these two elliptic curves, which have CM by
possibly non-maximal orders. This section contains some preparatory material for describing these
heights. The procedure from [Che24, Part 3] for studying “height differences” can be simplified for
the case of Faltings heights of elliptic curves, as we explain below.

If E is any elliptic curve over a number field K, and if E has everywhere semi-abelian reduction,
recall that the stable Faltings height

(10.1.1) hFalpEq :“
1

rK : Qs
ydegppωE,Petq P R

is a normalized arithmetic degree of the Hodge bundle pωE,Pet :“ e˚Ω1
Ẽ{OK

for the Néron model Ẽ
of E over SpecOK , with e being the identity section. Here we normalize our Archimedean metrics
using the ∥´∥Pet normalization from (8.1.1) The quantity hFalpEq does not change if we extend the
base field K. We always consider stable Faltings height.
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Remark 10.1.1. It will be convenient notation to define the (stable) Faltings height hFalpEq for
elliptic curves E over arbitrary fields κ of characteristic zero, subject to the condition that Eκ
descends to Q. Indeed, we can pick any descent of Eκ to a number field (sufficiently large to ensure
everywhere semi-abelian reduction) and take its Faltings height. This will not depend on the choice
of descent. In particular, this applies to any CM elliptic curve in characteristic zero, which always
descends to Q in the sense above.

Next, let F {Q be an arbitrary imaginary quadratic field. If E is an elliptic curve with CM by the
maximal order OF , then we have

(10.1.2) hFalpEq “ hCM
Fal,F :“

1

2

L1p1, ηF q

Lp1, ηF q
`

1

2

Γ1p1q

Γp1q
`

1

4
log |D| ´

1

2
logp2πq

from the Chowla–Selberg formula (compare [KRY04, Proposition 10.10]), where ηF is the quadratic
character associated to F {Q, and D is the discriminant of OF .

If E instead has CM by a possibly non-maximal order, the Faltings height was largely computed
in the work of Nakkajima and Taguchi [NT91]. We give a reformulation of their result in a more
convenient form for us. The height will be given in terms of (10.1.2) and some explicit local quantities
as in Lemma 10.1.4.

We first recall the following “height difference” formula, which is a (not difficult) reformulation
of [Fal83, Lemma 5]. Given any isogeny ϕ : E1 Ñ E2 of arbitrary elliptic curves with semi-abelian
reduction over a number field K, we have

(10.1.3) hFalpE2q ´ hFalpE1q “
1

2
log deg ϕ´

1

rK : Qs
log | cokerpϕ˚ : Lie Ẽ1 Ñ Lie Ẽ2q|

where Ẽi are the respective Néron models over SpecOK , and where | ´ | means cardinality of the
finite OK-module (and this is also valid for abelian varieties).

In particular, if E is any elliptic curve with CM by a (possibly non-maximal) order in F , we have

(10.1.4) hFalpEq ´ hCM
Fal,F P

ÿ

primes p

Q ¨ log p

because any two elliptic curves with CM by F are isogenous over an algebraic closure. Note also
that EndpEq does not change with extension of the base field, if E has CM.

Although the quantity deg ϕ appears as a measure of “Archimedean ramification”, we will eventu-
ally view the quantities log deg ϕ as contributing to “non-Archimedean terms” which can be calculated
by p-divisible groups as p varies.

In light of (10.1.4), we work locally, one prime at a time. We set Op :“ O bZ Zp for orders
O Ď OF , and also set Fp :“ F bQ Qp.

Lemma 10.1.2. Let E and E1 be elliptic curves in characteristic zero, with CM by orders O and
O1 in the same imaginary quadratic field F . If p is a prime such that Op – O1

p, then we have

(10.1.5) hFalpEq ´ hFalpE
1q P

ÿ

ℓ‰p

Q ¨ log ℓ.

In particular, if O – O1, we have hFalpEq “ hFalpE
1q.
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Proof. By (10.1.3), it is enough to show the existence of a prime-to-p isogeny E Ñ E1. Without loss
of generality, we may assume that E and E1 are given over C, as any isogeny over C will descend to
Q (for any descents of E and E1).7

After picking appropriate embeddings F Ñ End˝pEq and F Ñ End˝pE1q, we may assume that E
and E1 have the same CM type. We can assume E – C{a and E1 – C{a1 as complex tori, where
a, a1 Ď F are Z-lattices of rank 2 which satisfy EndF paq “ O and EndF pa1q “ O1. Here we set e.g.
EndF paq :“ EndZpaq X EndF pa bZ Qq.

Set ap :“ a bZ Zp and a1
p :“ a1 bZ Zp. One can show that both ap and a1

p are free of rank one as
Op-modules. Briefly, one can find an element u P Fˆ

p such that u ¨ ap Ď OF,p and 1 P u ¨ ap, and then
if s P Zě0 is the integer such that rOF,p : Ops “ ps, we must have u ¨ ap “ Zp ` psOF,p being equal
to the unique order of index ps (and the same applies to a1

p).
In other words, we can find some b P Fˆ

p such that b ¨ ap “ a1
p, as submodules of Fp. Since

Fˆ is dense in Fˆ
p , we can moreover assume b P Fˆ. Then multiplication by b gives a prime-to-p

quasi-isogeny E Ñ E1 (which can be assumed an isogeny if one prefers, by clearing denominators
away from p). □

Remark 10.1.3. For the reader’s convenience, we remark that the condition O bZ Zp – O1 bZ Zp
from Lemma 10.1.2 is equivalent to the condition vpprOF : Osq “ vpprOF : O1sq, because there is a
unique order of index ps inside OF,p for each integer s ě 0, namely Zp ` psOF,p, and these are all of
the orders.

Next, we use the notation

(10.1.6) η˚
F ppq :“

$

’

’

&

’

’

%

1 if p is split in OF

0 if p is ramified in OF

´1 if p is inert in OF

and set

(10.1.7) δFal,Fppsq :“
1

2

ˆ

s´
p1 ´ p´sqp1 ´ η˚

F ppqq

p1 ´ p´1qpp´ η˚
F ppqq

˙

for integers s ě 0. Note that this only depends on the isomorphism class of the Qp-algebra Fp :“

F bQ Qp.

Lemma 10.1.4. Let E and E0 be elliptic curves in characteristic zero, with CM by the same imag-
inary quadratic field F . Write O for the endomorphism ring of E, and assume E0 has CM by the
maximal order OF .

Fix any prime p, and let s P Zě0 be the integer such that Op is the unique order of index ps inside
OF,p. We then have

(10.1.8) hFalpEq ´ hFalpE0q “ δFal,Fppsq ¨ log p pmod
ÿ

ℓ‰p

Q ¨ log ℓq.

7This type of argument also shows that any characteristic zero abelian varieties A and A1 with CM by the same
maximal order in a finite étale Q-algebra F̃ (not necessarily a product of CM fields, but necessarily totally complex)
and the same CM type (for fixed embeddings F̃ Ñ End0

pAq and F̃ Ñ End0
pA1

q) must have the same (stable) Faltings
height, i.e. there exist prime-to-p isogenies (which can be chosen to be F̃ -linear) between A and A1 for every prime p.
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Proof. By Lemma 10.1.2, we may assume that E and E0 are the complex elliptic curves C{O and
C{OF respectively, for some embedding F Ñ C. The inclusion O Ñ OF gives an isogeny E Ñ E0

whose degree has p-part being ps. Its dual E0 Ñ E is an isogeny degree whose p-part is ps. Descend
the data of E0 Ñ E and the actions OF

œ

E0 and O œ

E to some number field K, and we may
assume that E0 and E have everywhere good reduction over K.

The computation of Nakkajima and Taguchi [NT91] (see also [KRY04, Proposition 10.3] and its
proof) can be formulated as follows: for any isogeny ϕ : E0,K̆ Ñ EK̆ over a finite extension K̆ of Q̆p,
if the degree of ϕ has p-part ps, then

(10.1.9)
1

rK̆ : Q̆ps
lengthOK̆

pcokerpϕ˚ : Lie Ẽ0,SpecOK̆ Ñ Lie ẼSpecOK̆ qq “
1

2

p1 ´ p´sqp1 ´ η˚
F ppqq

p1 ´ p´1qpp´ η˚
F ppqq

for the Néron models Ẽ0 and Ẽ over OK̆ . See also [Che24, (7.2.6)], stated in terms of p-divisible
groups. Upon summing over the p-adic places of K, it follows that any isogeny ϕ : E0 Ñ E (over K)
with deg ϕ having p-part ps has 1

rK:Qs
vpp| cokerpϕ˚ : Lie Ẽ0 Ñ Lie Ẽq|q equal to the right-hand side

of (10.1.9); then apply (10.1.3). □

The following lemma will help detect CM orders using p-divisible groups (after using the equiva-
lence between étale p-divisible groups and Tate modules). The point is that we will apply the lemma
in situations where the base field is not a number field.

Lemma 10.1.5. Let E be an elliptic curve over a field of characteristic 0. Assume E has CM by
an imaginary quadratic field F , and set O :“ EndpEq.

Fix a prime p. Suppose we have dimZp EndpTppEqq “ 2, where EndpTppEqq denotes Galois equi-
variant endomorphisms of the p-adic Tate module.

Then we have Op – EndpTppEqq.

Proof. Recall that the canonical map EndpEqbZZp Ñ EndpTppEqq is injective [Mum85, Theorem 3,
page 176]. Dimension considerations then show that the map EndpEq bZ Qp Ñ EndpTppEqq bZp Qp

is an isomorphism. We find that an element ϕ P EndpEq bZ Q maps to EndpTppEqq (equivalently,
preserves the p-adic Tate module) if and only if ϕ P EndpEq bZ Zppq, as can be shown by clearing
denominators away from p. Since EndpEq bZQ has dense image in EndpTppEqq bZpQp, we conclude
that EndpEq bZ Zppq Ñ EndpTppEqq also has dense image, so EndpEq bZ Zp Ď EndpTppEqq is closed
(by compactness) and dense and hence the inclusion is an equality. □

10.2. Decomposition of heights. In Section 10.2, we consider T P SymrpQq with rkpT q “ 2 (so
either r “ 2 or r “ 3). We decompose the term ydegppE_|ZpT qq over the prime numbers. For the
reader’s convenience, we recall that the metric } ¨ } on E_ defined in Section 8.1 is different from
Petersson metric } ¨ }Pet also defined in loc. cit.: the two metrics on E_ are related by

(10.2.1) } ¨ }2 “ 4πeγ} ¨ }2Pet.

Recall the definition pEPet “ p˚
1pωA,Pet b p˚

2pωA,Pet from Section 8.1. The (stacky) arithmetic degree
ydegppE_

Pet|ZpT qq of the Hermitian line bundle pE_ on ZpT q (as defined in [Che24, Section 4.1]) may be
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calculated by the formula

(10.2.2) ydegppE_
Pet|ZpT qq “ ´

ÿ

αP|ZpT qpκq|

α“pE,E1q

hFalpEq ` hFalpE
1q

#Autpαq

for any algebraically closed field κ of characteristic zero, where the sum runs over the set of isomor-
phism classes in the groupoid ZpT qpκq. The formula (10.2.2) may be verified by covering ZpT q by
a disjoint union of finite morphisms from schemes of the form SpecOK for various number fields
K. The well-definedness of the heights hFalpEq and hFalpE

1q even if κ ‰ Q follows because Lemma
8.2.2 states that the condition pE,E1,xq P ZpT qpκq implies that E and E1 both have CM by the
imaginary quadratic field Qp

?
´det1 T q; then recall that any CM elliptic curve descends to Q and

apply the discussion of Remark 10.1.1. The use of κ ‰ Q will largely be a matter of convenient
bookkeeping later. For the rest of Section 10.2, we set F :“ Qp

?
´det1 T q.

Recall that we consider the stacky degree degE_
Q

pZpT qQq of the generic fiber ZpT qQ Ñ SpecQ,
then we must have

(10.2.3) ydegppE_
Pet|ZpT qq ` 2pdegE_

Q
pZpT qQqqphCM

Fal,F q P
ÿ

primes p

Q ¨ log p

via (10.1.4). We define

(10.2.4) ydeg
pE_pZpT qqp P Q ¨ log p

to be the “p-part” of (10.2.3), defined by linear independence of log p for varying primes p. Given
α P ZpT qpκq as in (10.2.2), we define δFal,ppαq P Q ¨ log p by the formulas

(10.2.5) hFalpEq ` hFalpE
1q ´ 2 hCM

Fal,F “
ÿ

p

δFal,ppαq with δFal,ppαq P Q ¨ log p

and linear independence of log p for varying p. We then have

(10.2.6) ydeg
pE_pZpT qqp “ ´

ÿ

αP|ZpT qpκq|

α“pE,E1q

δFal,ppαq

#Autpαq
.

The point is that ydeg
pE_pZpT qqp will be calculated via a local analogue (Definition 11.6.1) in combi-

nation with Rapoport–Zink uniformization (Section 12).

11. Local special cycles

We fix an arbitrary prime p throughout this section, allowing p “ 2. Let Xs (resp. Xo) be a
supersingular (resp. ordinary) p-divisible group of dimension 1 and height 2 over F. Given a choice
of ˚ P ts, ou, the object X˚ is unique up to isomorphism.

We set

(11.0.1) B˚ :“ Hom˝pX˚,X˚q.

Fix any principal polarization λ on X˚ (such λ is unique up to Zˆ
p -scalar). There is an induced

Rosati involution : on B˚ given by x: :“ λ´1x_λ (which does not depend on the choice of λ). This
induces a quadratic form q : B˚ Ñ Qp given by qpxq :“ x:x, with associated Qp-bilinear pairing
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p´,´q on B˚ given by the formulas

(11.0.2) px, yq :“ tr˝px: ˝ yq tr˝paq :“ a: ` a

for x, y, a P B˚. More explicitly, the pair pB˚, :q is isomorphic (as a Qp-algebra with involution) to
the unique (4-dimensional) quaternion division algebra over Qp with its unique standard involution
if ˚ “ s, and is isomorphic to Qp ˆ Qp with its unique nontrivial involution if ˚ “ o.

For each ˚ P ts, ou, we have a canonical full rank Zp-lattice

(11.0.3) HompX˚,X˚q Ď Hom˝pX˚,X˚q

which we denote L˚ Ď B˚.
We find it useful to consider “schemification” of locally Noetherian formal schemes which are finite

relative schemes over e.g. Spf Z̆p (compare [Che24, Appendix B]), where Z̆p is the discrete valuation
ring given by the ring of integers of the completion of the maximal unramified extension of Qp. That
is, the association SpecB ÞÑ Spf B gives an equivalence of categories of finite relative schemes over
Spec Z̆p and Spf Z̆p; we write pSpf Bqsch :“ SpecB and call this the “schemification” of Spf B.

11.1. Rapoport–Zink spaces. For ˚ P ts, ou, we first consider the functor N ˚
0 : pSch{Spf Z̆pqop Ñ

Set defined as follows: given a scheme S over Spf Z̆p, the set N ˚
0 pSq parameterizes data pX, ρq where

X{S is a p-divisible group and ρ : X ˆS S Ñ X˚ ˆF S is a quasi-isogeny which is an isomorphism in
geometric fibers, with S :“ SˆSpf Z̆pF. It is a standard fact that N ˚

0 is (non-canonically) represented

by Spf Z̆prrtss (take any lift to Spf Z̆p, e.g. a suitable canonical lifting in the sense of Gross, and
then apply Grothendieck–Messing theory).

We next consider some Rapoport–Zink spaces

(11.1.1) N ˚,0 Ď N ˚ Ď Ñ ˚

which are slight variants of one another, and whose uses will be explained shortly. Each of the spaces
in (11.1.1) will be (non-canonically) a countable disjoint union of copies of Spf Z̆prrt, t1ss.

We first define Ñ ˚ : pSch{Spf Z̆pqop Ñ Set to parameterize tuples pX, ρ,X 1, ρ1q with pX, ρq and
pX 1, ρ1q data as above, but where ρ and ρ1 are no longer required to be isomorphisms in geometric
fibers, and we instead require degpρq “ degpρ1q.

We let N ˚ Ď Ñ ˚ be the open and closed subfunctor consisting of tuples pX, ρ,X 1, ρ1q with ρ being
an isomorphism in geometric fibers.

We let N ˚,0 Ď Ñ ˚ be the open and closed subfunctor consisting of tuples pX, ρ,X 1, ρ1q with
both ρ and ρ1 being isomorphisms in geometric fibers. There is a canonical isomorphism N ˚,0 Ñ

N ˚
0 ˆSpf Z̆p N

˚
0 .

We find that the (disconnected) space Ñ ˚ arises naturally in Rapoport–Zink uniformization. On
the other hand, the natural local special cycles on Ñ ˚ (Definition 11.2.1) are not quasi-compact in
general, so we find it convenient to restrict to N ˚ for counting purposes. We have N ˚,0 “ N ˚ in the
supersingular case, but not in the ordinary case. The connected space N ˚,0 seems to be “too small”
for our counting purposes in the ordinary case, though we still find it useful in some arguments.
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Consider groups

H 1pQpq :“ tph, h1q P End˝pX˚qˆ ˆ End˝pX˚qˆ : degphq “ degph1qu(11.1.2)

H 1
0pQpq :“ tph, h1q P H 1pQpq : h P EndpX˚qˆu(11.1.3)

H 1pZpq :“ tph, h1q P H 1pQpq : h P EndpX˚qˆ and h1 P EndpX˚qˆu(11.1.4)

depending on the choice of ˚ P ts, ou, which we suppress from notation.
There is an action H 1pQpq

œ Ñ ˚, where ph, h1q P H 1pQpq acts as pX, ρ,X 1, ρ1q ÞÑ pX,hρ,X 1, h1ρ1q.
The subgroups H 1pZpq Ď H 1pQpq and H 1

0pQpq Ď H 1pQpq are normal, and the action H 1pQpq

œ Ñ ˚ in-
duces a simply transitive actionH 1pQpq{H 1pZpq

œ Ñ ˚pFq. We pick the identificationH 1pQpq{H 1pZpq –

Ñ ˚pFq sending 1 P H 1pQpq{H 1pZpq to N ˚,0pFq.
We have an open and closed disjoint union decomposition

(11.1.5) Ñ ˚ “
ž

iPH 1pQpq{H 1
0pQpq

Ñ ˚
i

where Ñ ˚
i Ď Ñ ˚ is the open and closed subfunctor with Ñ ˚

i pFq Ď Ñ ˚pFq – H 1pQpq{H 1pZpq given
by the H 1

0pQpq-orbit corresponding to i. When i “ 1, we have Ñ ˚
i “ N ˚.

We have

(11.1.6)

H 1pQpq{H 1pZpq –

$

&

%

Z in the supersingular case

Z3 in the ordinary case
H 1pQpq{H 1

0pQpq – Z2

H 1
0pQpq{H 1pZpq –

$

&

%

t0u in the supersingular case

Z in the ordinary case.

11.2. Cycles.

Definition 11.2.1. Given any subset H Ă B˚, we define the special cycle Z̃˚pHq Ă Ñ ˚ to be the
subfunctor cut out by the condition

pρ1q´1 ˝ x ˝ ρ P HompX,X 1q

for all x P H, for tuples pX, ρ,X 1, ρ1q P Ñ ˚pSq for schemes S over Spf Z̆p. We then define Z˚pHq :“

Z̃˚pHq X N ˚ and Z˚,0pHq :“ Z̃˚pHq X N ˚,0 .

Several standard remarks apply to Definition 11.2.1, i.e. pρ1q´1 ˝ x ˝ ρ : X Ñ X 1 is viewed as
a quasi-homomorphism by Drinfeld rigidity, and the subfunctor Z̃˚pHq Ă Ñ ˚ is represented by a
closed formal subscheme by (the proof of) [RZ96, Proposition 2.9]. The involution of Ñ ˚ given by
swapping pX, ρq and pX 1, ρ1q takes Z̃˚pHq isomorphically to Z̃˚pH:q. To see this, we use the fact
that given any pX, ρq P N ˚

0 pSq, the fixed principal polarization on X˚ lifts (uniquely) to a principal
polarization on X (e.g. [Che24, Lemma 5.6.1]).

Given a tuple x “ px1, . . . , xrq of elements in B˚, we can forget information to view x as a subset
of B˚, so we abuse notation to write e.g. Z̃˚pxq for the associated special cycle. Consider the
temporary notation φ̃p :“ 111br

L˚ P C8
c ppB˚qrq for an understood r ě 1. If x P pB˚qr is an r-tuple, we

have

(11.2.1) Z̃˚pxqpFq “ th P H 1pQpq{H 1pZpq : h P suppph ÞÑ φ̃pph
´1xqqu
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as a subset Ñ ˚pFq “ H 1pQpq{H 1pZpq. In particular, we have

(11.2.2) Z̃˚pxqpFq “

$

&

%

Ñ ˚pFq if x Ď L˚

H if x Ę L˚

in the supersingular case (because H 1pQpq preserves L˚ in the supersingular case).
There is an action H 1pQpq

œ B˚ where ph, h1q P H 1pQpq acts as x ÞÑ h1xh´1. This preserves
quadratic forms up to Zˆ

p -scalar. For h̃ P H 1pQpq and any subset H Ď B˚, we then have

(11.2.3) h̃ ¨ Z̃˚pHq “ Z̃˚ph̃ ¨Hq.

Considering the decomposition from (11.1.5) and defining Z̃˚pxqi :“ Z̃˚pxq X Ñ ˚
i gives an open

and closed decomposition

(11.2.4) Z̃˚pxq “
ž

iPH 1pQpq{H 1
0pQpq

Z̃˚pxqi.

11.3. Cycles and lattices of rank 2. The rest of Section 11 is largely devoted to studying the
cycles Z˚pMq for Zp-lattices M Ď B˚ of rank 2. Note that any such M is automatically non-
degenerate: if ˚ “ s, then B˚ is anisotropic, and if ˚ “ o, then M spans all of B˚.

Given any Zp-lattice M of rank 2 equipped with a non-degenerate quadratic form, we consider
its Gross–Keating invariants GKpMq “ pa, bq for integers a ď b (compare [GK93, §4]), as recalled in
Section B. We set

(11.3.1) νpMq :“ a` b dpMq :“ b´ a.

The lattice M is integral if and only if a ě 0.
Given a rank 2 lattice M Ď B˚ which is not integral, we have Z̃˚pMq “ H. Indeed, by the

transitive action H 1pQpq

œ Ñ ˚pFq, it is enough to check Z˚,0pMq “ H. Then note that for any
pX, ρ,X 1, ρ1q P Z˚,0pMqpFq, and every x P M , we must have x:x P EndpXq, i.e. x:x P Zp.

We know that QprXs{pX2 ´ discpMqq is a ramified extension of Qp if and only if νpMq is odd
(e.g. follows from Lemma B.1.2). If M is integral, we define the type tpMq of M to be

(11.3.2) tpMq “

$

’

’

&

’

’

%

0, if a “ b “ 0;

1, if a “ 0 and b ą 0;

2, if a ą 0.

We then have νpMq “ dpMq if and only if tpMq ď 1.
Given a finite étale Qp-algebra F of degree 2, and given an integer s ě 0, we write OF,s :“

Zp ` psOF for the unique order of index ps inside OF .

Lemma 11.3.1. Two Zp-lattices M,M 1 Ď B˚ of rank 2 lie in the same H 1
0pQpq-orbit if and only

if GKpMq “ GKpM 1q and discpMQpq “ discpM 1
Qpq. This is also equivalent to lying in the same

H 1pQpq-orbit.

Proof. Since the H 1pQpq-action preserves quadratic forms up to Zˆ
p -scalar, it certainly preserves the

invariants in the lemma statement.
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Suppose instead that M and M 1 have the same invariants as in the lemma statement. Set
D :“ discpMQpq “ discpM 1

Qpq and F :“ QprXs{pX2 ´ Dq (we only use this Qp-algebra up to
isomorphism).

We first claim that the condition on discriminants implies that MQp and M 1
Qp lie in the same

H 1
0pQpq-orbit. In the ordinary case, there is nothing to show asMQp “ M 1

Qp “ Bo. In the supersingu-
lar case, Lemma B.1.1 implies that we can find nonzero x P M and x1 P M 1 with vppqpxqq “ vppqpx1qq.
It is enough to show that x´1MQp and x1´1M 1

Qp lie in the same H 1pQpq-orbit. But Qp Ď x´1MQp
and Qp Ď x1´1M 1

Qp . This implies that x´1MQp Ď Bs and x1´1M 1
Qp Ď Bs are both Qp-subalgebras,

not just Qp-submodules. These Qp-subalgebras are both isomorphic to F . Skolem–Noether then
implies that x´1MQp and x1´1M 1

Qp are both conjugate inside Bs, but we would like to show that
they are conjugate by an element of Oˆ

Bs , i.e. a unit in the maximal order of Bs. It suffices to note
the existence of u P Bs with vppqpuqq “ 1 which normalizes the Qp-subalgebra x´1MQp . If F {Qp is
ramified, we can take u P x´1MQp . If F {Qp is inert, there exists u for which conjugation induces
the nontrivial Galois involution on x´1MQp . This finishes the proof that MQp and M 1

Qp lie in the
same H 1

0pQpq-orbit.
To prove the lemma, it thus suffices to verify the following claim. View F as the 2-dimensional

Qp quadratic space with quadratic form NF {Qpp´q, and let M,M 1 Ď F be Zp-lattices of rank 2 with
the same Gross–Keating invariants. Then we claim that there exists b P Fˆ with vppNF {Qppbqq “ 0

such that bM “ M 1.
First, select any a, a1 P Fˆ such that M “ a ¨ OF,s and M 1 “ a1 ¨ OF,s1 for some integers s, s1 ě 0

(compare with the proof of Lemma 10.1.2, where we argued that ap and a1
p were both free of rank 1

over an appropriate order).
If e :“ vppNF {Qppaqq and e1 :“ vppNF {Qppa1qq, then we have

GKpMq “

$

&

%

pe, e` 2sq if F {Qp is unramified

pe, e` 2s` 1q if F {Qp is ramified
(11.3.3)

GKpM 1q “

$

&

%

pe1, e1 ` 2s1q if F {Qp is unramified

pe1, e1 ` 2s1 ` 1q if F {Qp is ramified
(11.3.4)

(e.g. as in Lemma 11.4.1). In particular, GKpMq “ GKpM 1q if and only if e1 “ e and s “ s1, in
which case we can take b :“ a1{a. □

Lemma 11.3.2. Let M Ď B˚ be an integral Zp-lattice of rank 2. Set F :“ QprXs{pX2 ´ discpMqq.
The two Zp-subalgebras of End˝pX˚q generated by elements of the form y:x (resp. xy:) for x, y P M

are both (non-canonically) isomorphic to OF,tνpMq{2u. Given any Zp-basis tx, yu for M , these Zp-
subalgebras are equal to Zpry:xs and Zprxy:s, respectively. In particular, F is a field (resp. split) if
and only if X˚ is supersingular (resp. ordinary).

Proof. The supersingular case should be contained in the work of Gross–Keating (see [Rap07, Lemma
3.1]). We give a uniform explanation for the supersingular and ordinary cases.

The claim y:x P EndpX˚q follows because py:xq:py:xq P Zp, and y:x` x:y P Zp, using integrality
of M . Note that we also conclude x:y P EndpX˚q. It suffices to prove the lemma for y:x: in the
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supersingular case, we have xy: “ xpy:xqx´1 (and recall that End˝pX˚qˆ normalizes EndpX˚q), and
in the ordinary case, we can use commutativity of End˝pX˚q.

We compute discpMq “ 1
4py:x´x:yq2. In particular, we find that the Qp-subalgebra of End˝pX˚q

generated by y:x is isomorphic to F . We must have y:x P OF (because y:x P EndpX˚q), and also
y:x R Qp because discpMq ‰ 0.

Recall (Lemma B.1.2) that we have

(11.3.5) tνpMq{2u “

$

&

%

t
vpp4 discpMqq

2 u ´ 1 if p “ 2 and F {Qp is ramified

t
vpp4 discpMqq

2 u else.

On the other hand, for any a P OF with a R Zp, some casework shows that the order Zpras Ď OF

has index ptpvpppa´aσq2qq{2u´1 if p “ 2 and F {Qp is ramified, and has index ptpvpppa´aσq2qq{2u otherwise,
where σ : F Ñ F is the unique nontrivial involution. Since : induces σ on Qpry

:xs – F , the lemma
now follows from the formulas in (11.3.5) and the expression discpMq “ 1

4py:x´ x:yq2. □

Corollary 11.3.3. Let M and F be as in the statement of Lemma 11.3.2. Pick any Zp-basis tx, yu

for M , and let FM (resp. F 1
M ) be the Qp-subalgebras of End˝pX˚q given by Qpry

:xs and Qprxy
:s,

respectively. Pick any isomorphisms ιF : F Ñ FM and ι1F : F Ñ F 1
M .

Let S be any scheme over Spf Z̆p, and consider any pX, ρ,X 1, ρ1q P Z̃˚pMqpSq. Then the map
ιF : OF,tνpMq{2u Ñ EndpX˚q lifts via ρ to an embedding OF,tνpMq{2u ãÑ EndpXq, and similarly for ι1F ,
ρ1, and X 1.

Proof. This follows from Lemma 11.3.2, i.e. y:x lifts via ρ to EndpXq, and xy: lifts via ρ1 to EndpX 1q.
We are using the standard lifting of principal polarizations, as explained after Definition 11.2.1. □

Lemma 11.3.4. Let M Ď B˚ be any Zp-lattice of rank 2. Then Z̃˚pMq is a countable disjoint
union of connected components, each of which is adic finite flat over Spf Z̆p, and with schemification
having étale generic fiber.

Proof. By the transitive action of H 1pQpq on the connected components of Ñ ˚, it is enough to check
that Z˚,0pMq Ñ Spf Z̆p is adic finite flat over Spf Z̆p, with schemification having étale generic fiber.

The claim should then be standard in the supersingular case after [GK93, §5] and [Rap07, §3].
We explain this in our language (treating the ordinary case at the same time), for the reader’s
convenience.

Given γ P End˝pX˚q, we obtain a local special cycle Z˚
0 pγq Ď N ˚

0 defined similarly as in Definition
11.2.1, but with pX 1, ρ1q replaced with pX, ρq and H replaced by the singleton set tγu. For γ R Qp,
it is known that Z˚

0 pγq Ď N ˚
0 is an effective Cartier divisor which is adic finite flat over Spf Z̆p

with schemification having étale generic fiber; this is explained e.g. in [CLZ] (both ordinary and
supersingular cases are needed).

Pick any Zp-basis tx1, x2u for M . Set γ1 “ x:
2x1 and γ2 “ x1x

:
2. Then the closed immersion

Z˚,0pMq Ñ N ˚,0 factors through Z˚
0 pγ1q ˆSpf Z̆p Z

˚
0 pγ2q, by Corollary 11.3.3. From this, it imme-

diately follows that Z˚,0pMq Ñ Spf Z̆p is adic finite and with schemification having étale generic
fiber.

It remains to show that Z˚,0pMq Ñ Spf Z̆p is flat. For this, first note Z˚,0pMq “ Z˚,0px1q X

Z˚,0px2q. For each i “ 1, 2, we also know that Z˚,0pxiq Ď N ˚,0 is either an effective Cartier divisor
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or equal to all of N ˚,0 by a standard method8 which can be explained as follows: a deformation
theory argument (e.g. Grothendieck–Messing deformation theory) shows that on the square-zero
thickening of Z˚,0pxiq, the closed formal subscheme Z˚,0pxiq is the zero locus of a canonical section
(depending on xi) of a certain line bundle coming from Hodge filtrations; then apply Nakayama’s
lemma. We already know that Z˚,0pMq Ñ Spf Z̆p is finite adic with dimZ˚,0pMqsch ď 1, so it follows
that Z˚,0pMqsch is Cohen–Macaulay, i.e. because after fixing an identification N ˚,0 – Spf Z̆prrt, t1ss,
the equations defining Z˚,0pxiq and Z˚,0pxiq must give a regular sequence in Spf Z̆prrt, t1ss at all
points in the image of Z˚,0pMqsch Ñ Spec Z̆prrt, t1ss. This reasoning also shows that Z˚,0pMqsch is
of pure dimension 1, so we conclude that Z˚,0pMqsch Ñ Spec Z̆p is flat by miracle flatness. □

11.4. Quasi-canonical liftings. Let F be a finite étale Qp-algebra of degree 2. Then either F is a
quadratic field extension of Qp, or we have F » Qp ˆ Qp. We say that F is non-split if F {Qp is a
quadratic field extension, and that F is split if F » Qp ˆQp. We let OF Ď F be the integral closure
of Zp, i.e. OF is the ring of integers of F if F is a field, while we have OF “ Zp ˆ Zp in the split
case. Given any integer s ě 0, we set

(11.4.1) OF,s “ Zp ` ps ¨ OF .

for the unique order of index ps inside OF .
Denote by F̆ the field Q̆p when F is split (equipped with a morphism F Ñ Q̆p), and otherwise

write F̆ for the completion of the maximal unramified extension of F , equipped with a canonical
map F Ñ F̆ .

Consider an embedding ιF : F Ñ End˝pX˚q. This necessarily means ˚ “ s if F is nonsplit and
˚ “ o if F is split.

We recall the notion of quasi-canonical lifting from [Gro86] (when F is non-split) and [Meu07]
(when F is split), slightly modified to suit our current purposes. For s ě 0 and ˚ P ts, ou, a quasi-
canonical lifting (and canonical lifting when s “ 0) for the pair pX˚, ιF q is an object pX˚

F,s, ρq P

N ˚
0 pSpf OK̆q for some finite extension K̆{Q̆p, with the property that the action ιF : OF,s Ñ EndpX˚q

lifts to X˚
F,s, and that moreover EndpX˚

F,sq – OF,s. Quasi-canonical liftings are unique up to isomor-
phism after forgetting the framing ρ.

In the non-split case (resp. the split case), the subgroup Oˆ
F,s Ă Oˆ

F (resp. p1`psZpqˆ Ă Zˆ
p ) has

an associated finite totally ramified abelian extension F̆s of F̆ with ring of integers OF̆ ,s, by local
class field theory. The extension degree is

(11.4.2) rF̆s : F̆ s “

$

&

%

psp1 ´ η˚ppqp´1q, if s ě 1;

1, if s “ 0.

where η˚ppq :“ ´1, 0, 1 in the inert, ramified, and split cases respectively. In the split case, we have
F̆s “ F̆ rζpss where ζps is a primitive ps-th root of unity. By [Gro86, Proposition 5.3] (the non-split
case) and [Meu07, Proposition 3.5] (the split case), the ring of definition of X˚

F,s is OF̆s
.

If pX˚
F,s, ρq is a level s quasi-canonical lifting for pX˚, ιF q over Spf OF̆s

, then the induced morphism
Spf OF̆s

Ñ N ˚
0 is a closed immersion. Any quasi-canonical lifting of level s for pX˚, ιF q over some

8This method at least goes back to Katz–Mazur in [KM85, Proposition 6.8.6]; see also e.g. [Wew07b, Proposition
5.1].
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Spf OK̆ is the pullback of pX˚
F,s, ρq from the previous sentence along a unique morphism Spf OK̆ Ñ

Spf OF̆s
.

Lemma 11.4.1. Let r, s be nonnegative integers. Fix embeddings ιF : F Ñ End˝pX˚q and ι1F : F Ñ

End˝pX˚q. Let K̆{F̆ be any finite degree field extension, and pX˚
F,r, ρq and pX˚

F,s, ρ
1q be quasi-canonical

liftings over Spf OK̆ of level r and s, for the pairs pX˚, ιF q and pX˚, ι1F q respectively. Form the Zp-
submodule

(11.4.3) M :“ HompX˚
F,r,X

˚
F,sq Ď Hom˝pX˚,X˚q “ B˚.

If r ď s, then the following conclusions hold.

(1) The space M is a free OF,r-module of rank one by pre-composition, and any generator ψ
satisfies qpψq “ degψ “ p|s´r|. The quadratic form on M is given by qpψ¨aq “ NF {Qppaqqpψq.
In the ordinary case, any such ψ P HompX˚,X˚q is an isomorphism on the connected part.

(2) We have F – QprXs{pX2 ´ discpMqq (non-canonically).
(3) The lattice M has Gross–Keating invariants pa, bq which are characterized by the expression

(11.4.4) pr, sq “ ptdpMq{2u, tνpMq{2uq. dpMq :“ b´ a νpMq :“ a` b

and the additional data of whether F {Qp is ramified, i.e.

pa, bq “ p|s´ r|, r ` sq if F {Qp is unramified(11.4.5)

pa, bq “ p|s´ r|, r ` s` 1q if F {Qp is ramified.(11.4.6)

(4) Given f P End˝pX˚q, we have M ¨ f Ď M if and only if f P ιF pOF,rq.

If r ě s, the above claims hold with the following modifications. Conclusion (1) holds but with
HompX˚

F,r,X
˚
F,sq instead being free of rank one over OF,s by post-composition, and any generator ψ

is instead an isomorphism on the étale part in the ordinary case. Conclusion (2) holds verbatim.
Conclusion (3) also holds after swapping r and s in (11.4.4). Conclusion (4) holds upon considering
f ¨M instead of M ¨ f , and replacing ιF pOF,rq with ι1F pOF,sq.

Proof. Note that the r ď s and r ě s cases are equivalent upon applying the Rosati involution (with
respect to the principal polarizations lifting the fixed principal polarization on X˚). Recall also that
νpMq is odd if and only if QprXs{pX2 ´ discpMqq is a ramified extension of Qp, as follows from
Lemma B.1.2. Also note that claim (2) follows from claim (1), e.g. as in the proof of Lemma 11.3.2.
Note that claim (1) implies that the quadratic form on M is integral.

We now explain how claim (4) follows from claims (1) and (2). It is enough to check the r ď s

case. The embedding ι1F induces an embedding F Ñ EndιF pF qpMQpq, where ιF pF q

œ

MQp is given
by pre-composition and ι1F pF q

œ

MQp is given by post-composition. But since MQp is free of rank
one as a ιF pF q-module, we conclude that it is also free of rank one as a ι1F pF q-module, and that
EndιF pF qpMQpq “ Endι1F pF qpMQpq. In particular, if f P End˝pX˚q satisfies M ¨ f Ď M , then we
have f P Endι1F pF qpMQpq “ ιF pF q. But since M is free of rank one as an ιF pOF,rq-module, we must
moreover have f P ιF pOF,rq.

Given the above remarks, the supersingular case of the lemma is proved in [Wew07a, Proposition
1.1]. We thus restrict to the ordinary case. We fix an identification Xo – µµµp8 ˆ Qp{Zp, which fixes
an identification Bo – Qp ˆQp. Given this fixed data, the lifts pXo

F,r, ρq and pXo
F,s, ρ

1q correspond to
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choices of primitive pr-th and ps-th roots of unity ζpr , ζps P OK̆ , respectively (see the discussion on
lifting theory for ordinary p-divisible groups in [Che24, §6.1]). By e.g. [Che24, (6.1.5)], an element
pf1, f2q P Bo lies in M if and only if

(11.4.7) pζprqf1 “ pζpsq
f2 .

Without loss of generality, we may assume r ď s. Select a P Zp satisfying pζpsq
a “ ζpr , and note

vppaq “ |s´ r|. Then pf1, f2q lies in M if and only if f2 ´ af1 ” 0 pmod psq. In other words, every
element of M can be written in the form

(11.4.8) α ¨ p1, aq ` βprp0, 1q ¨ p1, aq

for unique values α, β P Zp, i.e. M is free of rank one over OF,r with generator p1, aq. This
proves claims (1) and (2). It remains to prove (3) in the ordinary case, i.e. to show that M has
Gross–Keating invariants p|s ´ r|, s ` rq. It is enough to show that the OF,r viewed as a Zp-lattice
(of rank 2) with quadratic form NF {Qpp´q has Gross–Keating invariants p0, 2rq. For the Zp-basis
tp1, 1q, p0, prqu of OF,r, the associated quadratic form is given by x2 `prxy. Inspecting the definition
of Gross–Keating invariants from (B.1.2) shows that the invariants are indeed p0, 2rq in this case. □

Remark 11.4.2. The isomorphism class of the quadratic lattice M from Lemma 11.4.1 can in
general depend on the other data, and not just r, s. In both the supersingular and ordinary cases,
we can rescale the quadratic form on M by an arbitrary element of Zˆ

p by changing the pair pι1F , ρ
1q,

and this can even change the isomorphism class of the rational quadratic space MQp (consider the
Hasse invariant).

11.5. Primitive cycles. Consider any Zp-lattice M Ď B˚ of rank 2.

Definition 11.5.1. The primitive cycle Z˚pMq˝ Ď Z˚pMq is the closed formal subscheme given by
the (scheme-theoretic) union of the components which are not contained in Z˚pM 1q for any rank 2

lattice M 1 Ľ M .

Lemma 11.3.4 implies that Z˚pMq Ñ Spf Z̆p is a countable disjoint union of formal schemes which
are adic finite flat over Spf Z̆p, and where the schemification of Z˚pMq has étale generic fiber. The
“components” in Definition 11.5.1 mean the closed formal subschemes associated to the irreducible
components of the schemification. Note that Z˚pMq˝ “ H if M is not integral (because Z˚pMq “ H

if M is not integral).

Lemma 11.5.2. For any Zp-lattice L Ď B˚ of rank 2, we have a scheme-theoretic union9 decompo-
sition

(11.5.1) Z˚pLq “
ď

LĎM
M integral

Z˚pMq˝

of closed formal subschemes of N ˚, where the union runs over Zp-lattices M Ď LQp of rank 2.

Proof. This follows from the definition of Z˚pMq˝. For fixed L, there are only finitely many integral
Zp-lattices M Ď LQp satisfying M Ě L. □

9We mean to intersect ideal sheaves.
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Lemma 11.5.3. Let K̆ be any finite degree field extension of Q̆p. Given any object pX, ρ,X 1, ρ1q P

N ˚pSpf OK̆q, the corresponding morphism Spf OK̆ Ñ N ˚ factors through Z˚pMq˝ if and only if

(11.5.2) HompX,X 1q “ M

as Zp-submodules of B˚.

Proof. We are using the usual Drinfeld rigidity to view HompX,X 1q as a submodule of B˚ (using ρ
and ρ1q. If HompX,X 1q “ M , then the morphism Spf OK̆ Ñ N ˚ certainly factors through Z˚pMq,
and it also cannot factor through Z˚pM 1q for any rank 2 lattice M 1 Ľ M , i.e. Spf OK̆ Ñ N ˚ factors
through Z˚pMq˝.

Conversely, consider pX, ρ,X 1, ρ1q P Z˚pMq˝pSpf OK̆q. Set F :“ QprXs{pX2´discpMqq. Corollary
11.3.3 implies that both X and X 1 admit faithful actions by OF,tνpMq{2u. We claim that End˝pXq –

End˝pX 1q – F (non-canonically). It is enough to check that End˝pXq and End˝pX 1q are both
commutative, since any embedding F ãÑ End˝pX˚q has image which is self-centralizing. In the
ordinary case, this follows because End˝pX˚q – Qp ˆ Qp is commutative. In the supersingular
case, this follows because there exists a morphism End˝pX 1q Ñ K̆ given by the action EndpX 1q Ñ

EndpLieX 1q – OK̆ (then use the fact that any Qp-subalgebra of End˝pX˚q is simple). It now follows
that there exists ph, h1q P H 1

0pQpq such that pX,hρq and pX 1, h1ρ1q are both quasi-canonical liftings
of levels s, s1 ď tνpMq{2u, with respect to certain embeddings ιF , ι1F : F Ñ End˝pX˚q, which we will
not need to describe explicitly. It suffices to take any ph, h1q P H 1

0pQpq such that hρ and h1ρ1 are
both isomorphisms in geometric fibers; this is automatic in the supersingular case.

Then Lemma 11.4.1 implies that M 1 :“ HompX,X 1q Ď B˚ is a Zp-sublattice of rank 2, where we
make the identification HompX,X 1q Ď B˚ using pρ, ρ1q. We must have M 1 Ě M , by construction.
The morphism Spf OK̆ Ñ N ˚ associated to pX, ρ,X 1, ρ1q factors through Z˚pM 1q. The construction
of Z˚pMq˝ now implies M 1 “ M . □

Corollary 11.5.4. Given distinct Zp-lattices M,M 1 Ď B˚ of rank 2, the closed formal subschemes
Z˚pMq˝ Ď N ˚ and Z˚pM 1q˝ Ď N ˚ do not share any components.

Proof. This follows immediately from Lemma 11.5.3, i.e. the existence of such a common component
implies the existence of pX, ρ,X 1, ρ1q P N ˚pSpf OK̆q for some finite degree field extension K̆{Q̆p such
that HompX,X 1q “ M and HompX,X 1q “ M 1. We are again implicitly using the fact that Z˚pMq˝

and Z˚pM 1q˝ are disjoint unions of formal schemes which are adic finite flat over Spf Z̆p with étale
generic fiber, in order to work with components. □

In the next lemma, we again set F :“ QprXs{pX2 ´ discpMqq.

Lemma 11.5.5. Let M Ď B˚ be any integral Zp-lattice of rank 2. There exists a scheme-theoretic
union decomposition

(11.5.3) Z˚pMq˝ “ Z˚pMq˝
` Y Z˚pMq˝

´

of closed formal subschemes, characterized by the following requirements.

(1) We have Z˚pMq˝
` – Spf OF̆tνpMq{2u

and Z˚pMq˝
´ – Spf OF̆tνpMq{2u

as formal schemes over

Spf Z̆p.
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(2) The universal pairs of p-divisible groups over Z˚pMq˝
` and Z˚pMq˝

´ (after forgetting fram-
ings ρ and ρ1) are of the form

(11.5.4) pX˚
F,tdpMq{2u,X

˚
F,tνpMq{2uq and pX˚

F,tνpMq{2u,X
˚
F,tdpMq{2uq

respectively, where each X˚
F,s denotes any p-divisible group10 of height 2 dimension 1 such

that EndpX˚
F,sq – OF,s.

If tpMq ď 1, then we have Z˚pMq˝
` “ Z˚pMq˝

´. If tpMq “ 2, then we have Z˚pMq˝
` ‰ Z˚pMq˝

´.
The formal scheme Z˚pMq˝ is disconnected in the ordinary case if tpMq “ 2, and is connected in
all other cases.

Proof. Let X˚
F,tdpMq{2u

and X˚
F,tνpMq{2u

be p-divisible groups over Spf OF̆tνpMq{2u
as in the lemma state-

ment. Recall that these p-divisible groups are unique up to isomorphism (from the theory of quasi-
canonical liftings, as recalled in Section 11.4).

Select framings ρρρ and ρρρ1 to obtain pX˚
F,tdpMq{2u

, ρρρ,X˚
F,tνpMq{2u

, ρρρ1q P N ˚,0pSpf OF̆tνpMq{2u
q. Any

ρρρ and ρρρ1 which are isomorphisms in geometric fibers will suffice. We claim that the associated
morphism Spf OF̆tνpMq{2u

Ñ N ˚,0 is a closed immersion. Indeed, the theory of quasi-canonical liftings
(recalled in Section 11.4) implies that it is a closed immersion after projection to the second factor
in N ˚,0 – N ˚

0 ˆ N ˚
0 , so Spf OF̆tνpMq{2u

Ñ N ˚,0 being a closed immersion follows from separatedness
of that projection morphism (and the usual graph argument).

By Lemma 11.4.1, the data pρρρ,ρρρ1q identifies HompX˚
F,tdpMq{2u

,X˚
F,tνpMq{2u

q with a Zp-lattice M 1 Ď

B˚ of rank 2, with discpM 1q “ discpMq modulo pQˆ
p q2 and with GKpM 1q “ GKpMq. By Lemma

11.3.1, we conclude that M and M 1 lie in the same H 1
0pQpq-orbit. That is, we can find ph, h1q P

H 1
0pQpq such that

(11.5.5) pX˚
F,tdpMq{2u, hρρρ,X

˚
F,tνpMq{2u, h

1ρρρ1q P N ˚pSpf OF̆tνpMq{2u
q

is such that the pair phρρρ, h1ρρρ1q induces HompX˚
F,tdpMq{2u

,X˚
F,tνpMq{2u

q “ M as sublattices of B˚. Fix
one such choice of ph, h1q. The morphism Spf OF̆tνpMq{2u

Ñ N ˚ associated to (11.5.5) is also a closed
immersion, because it is a H 1

0pQpq-translate of the previous morphism. We define Z˚pMq˝
` Ď N ˚

to be the closed subfunctor defined by the closed immersion corresponding to (11.5.5). We define
Z˚pMq˝

´ Ď N ˚ by a similar procedure, where we swap X˚
F,tdpMq{2u

and X˚
F,tνpMq{2u

. If tpMq “ 2, we
must have Z˚pMq˝

` ‰ Z˚pMq˝
´ as the two universal pairs of p-divisible groups over Z˚pMq˝

` and
Z˚pMq˝

´ are non-isomorphic even after forgetting the framings.
Next, consider any finite degree field extension K̆{Q̆p, and consider any object

(11.5.6) pX, ρ,X 1, ρ1q P Z˚pMq˝pSpf OK̆q

corresponding to a morphism Spf OK̆ Ñ Z˚pMq˝. As in the proof of Lemma 11.5.3, we have
EndpXq – OF,s and EndpX 1q – OF,s1 for some integers 0 ď s, s1 ď tνpMq{2u. The pair pρ, ρ1q

identifies HompX,X 1q “ M as sublattices of B˚. Inspecting the formulas for Gross–Keating in-
variants in Lemma 11.4.1(3) (and also the H 1

0pQpq-invariance of Gross–Keating invariants from

10Note that the condition EndpX˚
F,sq – OF,s forces X˚

F,s to be supersingular (resp. ordinary) if F is nonsplit (resp.
split).
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Lemma 11.3.1) implies that the only possibilities are ps, s1q “ ptdpMq{2u, tνpMq{2uq or ps, s1q “

ptνpMq{2u, tdpMq{2uq.
It suffices to show that Spf OK̆ Ñ Z˚pMq˝ factors through Z˚pMq˝

` in the first case, and through
Z˚pMq˝

´ in the second case. Note that this will also show that Z˚pMq˝
` “ Z˚pMq˝

´ if tpMq ď 1,
which is equivalent to the condition νpMq “ dpMq (also recall that dpMq ” νpMq pmod 2q).

Suppose ps, s1q “ ptdpMq{2u, tνpMq{2uq. As X˚
F,tdpMq{2u

and X˚
F,tνpMq{2u

are characterized up to
isomorphism by their endomorphism rings (and this holds also over Spf OK̆ ; see Section 11.4 again),
we may write

(11.5.7) pX, ρ,X 1, ρ1q “ pX˚
F,tdpMq{2u, gρρρ,X

˚
F,tνpMq{2u, g

1ρρρ1q

for an element pg, g1q P H 1
0pQpq, and where X˚

F,tdpMq{2u
and X˚

F,tνpMq{2u
are defined by pullback of

the p-divisible groups fixed above (abusing notation and recycling the same symbols) along some
morphism ϕ0 : Spf OK̆ Ñ Spf OF̆tνpMq{2u

.
We first claim that pg, g1q “ ph, h1q modulo H 1pZpq with ph, h1q as in the above construction of

Z˚pMq˝
`. This is automatic in the supersingular case, since H 1

0pQpq{H 1pZpq “ t0u in that case.
Assume instead that X and X 1 are ordinary. By Lemma 11.4.1, (and the above construction of
Z˚pMq˝

`) we know that the action OF,s

œ

X˚
F,tdpMq{2u

gives M the structure of a free OF,s-module
of rank one. Pick any generator ψ P M . Fix an identification Xo – µµµp8 ˆ Qp{Zp as in the proof
of Lemma 11.4.1. By part (1) of that lemma, we must have g1´1ψg “ h1´1ψh “ p1, ps

1´sq modulo
Zˆ
p ˆ Zˆ

p . This is enough to show pg, g1q “ ph, h1q modulo H 1pZpq, since g1 “ h1 “ ψ ¨ p1, ps´s1

q

modulo Zˆ
p ˆ Zˆ

p .
Pick any Zp-basis tx, yu for M . Let FM , F 1

M Ď End˝pX˚q be the Qp-subalgebras generated by y:x

and xy:, respectively. Fix any isomorphisms ιF : F Ñ FM and ι1F : F Ñ F 1
M (which exist by Lemma

11.3.2).
We claim that the pair pX˚

F,tνpMq{2u
, g1ρρρ1q over Spf OK̆ is (up to isomorphism compatible with

framings) the pullback of pX˚
F,tνpMq{2u

, h1ρρρ1q along a unique morphism ϕ : Spf OK̆ Ñ Spf OF̆tνpMq{2u

(which need not coincide with ϕ0). Indeed, first note that pX˚
F,tνpMq{2u

, h1´1g1ρρρ1q over Spf OK̆ is
a quasi-canonical lifting (of level tνpMq{2u) for the pair pX˚, a ÞÑ h1´1ι1F paqh1q over Spf OK̆ , i.e.
Corollary 11.3.3 implies that ι1F pOF,tνpMq{2uq lifts to EndpX˚

F,tνpMq{2u
q with respect to the framing

pg1ρρρ1q. We are also using h1´1g1 P EndpX˚q here. We similarly know that pX˚
F,tνpMq{2u

, ρρρ1q over
Spf OF̆tνpMq{2u

is a quasi-canonical lifting for the pair pX˚, a ÞÑ h1´1ι1F paqh1q. The discussion preceding
Lemma 11.4.1 now shows that pX˚

F,tνpMq{2u
, h1´1g1ρρρ1q arises as pullback of pX˚

F,tνpMq{2u
, ρρρ1q along a

unique morphism ϕ : Spf OK̆ Ñ Spf OF̆tνpMq{2u
.

Pulling back the entire tuple (11.5.5) along ϕ yields a tuple

(11.5.8) pX˚
F,tdpMq{2u, fgρρρ,X

˚
F,tνpMq{2u, g

1ρρρ1q P Z˚pMq˝
`pSpf O ˘̆

K
q

for some f P EndpX˚qˆ. Our task is to show that the pairs pX˚
F,tdpMq{2u

, fgρρρq and pX˚
F,tdpMq{2u

, gρρρq

are isomorphic.
By construction, we have HompX˚

F,tdpMq{2u
,X˚

F,tνpMq{2u
q “ M as sublattices of B˚ with respect

to both framings pgρρρ, g1ρρρ1q and pfgρρρ, g1ρρρ1q. This implies M ¨ f “ M . Applying Lemma 11.4.1(4),
we conclude f P ιF pOˆ

F,tdpMq{2u
q. But by construction, the embedding ιF : OF,tdpMq{2u Ñ EndpX˚q
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lifts via gρρρ to an action OF,tdpMq{2u

œ

X˚
F,tdpMq{2u

, which shows that the pairs pX˚
F,tdpMq{2u

, fgρρρq and
pX˚

F,tdpMq{2u
, gρρρq are isomorphic.11

It remains to consider the case ps, s1q “ ptνpMq{2u, tdpMq{2uq. This is largely similar to the case
considered above, but we briefly indicate the argument. First write

(11.5.9) pX, ρ,X 1, ρ1q “ pX˚
F,tνpMq{2u, gρρρ,X

˚
F,tdpMq{2u, g

1ρρρ1q

for some pg, g1q P H 1
0pQpq. Let ph, h1q P H 1

0pQpq be as in the construction for Z˚pMq˝
´ (analogously

to the construction of Z˚pMq˝
`). We can skip the step of showing pg, g1q “ ph, h1q modulo H 1pZpq,

though it will also be true, upon replacing p1, ps
1´sq with pps´s1

, 1q. Take the same ιF and ι1F as
above. Arguing as above shows that the pair pX˚

F,tνpMq{2u
, gρρρq is the pullback of pX˚

F,tνpMq{2u
, hρρρq

along a unique morphism ϕ : Spf OK̆ Ñ Spf OF̆tνpMq{2u
. We then obtain a point

(11.5.10) pX˚
F,tνpMq{2u, gρρρ,X

˚
F,tdpMq{2u, fg

1ρρρ1q P Z˚pMq˝
´pSpf OK̆q

for some f P End˝pX˚q, and would like to show f P ι1F pOˆ

F,tdpMq{2u
q. Again, we find f ¨ M “ M ,

which implies the claim via Lemma 11.4.1(4). This then shows that the pairs pX˚
F,tdpMq{2u

, fg1ρρρ1q

and pX˚
F,tdpMq{2u

, g1ρρρ1q are isomorphic.
The last remaining claim of the lemma statement is to show that Z˚pMq˝ is disconnected if

tpMq “ 2 in the ordinary case (as Z˚pMq˝ is certainly connected in the other cases; recall that
N ˚pFq is a singleton in the supersingular case). Recall that we have a canonical identification
N ˚pFq “ H 1

0pQpq{H 1pZpq (Section 11.1). In the above notation, let ψ P M be generator for M as a
free ιF pOF,tdpMq{2uq-module (the element ψ will also be a generator for M as a free ι1F pOF,tdpMq{2uq-
module). Then we have

Z˚pMq˝
`pFq “ tph, h1q P H 1

0pQpq{H 1pZpq : h1 “ ψ ¨ p1, ptdpMq{2u´tνpMq{2uq modulo Zˆ
p ˆ Zˆ

p u

(11.5.11)

Z˚pMq˝
´pFq “ tph, h1q P H 1

0pQpq{H 1pZpq : h1 “ ψ ¨ pptdpMq{2u´tνpMq{2u, 1q modulo Zˆ
p ˆ Zˆ

p u

(11.5.12)

(using the identification End˝pX˚q – Qp ˆ Qp induced by the identification X˚ – µµµp8 ˆ Qp{Zp
from above). In particular, we have tdpMq{2u ‰ tνpMq{2u if tpMq “ 2, and thus Z˚pMq˝

`pFq ‰

Z˚pMq˝
´pFq in this case. □

Corollary 11.5.6. For Zp-lattices M Ď B˚ of rank 2, the quantities

(11.5.13) degpZ˚pMq Ñ Spf Z̆pq degpZ˚pMq˝ Ñ Spf Z̆pq

depend only on the data of GKpMq and discMQp .

Proof. For Z˚pMq˝, this follows immediately from Lemma 11.5.5. For Z˚pMq, this follows from the
fact that theH 1pQpq-orbit ofM determines and is determined by GKpMq and discMQp as an element
of Qˆ

p {Qˆ2
p (Lemma 11.3.1); one can then apply the claim for Z˚pMq˝ in combination with Lemmas

11.5.2 and Corollary 11.5.4, as H 1pQpq

œ B˚ preserves the quadratic form up to Zˆ
p -scalar. □

11In more detail: Corollary 11.3.3 shows that ιF lifts via gρρρ to an embedding OF,tνpMq{2u ãÑ EndpX˚
F,tdpMq{2uq, but

since EndpX˚
F,tdpMq{2uq – OF,tdpMq{2u, this lift of ιF must extend to the possibly larger ring OF,tdpMq{2u.
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11.6. Local “height defect” of special cycles. We conclude this section with a key definition
needed to formulate our main non-Archimedean local theorem (Theorem 13.0.1). Let L be a non-
degenerate quadratic Zp-lattice of rank 2, and set F “ QprXs{pX2 ´ discLq. Pick an embedding
of quadratic spaces L Ñ B˚: this always exists, and we necessarily have ˚ “ s if F is nonsplit and
˚ “ o if F is split.

Pick any embedding Q̆p Ñ Cp. Given z P Z˚pLqschpCpq, pick any descent of z to a morphism
Spf OL̆ Ñ ZpLq for some finite degree field extension L̆ of Q̆p. By Lemmas 11.5.5 and 11.5.2, pulling
back the universal pair of p-divisible groups from Z˚pLq to Spf OL̆ (forgetting the extra data such
as framings, etc.) gives a pair of p-divisible groups X and X1 whose endomorphism rings are (up to
isomorphism) the unique orders in OF of index psz and ps1

z , for some sz, s1
z P Zě0.

Definition 11.6.1. With notation as above, we set

(11.6.1) δFalpLq :“
ÿ

zPZ˚pLqschpCpq

δFalpzq δFalpzq :“ δFal,F pszq ` δFal,F ps1
zq

with δFal,F psq P Q as defined in (10.1.7).

By Lemmas 11.5.5 and 11.5.2 and Corollary 11.5.4, we equivalently have

(11.6.2) δFalpLq
ÿ

LĎM
M integral

degZ˚pMq˝ ¨

ˆ

δFal

ˆZ

dpMq

2

^˙

` δFal

ˆZ

νpMq

2

^˙˙

where the sum runs over lattices M Ď LQp . Using Lemma 11.3.1, we see that δFalpLq depends
only on GKpLq and discpLQpq, and is independent of the choice of embedding L Ñ B˚. We also
see that the right-hand side of (11.6.1) does not change if Z˚pLqsch is replaced by Z̃˚pLqschi , upon
using the action H 1pQpq

œ Ñ ˚, which is transitive on the decomposition in (11.1.5) since the action
H 1pQpq

œ B˚ which preserves the quadratic form up to scalar, and hence preserves discriminants
and Gross–Keating invariants of rank 2 lattices (Lemma 11.3.1).

Next, consider T P SymrpQpq of rank 2. Let L be the unique non-degenerate quadratic Zp-
lattice of rank 2 which admits a tuple x P Lr with spanpxq “ L and with normalized Gram matrix
1
2px,xq “ T . For any choice of embedding L Ñ B˚, with “˚” uniquely determined by L, we set

(11.6.3) δFal,ppT q :“ δFalpLq degppT q :“ degZ˚pLq.

Again the choice of embedding L Ñ B˚ does not matter, and the right-hand sides moreover depend
only GKpLq and discpLQpq.

12. Heights and Rapoport–Zink uniformization

Fix a prime p and write F :“ Fp. In this section, we study ordinary and supersingular Rapoport–
Zink uniformization. We treat the ordinary and supersingular cases in parallel. We use the notation
˚ P ts, ou where “s” and “o” mean “supersingular” and “ordinary”, respectively.

12.1. Base points. The Rapoport–Zink uniformization morphisms depend on a choice of base point,
which plays a larger role in the ordinary case.

In the notation of Section 8.4, we take S to be all primes but p, and let K Ď H 1pAf q be any open
compact subgroup contained in K˝ and good away from S, i.e. “good at p”. We are mostly interested
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in K “ K˝, but this does not play much of a role in Section 12. We will abuse notation and suppress
K from notation in Section 12, e.g. writing M instead of MK . Recall that if S is a connected locally
Noetherian scheme over SpecZppq, we can express objects in MpSq as tuples pE,E1, η, η1q where the
pair pη, η1q is a Kp-orbit of trivializations of away-from-p Tate modules which preserve alternating
pairings up to a common scalar (more precisely, see loc. cit.).

By a supersingular (resp. ordinary) base point, we mean an object

(12.1.1) pE,E1,η,η1q P MpFq

with E and E1 both supersingular (resp. ordinary), equipped with two additional pieces of data.

(1) A pair of isomorphisms

(12.1.2) ρ : X˚ Ñ Erp8s ρ1 : X˚ Ñ E1rp8s

for X˚ the framing p-divisible group used to define Rapoport–Zink spaces in Section 11 (with
˚ “ s and ˚ “ o in the supersingular and ordinary cases, respectively).

(2) A fixed representative pη,η1q for pη,η1q, (not just a Kp-orbit).

Given two base points

(12.1.3) pE1,E
1
1q pE2,E

1
2q

(additional data suppressed), a quasi-isogeny from the first to the second will mean a pair of quasi-
isogenies E1 Ñ E2 and E1

1 Ñ E1
2 of the same degree. In this case, we say that the two base points

are isogenous (and this is an equivalence relation). Note that the notion of isogenous base points
does not depend on the additional data pρ,ρ1,η,η1q.

In the supersingular case, there is a unique base point up to isogeny. As in the proof of [RZ96,
Theorem 6.30], this can be viewed as largely a consequence of the group H “ GL2ˆGmGL2 satisfying
the Hasse principle. For our purposes, we can also explain this phenomenon as follows. If E is any
supersingular elliptic curve over F, then End˝pEq is the quaternion algebra over Q which is nonsplit
only at p and 8, and so End˝pEqˆ (viewed as an algebraic group over Q) is a form of GL2 and hence
satisfies the Hasse principle. From this, it follows that every positive rational number is a norm of
an element in this quaternion algebra, i.e. there is a quasi-endomorphism of E of degree n for any
positive integer n. An explanation of this Hasse principle for quaternion algebras is given in [Voi21,
Theorem 14.7.4] and attributed to Hasse–Schilling.

In the ordinary case, base points exist but are no longer unique up to isogeny. This failure of
uniqueness persists even if we consider only elliptic curves with CM by the same maximal order OF

in some imaginary quadratic field F . For example, let F “ Qp
?

´6q and choose p to be split in
OF . Let a Ď OF be the unique prime ideal lying over the prime 3. Consider the complex elliptic
curves E “ C{OF and E1 “ C{a (pick an embedding F Ñ C). Descend E and E1 to any number
field, assume E and E1 have good (ordinary) reduction at all primes over p, and form E and E1 by
base-change to F (pick any p-adic place of the number field and pick an embedding of the residue
field into F). We claim that the base points pE,Eq and pE,E1q are not isogenous. Indeed, first note
that Hom˝pE,Eq and Hom˝pE,E1q are both free F -modules of rank one, but generated by isogenies
of degree 1 and 3 respectively. Then note that the number 3 is not the norm of any element of F
(since 6 is a norm but 2 is not a norm 3-adically, e.g. by local class field theory).
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12.2. Uniformization. We use our usual notation H “ GL2 ˆGm GL2 from Section 8.4. Consider
the special cycle ZpT q Ñ M from Section 8.2, and assume rkpT q “ 2 or rkpT q “ 3. This means
r “ 2 or r “ 3 (we also allow the case of singular T with rkpT q “ 2 and r “ 3). In these cases, recall
(Lemma 8.2.2) that ZpT q Ñ SpecZ is proper quasi-finite. If rkpT q “ 2, we set F :“ Qp

?
´det1 T q,

with notation as in loc. cit..
Consider the base change ZpT qSpec Z̆p . For ˚ P ts, ou, we write Z̆˚pT qp for the formal completion of

ZpT qSpec Z̆p along its supersingular or ordinary locus,12 depending on whether ˚ “ s or ˚ “ o. Note
that Lemma 8.2.2 implies that the supersingular and ordinary loci are always closed on ZpT qSpec Z̆p ,
and either empty or the entire special fiber.

If rkpT q “ 2, Lemma 8.2.2 implies that we simply have

(12.2.1) Z̆˚pT qp “

$

’

’

&

’

’

%

ZpT qSpf Z̆p if p is nonsplit in F and ˚ “ s

ZpT qSpf Z̆p if p is split in F and ˚ “ o

H else.

If rkpT q “ 3, Lemma 8.2.2 implies that we have Z̆˚pT qp “ H unless ˚ “ s and p is the unique prime
specified in Lemma 8.2.2(d).

Fix a base point pE,E1,ρ,ρ1,η,η1q as in Section 12.1. If ˚ “ o and rkpT q “ 2, we also assume
that E and E1 both have CM by F (so that p splits in F ). One can construct uniformizations for
other base points, but this is the case we will need.

Let V :“ Hom˝pE,E1q. This is a Q-vector space and is equipped with a positive definite bilinear
pairing p´,´q given by

(12.2.2) px, yq :“ tr˝px_ ˝ yq tr˝paq :“ a_ ` a

for x, y P Hom˝pE,E1q and a P End˝pEq.
Consider the group scheme H1 Ñ SpecZ given by

(12.2.3) H1pRq :“ tpγ, γ1q P pEndpEq bZ Rqˆ ˆ pEndpE1q bZ Rqˆ : γ_ ˝ γ “ γ1_ ˝ γ1 P Rˆu

for Z-algebras R (where we make our usual abuse of notation to use the principal polarization to
identify E with its dual, and similarly for E1).

The datum pρ,ρ1q induces maps

(12.2.4) H1pQpq Ñ H 1pQpq H1pZpq Ñ H 1pZpq

for H 1pQpq and H 1pZpq from Section 11.1. There are similar induced identifications of quadratic
spaces VpQpq

„
ÝÑ B˚, where B˚ is as in Section 11.

The datum pη,η1q induces a morphism of group schemes

(12.2.5) H1
Apf

Ñ HApf
.

12By this, we mean the set of points on (the underlying topological space of) ZpT qSpec Z̆p
in positive characteristic

which correspond to pE,E1,xq with E and E1 both supersingular or both ordinary, depending on whether ˚ “ s or
˚ “ o.
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In the supersingular case, the ℓ ‰ p case of [RZ96, Corollary 6.29]13 shows that this map is an
isomorphism. The map need not be an isomorphism in the ordinary case. There is a similar
induced map VpApf q Ñ V pApf q which preserves quadratic forms. Again, this is an isomorphism in
the supersingular case, but need not be an isomorphism in the ordinary case.

Using the techniques from [RZ96, §6], one can uniformize Z̆˚pT qp by local special cycles on
Rapoport–Zink spaces, as follows. Our notation and presentation of ideas are similar to that of
[Che24, §11].

We consider a stack Z̆˚pT qp,framed given by the setoids
(12.2.6)

Z̆˚pT qp,framedpSq “

#

pE,E1, η, η1,xq P Z̆˚pT qppSq

ϕ : ES Ñ ES and ϕ1 : E1

S
Ñ E1

S
quasi-isogenies of the same degree

+

for schemes S over Spf Z̆p, with S :“ S ˆSpf Z̆p F as usual, and where the degrees of ϕ and ϕ1 are

locally constant functions on S. We call pϕ, ϕ1q a “framing”. After viewing Z̆˚pT qp,framed as a sheaf
of sets (passing to isomorphism classes), there is a left action H1pQq

œ Z̆˚pT qp,framed given by acting
on the framing, i.e. ph, h1q ¨ pϕ, ϕ1q “ phϕ, h1ϕ1q.

Recall the spaces V , W , and W 1 from Section 8.4. Set

(12.2.7) φp :“ 111br

HompL,L1qbZẐp
P C8

c pV pApf qrq.

Given xp P V pApf qr, we consider an “away-from-p local special cycle” defined as the discrete set

(12.2.8) Zpxpq “ th P HpApf q{Kp : φpph´1xpq “ 1u.

There is a canonical isomorphism (equivalence)

(12.2.9) Z̆˚pT qp,framed
„
ÝÑ

ž

xPVpQqr

1
2

px,xq“T

Z̃˚pxpq ˆ Zpxpq

where xp and xp denote the images of x in VpQpq
r – pB˚qr and V pApf qr respectively, using the

canonical map VpApf q Ñ V pApf q, and where Z̃˚pxpq Ď Ñ ˚ is the local special cycle associated to
the tuple xp, as in Section 11.2. The equivalence in (12.2.9) is constructed by sending an object of
Z̆˚pT qp to the following data.

(1) We define x P V pQqr by the commutative diagram

(12.2.10)

ES ES

E1

S
E1

S
.

x x

(2) (At p) We define a point of Z̃˚pxpq by passing to underlying p-divisible groups, with framings
induced by pϕ, ϕ1q and pρ,ρ1q.

13The statement of loc. cit. should be modified to additionally require that the isocrystals N and N 1 (associated to
A and A1 respectively) have NP and N 1

P with the same slope for all P | p, in the notation of loc. cit.. This condition
is automatic for us in the supersingular case, but not automatic in the ordinary case.
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(3) (Away from p) We define a point h “ ph1, h2q P Zpxpq by the commutative diagrams

(12.2.11)

WApf
TApf

pEq˝

WApf
TApf

pEq˝

ηηη

η

h1 ϕ˚

W 1
Apf

TApf
pE1q˝

W 1
Apf

TApf
pE1q˝ .

ηηη1

η1

h2 ϕ1
˚

The resulting map (12.2.9) is H1pQq-equivariant, where the action of H1pQq on the right-hand side
is given by x ÞÑ hx and the maps

(12.2.12) Z̃˚pxpq Ñ Z̃˚ph ¨ xpq Zpxpq Ñ Zph ¨ xpq

induced by the Rapoport–Zink action H1pQq Ñ H 1pQpq

œ Ñ ˚ (Section 11.1) and the left-translation
action H1pQq Ñ H 1pApf q

œ

HpApf q.
Thus, after choosing a (quasi-)inverse to (12.2.9) (unique up to unique 2-isomorphism), we com-

pose with the forgetful map Z̆˚pT qp,framed Ñ Z̆˚pT qp and obtain a uniformization map

(12.2.13)
ˆ

ž

xPVpQqr

1
2

px,xq“T

Z̃˚pxpq ˆ Zpxpq

˙

Ñ Z̆˚pT qp

which is canonical given the fixed choice of base point (up to the choice of inverse for (12.2.9)). The
uniformization map induces a map from the stack quotient

(12.2.14) Θ̃ :

„

H1pQqz

ˆ

ž

xPVpQqr

1
2

px,xq“T

Z̃˚pxpq ˆ Zpxpq

˙ȷ

Ñ Z̆˚pT qp.

This is a formally locally of finite type and formally étale monomorphism of locally Noetherian
formal algebraic stacks (compare [Che24, Lemma 11.6.1]).

Lemma 12.2.1. In the supersingular case, the map Θ̃ is an isomorphism.

Proof. This can be verified using the techniques from [RZ96, §6], i.e. one can show that (12.2.13)
exhibits Z̆˚pT qp as a stack quotient for the action of H 1pQq on the left-hand side of (12.2.13). For
more details on a similar uniformization for unitary groups, see [Che24, §11.6]. A key point is to
check surjectivity on F-points, which follows from the uniqueness of base points up to quasi-isogeny
(which came from a Hasse principle) as explained in Section 12.1. □

Lemma 12.2.2. In the ordinary case, the map Θ̃ is an open and closed immersion.

Proof. First note that Θ̃ is an open and closed immersion on underlying topological spaces, since we
already know Θ̃ is a monomorphism (hence injective on underlying topological spaces), and since
the source and target of Θ̃ have underlying topological spaces which are both finite and discrete
(where each point of the underlying topological spaces is an image of an F-point). For Z̆˚pT qp, here
we are using the proper quasi-finiteness proved in Lemma 8.2.2, and for the source of Θ̃, we are
using the fact that each Z̃˚pxpq has discrete underlying topological space, where every point is the
image of an F-point (follows because Z̃˚pxpq Ď N ˚ is a closed subfunctor, and N ˚ is discrete by the
discussion after (11.1.1)).
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Via the same proof strategy as in the supersingular case (again compare [Che24, §11.6] for more
details), we find that Θ̃ is formally étale, surjective onto its image, a monomorphism, and proper on
reduced substacks, which is enough to imply that Θ̃ is an isomorphism onto its (open and closed)
image. □

The uniformization map Θ̃ depends on a choice of base point. Given a base point b, we sometimes
write Θ̃b instead of Θ̃ to emphasize the dependence on b.

Lemma 12.2.3. Given two base points b and b1, the images of Θ̃b and Θ̃b1 coincide (resp. are
disjoint) if b and b1 are isogenous (resp. not isogenous).

Proof. This follows from the definition of isogenous base points and the definition of Z̆˚pT qp,framed,
i.e. an object of Z̆˚pT qppSq admits framings to two different base points if and only if those two
base points are isogenous. □

Lemma 12.2.4. We can cover Z̆˚pT qp by the images of finitely many uniformization maps Θ̃b1 , . . . , Θ̃bn

(allowing n “ 0) which can be chosen to have pairwise disjoint images. In the supersingular case, at
most one uniformization map is needed.

Proof. The supersingular case was already proved in Lemma 12.2.1. For the ordinary case, we can
associate to any object β “ pE,E1,η,η1,xq P Z̆˚pT qppFq an ordinary base point b by forgetting x

and choosing additional data pρ,ρ1,η,η1q as in the definition of a base point (always possible).
Then β is contained in the image of the open and closed uniformization map Θ̃b, so we can

cover Z̆˚pT qp by the images of finitely many uniformization maps by quasi-compactness of Z̆˚pT qp.
We can moreover assume that these uniformization maps have pairwise disjoint images, by Lemma
12.2.3. □

12.3. Heights. In Section 12.3, we assume rkpT q “ 2. We explain how to use Rapoport–Zink
uniformization to compute the quantity ydeg

pE_pZpT qqp from Section 10.2.
We consider uniformization along the supersingular (resp. ordinary) locus of ZpT qSpec Z̆p if p is

nonsplit (resp. split) in F “ Qp
?

´det1 T q. Then Lemma 8.2.2 implies that we have Z̆˚pT qp “

ZpT qSpf Z̆p , for ˚ P ts, ou chosen as in the previous sentence.
Form the uniformization map Θ̃b as in (12.2.14), associated to a fixed base point b. Fix an

embedding Q̆p Ñ Cp. Recall from (10.2.6) that ydeg
pE_pZpT qqp may be expressed as a weighted sum

over the groupoid ZpT qSpec Z̆ppCpq. We parameterize this groupoid by a suitable “generic fiber” of
the uniformization (12.2.14), expressed by schemification as follows.

Recall the discussion on schemification at the beginning of Section 11. More generally, we obtain
an equivalence e.g. between the categories

(1) Stacks in groupoids X over pSch{Spec Z̆pqfppf admitting a collection of morphisms tUi Ñ X ui

where each Ui Ñ X is representable by schemes and finite locally free, where the collection
is jointly covering, and where each Ui Ñ Spec Z̆p is representable by schemes and finite.
Consider 1-morphisms only up to 2-isomorphism.

(2) Stacks in groupoids X over pSch{Spf Z̆pqfppf admitting a collection of morphisms tUi Ñ X ui

where each Ui Ñ X is representable by schemes and finite locally free, where the collection



ARITHMETIC SIEGEL–WEIL FORMULA ON THE PRODUCT OF MODULAR CURVES 71

is jointly covering, and where each Ui Ñ Spf Z̆p is representable by schemes and finite.
Consider 1-morphisms only up to 2-isomorphism.

The equivalence is given by X ÞÑ XSpf Z̆p , and admits a quasi-inverse by “schemification of presen-
tations”. This stacky schemification is convenient bookkeeping for us, but it can be avoided if one
prefers (Remark 12.3.1). A similar “schemification” appears in [CLZ].

The stacks in the uniformization (12.2.14) satisfy the property in (2) above. For example,
ZpT qSpec Z̆p satisfies property (2) because it admits a finite étale cover by a scheme (add level

structure away from p) and the structure map ZpT qSpec Z̆p Ñ Spec Z̆p is proper and quasi-finite
(Lemma 8.2.2). Schemifying, we obtain a morphism (unique up to 2-isomorphism)

(12.3.1)
„

H1pQqz

ˆ

ž

xPVpQqr

1
2

px,xq“T

Z̃˚pxpq
sch ˆ Zpxpq

˙ȷ

Ñ ZpT qSpec Z̆p

The morphism in (12.3.1) is an isomorphism in the supersingular case, and an open and closed
immersion in the ordinary case (follows from the formal algebraic stack version).

We next recall the structure of the local special cycle Z̃˚pxpq Ď Ñ ˚ from Sections 11.1 and
11.2. Recall that there is an open and closed disjoint union decomposition Z̃˚pxpq “

š

i Z̃˚pxpqi

indexed over i P H 1pQpq{H 1
0pQpq, in the notation (11.2.4). The terms Z̃˚pxpqi are connected in

the supersingular case, but not necessarily connected in the ordinary case. This decomposition
is compatible with the action H 1pQpq

œ Ñ ˚ and the action H 1pQpq

œ

H 1pQpq{H 1
0pQpq by left-

translation.
Using Corollary 11.5.6 and Lemma 11.3.1, we find that the structure maps Z̃˚pxpqi Ñ Spf Z̆p

have the same degree as i varies, since the action H 1pQpq

œ Z̃˚ is transitive on the terms in the
decomposition (11.1.5) indexed over i P H 1pQpq{H 1

0pQpq. For any i, we have

(12.3.2) degpZ̃˚pxpqi Ñ Spf Z̆pq “ degppT q “ degpZ˚pxpq Ñ Spf Z̆pq “
ÿ

xPZ˚pxpqschpCpq

1

with degppT q defined in (11.6.3).
From the schemified uniformization (12.3.1), if degQpZpT qQq denotes the stacky degree of ZpT qQ Ñ

SpecQ (denoted degE_
Q

pZpT qQq in Section 8.5), it now follows formally that we have

degQZpT qQ “
ÿ

αPZpT qM
Spec Z̆p

pCpq

1

#Autpαq
(12.3.3)

“ degppT q ¨ #

„

H1pQqz

ˆ

ž

xPVpQqr

1
2

px,xq“T

H 1pQpq{H 1
0pQpq ˆ Zpxpq

˙ȷ

(12.3.4)

in the supersingular case, where the first equality is largely by definition (Section 8.5), where the sum
runs over isomorphism classes of the groupoid ZpT qM

Spec Z̆p
pCpq, and where #r¨ ¨ ¨ s means groupoid

cardinality. In the ordinary case, the second equality (12.3.4) still holds if we replace the sum over
ZpT qM

Spec Z̆p
pCpq with the sum over only the open and closed substack uniformized by the image of

Θ̃b.
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We next make a similar-looking decomposition for heights. As explained before Definition 11.6.1,
every object z P Z̃˚pxpq

sch
i pCpq has an associated “local height defect” δFalpzq P Q, defined in

terms of the endomorphism rings of the pair of universal p-divisible groups over the descent of z
to Spf OL̆ for some finite degree field extension L̆ of Q̆p. Given Z̃˚pxpq

sch
i mapping to the source

of the uniformization map Θ̃b from (12.2.14), and if α P ZpT qSpec Z̆ppCpq is the image of some
z P Z̃˚pxpq

sch
i pCpq, then Lemmas 10.1.4 and 10.1.5 imply that we have

(12.3.5) δFalpzq ¨ log p “ δFal,ppαq

where δFal,ppαq was defined in Section 10.2. This is because δFal,ppαq is defined in terms of the
p-index of the endomorphism rings of the pair of universal elliptic curves, while δFalpzq is defined
similarly but using universal p-divisible groups, but Lemma 10.1.5 (and the equivalence between
étale p-divisible groups and Tate modules, applied over Spec L̆, as well as fully-faithfulness of the
generic fiber functor of p-divisible groups as in [Tat67, Theorem 4]) implies that these endomorphism
rings may be identified, since Rapoport–Zink uniformization (by construction) is compatible with
universal p-divisible groups and universal abelian varieties.

Upon considering the formula (10.2.6) for ydeg
pE_pZpT qqp and the formula (11.6.1) for δFalpspanpxpqq,

it then follows formally from the above discussion and the schemified uniformization (12.3.1) that
we have

´ydeg
pE_pZpT qqp “

ÿ

αPZpT qSpec Z̆p pCpq

δFal,ppαq

#Autpαq
(12.3.6)

“ δFal,ppT q ¨ #

„

H1pQqz

ˆ

ž

xPVpQqr

1
2

px,xq“T

H 1pQpq{H 1
0pQpq ˆ Zpxpq

˙ȷ

¨ log p(12.3.7)

in the supersingular case, with δFal,ppT q defined in (11.6.3). In the ordinary case, the second equality
(12.3.7) continues to hold if we replace the sum over ZpT qSpec Z̆ppCpq with the sum over only the
open and closed substack uniformized by by the image of Θ̃b.

In all cases, supersingular or ordinary, we find that the “normalized height difference” is given by

(12.3.8)
ydeg

pE_pZpT qqp

degE_
Q

pZpT qQq
“ ´

δFal,ppT q

degppT q
¨ log p

whenever ZpT q ‰ H, which is equivalent to degQpZpT qQ ‰ 0q. Indeed, the supersingular case of
(12.3.8) follows immediately from dividing (12.3.7) by (12.3.4). The ordinary case follows as well,
after we range over the finitely many uniformization maps Θ̃b for different choices of base point b,
as in Lemma 12.2.4.

Remark 12.3.1. It is possible to prove (12.3.4), (12.3.7), and (12.3.8) while avoiding schemification
for stacks, although we find that language to be convenient bookkeeping. In brief, one can add level
structure away from p, take constant finite étale covers by formal schemes, and divide by the degrees
of these covers; compare [CLZ].
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Part 3. Arithmetic degrees of special cycles

13. Proof of non-Archimedean local identities

The following is the main non-Archimedean local theorem of this article, which is an identity
between the “change of Faltings height along special cycles” and near-central derivatives of normalized
local densities.

In the theorem below, the left-hand sides were defined in (11.6.3), and the right-hand sides were
defined in (2.3.5).

Theorem 13.0.1. Let L Ă B˚ be a Zp-lattice of rank 2 with ˚ P ts, ou. Then

(a) For the special cycle Z˚pLq, we have

(13.0.1) degZ˚pLq “ Den‹pLq.

(b) For the change of Faltings height along the special cycle Z˚pLq, we have

(13.0.2) δFalpLq “ BDen‹pLq.

The goal of this section is to prove Theorem 13.0.1. Fix a rank 2 lattice L Ă B˚ where ˚ P ts, ou

with GKpLq “ pa, bq. Recall that νpLq “ a` b and dpLq “ b´ a.

13.1. Base cases. We first consider the case that νpLq ď 2.

13.1.1. νpLq “ 0. In this case a “ b “ 0, the special cycle Z˚pLq “ Z˚pLq˝ » SpfOF̆0
by Lemma

11.5.5, hence degZ˚pLq “ 1 by (11.4.2), and δFalpLq “ 0 by (11.6.2). By (B.2.2) and (B.2.3),

Den‹pX,Lq “ 1,

hence Den‹pLq “ 1 “ degZ˚pLq and BDen‹pLq “ 0 “ δFalpLq. Theorem 13.0.1 is true.

13.1.2. νpLq “ 1. In this case we must have a “ 0 and b “ 1. Such a lattice L exists only if
˚ “ s, and the only integral lattice containing L is the lattice L itself. Hence the special cycle
Z˚pLq “ Z˚pLq˝ » SpfOF̆0

by Lemma 11.5.5, and

δFalpLq “ degZspLq˝ ¨ pδFal p0q ` δFal p0qq “ 0.

By (B.2.1),
Den‹pX,Lq “ 1,

hence Den‹pLq “ 1 “ degZ˚pLq and BDen‹pLq “ 0 “ δFalpLq. Theorem 13.0.1 is true.

13.1.3. νpLq “ 2. In this case pa, bq “ p0, 2q or p1, 1q. We first consider the case that pa, bq “ p0, 2q.
Let M Ă B˚ be an integral rank 2 lattice such that L Ĺ M . The Gross–Keating invariant of M
must be p0, 0q (this is obvious for the case p ą 2, the case p “ 2 can be proved using Lemma B.1.1
(c) and (d)) and there is only one such M , hence the contribution of M to degZ˚pLq is 1, while 0
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to δFalpLq. By Lemma 11.5.5 and (11.4.2),

degZ˚pLq “ degZ˚pLq˝ ` degZ˚pMq˝ “

$

&

%

p` 1 ` 1 “ p` 2, if ˚ “ s;

p´ 1 ` 1 “ p, if ˚ “ o.

δFalpLq “ degZ˚pLq˝ ¨ pδFal p1q ` δFal p1qq “

$

&

%

pp` 1q ¨

´

1 ´ 2
p`1

¯

“ p´ 1, if ˚ “ s

pp´ 1q ¨ p1 ´ 0q , if ˚ “ o

+

“ p´ 1.

On the other hand, by (B.2.2) and (B.2.3),

Den‹pX,Lq “

$

&

%

X´1 ` 1 ` pX, if ˚ “ s;

X´1 ´ 1 ` pX, if ˚ “ o.

Therefore Den‹pLq “ degZ˚pLq and BDen‹pLq “ p´ 1 “ δFalpLq. Theorem 13.0.1 is true.
Next we consider the case that pa, bq “ p1, 1q. Let M Ă B˚ be a rank 2 lattice such that L Ĺ M Ă

M_ Ĺ L_. Such a lattice M corresponds to an isotropic line in the 2-dimensional nondegenerate
quadratic space L_{L » F2

p, where the quadratic form is given by x P L_{L Ñ p ¨ qpxq.

‚ If ˚ “ s, such M doesn’t exist because L_{L is anisotropic (this fact is obvious for p ą 2,
the case p “ 2 can be proved using Lemma B.1.1 (b)).

‚ If ˚ “ o, there are in total 2 such lattices M because L_{L is nondegenerate and isotropic.
However, the Gross–Keating invariant of such M must be p0, 0q, hence the contribution of
M to degZ˚pLq is 1, while 0 to δFalpLq.

By Lemma 11.5.5 and (11.4.2),

degZ˚pLq “

$

&

%

2pp` 1q, if ˚ “ s;

2pp´ 1q ` 2 “ 2p, if ˚ “ o,

δFalpLq “ degZ˚pLq˝ ¨ pδFal p0q ` δFal p1qq “

$

&

%

2pp` 1q ¨

´

1
2 ´ 1

p`1

¯

, if ˚ “ s;

2pp´ 1q ¨
`

1
2 ´ 0

˘

, if ˚ “ o,

+

“ p´ 1.

On the other hand, by (B.2.2) and (B.2.3),

Den‹pX,Lq “

$

&

%

X´1 ` p` 1 ` pX, if ˚ “ s;

X´1 ` p´ 1 ` pX, if ˚ “ o.

Therefore Den‹pLq “ degZ˚pLq and BDen‹pLq “ p´ 1 “ δFalpLq. Theorem 13.0.1 is true.

13.2. Counting Lattices.

Lemma 13.2.1. Let L be a rank 2 Zp-lattice spanned by elements x and y, there is a one-to-one
correspondence between the following two sets

ιxL : tpk, cq : k P Zě1, c P Zp{pkZpu ÝÑ tM Ľ L : x R pMu(13.2.1)

pk, cq ÞÝÑ M “ Zp-span of x and p´k py ` cxq .

Proof. Since x R pM , the lattice M is spanned over Zp by x and y1 “ ay ` c1x. If νppaq ě 0, the
lattice M is spanned by x, y and c1x since L Ă M . Since x R pM , we must have c1 P Zp, then



ARITHMETIC SIEGEL–WEIL FORMULA ON THE PRODUCT OF MODULAR CURVES 75

L “ M , which is a contradiction. Hence νppaq ă 0. Scaling by an element in Zˆ
p , we can assume

that a “ p´k for some k ě 1 and y1 “ p´k py ` cxq where c1 “ p´kc. Therefore we have

y “ pky1 ´ cx,

hence we must have c P Zp since L Ă M and x, y1 is a Zp-basis of M .
However, the element c is only determined up to Zp{pkZp because we can change the element y1

by adding Zp-multiples of x. Therefore the map ιxL (13.2.1) is surjective.
Now let pk1, c1q and pk2, c2q be two elements of the set on the left hand side of (13.2.1). Let Mi

be the lattice spanned by x and yi “ p´kipy ` c1
ixq where i “ 1, 2, here we take c1

i P Zp as a lift of
the element ci P Zp{pkiZp. It’s easy to see that

rx, y2s “ rx, y1s ¨

˜

1 p´k2pc1
2 ´ c1

1q

0 pk1´k2

¸

.

Therefore if M1 “ M2, we have k1 “ k2 and p´k2pc1
2 ´ c1

1q P Zp, which is equivalent to saying that
pk1, c1q “ pk2, c2q. Hence the map ιxL (13.2.1) is injective. □

13.3. Gross–Keating invariants of intermediate lattices. Let L be a nondegenerate quadratic
Zp-lattice of rank 2 with GKpLq “ pa, bq. In §B.3, we construct a lattice L1 such that

(a). L Ĺ L1 and L1{L » Fp.
(b). GKpL1q is either pa, b´ 2q, or pb´ 2, aq if b´ 2 ă a.

By (b), we can find a basis x “ px1, x2q of L such that x1, p´1x2 is a basis of L1. In the following
paragraphs, denote by Lk,c the lattice ιx2L ppk, cqq for k ě 1 and c P Zp{pkZp. We also define L0,0 to
be the lattice L itself.

Lemma 13.3.1. Let L be a nondegenerate quadratic Zp-lattice of rank 2 with GKpLq “ pa, bq. For
k ě 0 and c P Zp{pkZp, if L is not in the Case 1 of §B.3, the Gross–Keating invariant of the lattice
Lk,c is GKpLk,cq “ pa´ 2k, bq.

Proof. Let GKpLk,cq “ pµ1, µ2q. By Lemma B.1.2, µ1 `µ2 “ a` b´2k, hence we only need to show
that µ1 “ a ´ 2k. We first prove the case that p ą 2 (Case 2 in §B.3), notice that under the basis
x “ px1, x2q of L, the quadratic form is diagonalized in the way that qpxx1`yx2q “ u1p

ax2`u2p
by2.

Then

q
´

x ¨ p´kpx1 ` cx2q ` yx2

¯

“

´

u1p
a´2k ` u2c

2pb´2k
¯

x2 ` 2u2cp
b´kxy ` u2p

by2.

Under the assumption that we are not in the Case 1 of §B.3, the lattice L is either isotropic with a ă b,
or L is anisotropic. Therefore we have νp

`

u1p
a´2k ` u2c

2pb´2k
˘

“ a´2k ă mintνp
`

2u2cp
b´k

˘

, νppu2p
bq “

bu. Therefore µ1 “ a´ 2k by Lemma B.1.1 paq.
Now we focus on the case that p “ 2. If the lattice L is not diagonalizable, we have a “ b and L

is anisotropic by Lemma B.1.1 pcq, so we are in Case 3 of §B.3. Under the basis x “ px1, x2q of L,
the quadratic form is given by qpxx1 ` yx2q “ 2a

`

x2 ` xy ` y2
˘

. Then

q
´

x ¨ 2´kpx1 ` cx2q ` yx2

¯

“ 2a´2kp1 ` c` c2qx2 ` 2a´kp1 ` 2cqxy ` 2ay2.

Notice that ν2
`

2a´2kp1 ` c` c2q
˘

“ a ´ 2k ă mintν2p2a´kp1 ` 2cqq “ a ´ k, ν2p2aq “ au, therefore
µ1 “ a´ 2k by Lemma B.1.1 paq.
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If the lattice is diagonalizable, following the notations in Case 4 of §B.3, let e be a basis of L as
in Lemma B.1.1 pdq. Then

q pxe1 ` y ¨ e2q “ u12
ax2 ` u22

b´δy2,

where δ “ 0, 1, 2 according to (B.1.3).

Case 4-0 For δ “ 0, we have a ď b and a ı b mod 2. Then x1 “ e1, x2 “ e2 and

q
´

x ¨ 2´kpx1 ` cx2q ` yx2

¯

“

´

u12
a´2k ` c2u22

b´2k
¯

x2 ` cu22
b`1´kxy ` u22

by2.

Notice that ν2
`

u12
a´2k ` c2u22

b´2k
˘

“ a´ 2k, therefore µ1 “ a´ 2k by Lemma B.1.1 paq.
Case 4-1 For δ “ 1, we have a ď b ´ 1 and a ” b ´ 1 mod 2. If a ď b ´ 3, we have x1 “ e1, x2 “ e2

and

q
´

x ¨ 2´kpx1 ` cx2q ` yx2

¯

“

´

u12
a´2k ` c2u22

b´1´2k
¯

x2 ` cu22
b´kxy ` u22

b´1y2.

Notice that ν2
`

u12
a´2k ` c2u22

b´1´2k
˘

“ a ´ 2k, therefore µ1 “ a ´ 2k by Lemma B.1.1
paq. If a “ b´ 1, we have x1 “ e1, x2 “ e1 ` e2 and

q
´

x ¨ 2´kpx1 ` cx2q ` yx2

¯

“

´

p1 ` cq2u12
a´2k ` c2u22

a´2k
¯

x2 ` pu1 ` cpu1 ` u2qq 2a`1´kxy ` pu1 ` u2q 2ay2.

Notice that ν2
`

p1 ` cq2u12
a´2k ` c2u22

a´2k
˘

“ a ´ 2k, therefore µ1 “ a ´ 2k by Lemma
B.1.1 paq.

Case 4-2 For δ “ 2, we have a ď b´ 2 and a ” b mod 2. If a ď b´ 4, we have x1 “ e1, x2 “ e2 and

q
´

x ¨ 2´kpx1 ` cx2q ` yx2

¯

“

´

u12
a´2k ` c2u22

b´2´2k
¯

x2 ` cu22
b´1´kxy ` u22

b´2y2.

Notice that ν2
`

u12
a´2k ` c2u22

b´2´2k
˘

“ a ´ 2k, therefore µ1 “ a ´ 2k by Lemma B.1.1
paq. If a “ b´ 2, we have x1 “ e1, x2 “ e1 ` e2 and

q
´

x ¨ 2´kpx1 ` cx2q ` yx2

¯

“

´

p1 ` cq2u12
a´2k ` c2u22

a´2k
¯

x2 ` pu1 ` cpu1 ` u2qq 2a`1´2kxy ` pu1 ` u2q 2ay2.

Notice that ν2
`

p1 ` cq2u12
a´2k ` c2u22

a´2k
˘

“ a ´ 2k, therefore µ1 “ a ´ 2k by Lemma
B.1.1 paq.

□

Lemma 13.3.2. Let L be an isotropic quadratic Zp-lattice of rank 2 with GKpLq “ pa, aq for some
a P Z, i.e., Case 1 of §B.3. For k ě 1 and c P Zp{pkZp,

GKpLk,cq “

$

&

%

pa´ 2k ` t, a´ tq, if c or 1 ` c P ptZ˚
p{pkZp for some 1 ď t ď k;

pa´ 2k, aq, otherwise.



ARITHMETIC SIEGEL–WEIL FORMULA ON THE PRODUCT OF MODULAR CURVES 77

Proof. Let GKpLk,cq “ pµ1, µ2q. By Lemma B.1.2, µ1 ` µ2 “ 2a ´ 2k, hence we only need to find
µ1 using Lemma B.1.1 paq. Using the notations in Case 1 of §B.3,

q
´

x ¨ p´kpx1 ` cx2q ` y ¨ x2

¯

“ pa´2k
´

p1 ` cqx` pky
¯´

cx` pky
¯

(13.3.1)

“ cp1 ` cqpa´2kx2 ` p1 ` 2cqpa´kxy ` pay2.

If c or 1 ` c P ptZ˚
p{pkZp for some 1 ď t ď k ´ 1, notice that νp pqpxqq ě a ´ 2k ` t. Moreover,

q
`

p´kpx1 ` cx2q
˘

“ pa´2kc p1 ` cq has p-adic valuation a ´ 2k ` t, hence µ1 “ a ´ 2k ` t and
µ2 “ a´ t.

If c ” 0 or ´1 mod pk, we can just let c “ 0 or ´1 since the lattice Lk,c is determined up to
c P Zp{pkZp, then the quadratic form of Lk,c is equivalent to pa´kxy, hence GKpLk,cq “ pa´k, a´kq

by Lemma B.1.1.
Otherwise, notice that νp pqpxqq ě a ´ 2k and q

`

p´kpx1 ` cx2q
˘

“ pa´2kc p1 ` cq has p-adic
valuation a´ 2k, hence µ1 “ a´ 2k and µ2 “ a. □

Corollary 13.3.3. Let L be a nondegenerate integral quadratic Zp-lattice of rank 2 with GKpLq “

pa, bq.

‚ If L is not in the Case 1 of §B.3, the lattice Lk,c is integral if and only if 1 ď k ď ra{2s.
‚ If L is in the Case 1 of §B.3, the lattice Lk,c is integral if and only if 1 ď k ď ra{2s or

”a

2

ı

` 1 ď k ď a and c or 1 ` c P ptZ˚
p{pkZp for some t ě 2k ´ a.

Proof. A nondegenerate quadratic Zp-lattice of rank 2 with GKpLq “ pa, bq is integral if and only if
a ě 0. Then this corollary follows from Lemma 13.3.1 and Lemma 13.3.2. □

13.4. Geometric difference formula.

Proposition 13.4.1. Let L be a nondegenerate integral quadratic Zp-lattice of rank 2 with GKpLq “

pa, bq such that b ě 2. Let L1 be the lattice constructed in §B.3.

‚ If a ı b mod 2,

degZ˚pLq ´ degZ˚pL1q “ pa` 1qppa`b´1q{2,(13.4.1)

δFalpLq ´ δFalpL
1q(13.4.2)

“
pa` 1qpb´ 1qppa`b`3q{2 ´ 2pa` 1qbppa`b`1q{2 ` pa` 1qpb` 1qppa`b´1q{2 ` 2pa`1 ´ 2

2pp´ 1q2
.

‚ If a ” b mod 2 and L is anisotropic,

degZ˚pLq ´ degZ˚pL1q “ pa` 1qppa`bq{2´1pp` 1q,(13.4.3)

δFalpLq ´ δFalpL
1q(13.4.4)

“
1

2pp´ 1q2
¨

ˆ

pa` 1qbppa`b`4q{2 ´ pa` 1qpb` 4qppa`b`2q{2

´ pa` 1qpb´ 4qppa`bq{2 ` pa` 1qbppa`b´2q{2 ` 4pa`1 ´ 4

˙

.
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‚ If a ” b mod 2 and L is isotropic,

degZ˚pLq ´ degZ˚pL1q “

$

&

%

pa` 1qppa`bq{2´1pp´ 1q, if a ă b;

pa´1 ppa` 1qp´ a` 1q , if a “ b.
(13.4.5)

δFalpLq ´ δFalpL
1q “

pa` 1qb

2
¨ ppa`b´2q{2pp´ 1q.(13.4.6)

Proof. By the decomposition of Z˚pLq in Lemma 11.5.2, and the definition of δFalpLq in (11.6.2), the
differences degZ˚pLq ´degZ˚pL1q and δFalpLq ´ δFalpL

1q are both summations ranging over integral
lattices M such that L Ă M and x2 R pM , such lattices M and their Gross–Keating invariant have
been described explicitly in Lemma 13.2.1, 13.3.1 and 13.3.2.

Notice that for all the prime numbers p (including p “ 2), the field QL,p “ Qp

´?
discL

¯

is a
ramified extension of Qp if and only if a ı b mod 2, an unramified extension of Qp if and only if L
is anisotropic, and Qp ˆ Qp if and only if L is isotropic (we refer to the proof of Lemma B.1.2 and
Remark B.1.3).

Let’s first consider the case that L is not in the Case 1 of §B.3. For 1 ď k ď ra{2s and c P Zp{pkZp,
the Gross–Keating invariant of the lattice Lk,c is pa´ 2k, bq, therefore

degZ˚pLq ´ degZ˚pL1q “

ra{2s
ÿ

k“0

ÿ

cPZp{pkZp

degZ˚pLk,cq
˝ “

ra{2s
ÿ

k“0

pk ¨ degZ˚pLk,0q˝.

and

δFalpLq ´ δFalpL
1q “

ra{2s
ÿ

k“0

ÿ

cPZp{pkZp

degZ˚pLk,cq
˝ ¨

ˆ

δFal

ˆ„

b´ a

2

ȷ

` k

˙

` δFal

ˆ„

a` b

2

ȷ

´ k

˙˙

“

ra{2s
ÿ

k“0

pk ¨ degZ˚pLk,0q˝ ¨

ˆ

δFal

ˆ„

b´ a

2

ȷ

` k

˙

` δFal

ˆ„

a` b

2

ȷ

´ k

˙˙

.

Then formulae (13.4.1)–(13.4.6) (excluding the Case 1) follow from explicit computations based on
Lemma 11.5.5, (11.4.2) and (10.1.7).

If L is in the Case 1 of §B.3, by Corollary 13.3.3,

degZopLq ´ degZopL1q “degZopLq˝ `

ra{2s
ÿ

k“1

˜

k
ÿ

t“0

Npk, tq ¨ degZopLk,ptq
˝

¸

`

a
ÿ

k“ra{2s`1

˜

k
ÿ

t“2k´a

Npk, tq ¨ degZopLk,ptq
˝

¸

,
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and

δFalpLq ´ δFalpL
1q “degZopLq˝ ¨ pδFalp0q ` δFalpaqq

`

ra{2s
ÿ

k“1

˜

k
ÿ

t“0

Npk, tq ¨ degZopLk,ptq
˝ ¨ pδFalpk ´ tq ` δFalpa´ kqq

¸

`

a
ÿ

k“ra{2s`1

˜

k
ÿ

t“2k´a

Npk, tq ¨ degZopLk,ptq
˝ ¨ pδFalpk ´ tq ` δFalpa´ kqq

¸

,

where the number Npk, tq counts how many c P Zp{pkZp satisfy certain conditions in Lemma 13.3.2,
explicitly,

Npk, tq “

$

&

%

2φppk´tq, if t ą 0;

ppk ´ 2pk´1q, if t “ 0.

Then formulae (13.4.1)–(13.4.6) (in the Case 1) follow from explicit computations based on Lemma
11.5.5, (11.4.2) and (10.1.7). □

13.5. Analytic difference formula.

Lemma 13.5.1. Let L be a nondegenerate integral quadratic Zp-lattice of rank 2 with GKpLq “ pa, bq

such that b ě 2. Let L1 be the lattice constructed in §B.3.

‚ If a ı b mod 2,

Den‹pLq ´ Den‹pL1q “ pa` 1qppa`b´1q{2,(13.5.1)

BDen‹pLq ´ BDen‹pL1q(13.5.2)

“
pa` 1qpb´ 1qppa`b`3q{2 ´ 2pa` 1qbppa`b`1q{2 ` pa` 1qpb` 1qppa`b´1q{2 ` 2pa`1 ´ 2

2pp´ 1q2
.

‚ If a ” b mod 2 and L is anisotropic,

Den‹pLq ´ Den‹pL1q “ pa` 1qppa`bq{2´1pp` 1q,(13.5.3)

BDen‹pLq ´ BDen‹pL1q(13.5.4)

“
1

2pp´ 1q2
¨

ˆ

pa` 1qbppa`b`4q{2 ´ pa` 1qpb` 4qppa`b`2q{2

´ pa` 1qpb´ 4qppa`bq{2 ` pa` 1qbppa`b´2q{2 ` 4pa`1 ´ 4

˙

.

‚ If a ” b mod 2 and L is isotropic,

Den‹pLq ´ Den‹pL1q “

$

&

%

pa` 1qppa`bq{2´1pp´ 1q, if a ă b;

pa´1 ppa` 1qp´ a` 1q , if a “ b.
(13.5.5)

BDen‹pLq ´ BDen‹pL1q “
pa` 1qb

2
¨ ppa`b´2q{2pp´ 1q.(13.5.6)
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Proof. The lemma follows from the straightforward computation based on the explicit computation
of the polynomial Den‹pX,Lq in Lemma B.2.2 (since we know the Gross–Keating invariants of L
and L1). □

Proof of Theorem 13.0.1. If the lattice L is not integral, the numbers degZ˚pLq, Den‹pLq, δFalpLq

and BDen‹pLq are all 0, so there is nothing to prove. Therefore we assume that the lattice L is
integral.

Comparing Proposition 13.4.1 and Lemma 13.5.1, we observe that for all the rank 2 integral
Zp-lattices L Ă B˚ with GKpLq “ pa, bq where b ě 2,

degZ˚pLq ´ degZ˚pL1q “ Den‹pLq ´ Den‹pL1q, δFalpLq ´ δFalpL
1q “ BDen‹pLq ´ BDen‹pL1q,

where L1 is another sublattice of B˚ constructed in §B.3 whose Gross–Keating invariant is either
pa, b ´ 2q, or pb ´ 2, aq if b ´ 2 ă a. By mathematical induction, we can reduce Theorem 13.0.1 to
the cases that νpLq “ 0, 1 or 2, which we have already verified in §13.1. This concludes the proof of
Theorem 13.0.1. □

14. Proof of the arithmetic Siegel–Weil formula

14.1. Integrals of Green currents. In this subsection, we evaluate the integrals of the Green
currents g˝pT, yq for 3 ˆ 3 matrices T . These integrals converge by the discussion in §9.3. We
also recall Berndt and Kühn’s explicit formulas for the integrals of Kudla’s Green function [BK12b,
Theorem 4.2], which will simplify our proof.

Lemma 14.1.1. Let T P Sym3pQq and y P Sym3pRqą0 be symmetric matrices. We then have
ż

MpCq

g˝pT, yq “ p16π2q´1CT
ρ“0

ż `8

1

d
dt

´

`

C3
T

˘1
pty, 0q

¯ dt
tρ
.(14.1.1)

Proof. By Theorem C.1.1 and the discussion in §9.3, we have
ż

MpCq

g˝pT, yq “ CT
ρ“0

ż

MpCq

g˝pT, y, ρq
(9.4.2)

“ CT
ρ“0

ż

MpCq

ż `8

1
Cθ,T

´

ty, hz, ν̃3 b 1M2pẐq3

¯ dt
t1`ρ

¨ Ω2
z.

By Theorem C.1.2, the order of the two integrals on the right hand side can be interchanged for
Repρq " 0:

ż

MpCq

ż `8

1
Cθ,T

´

ty, hz, ν̃3 b 1M2pẐq3

¯ dt
t1`ρ

¨ Ω2
z “

ż `8

1

ż

MpCq

Cθ,T

´

ty, hz, ν̃3 b 1M2pẐq3

¯

Ω2
z ¨

dt
t1`ρ

.

In Appendix §C, we denote the function Cθ,T pty, hz, ν̃3 b 1M2pẐq3
q by KT pt, y, zq. Remark C.1.3

implies that the integral of Cθ,T pty, hz, ν̃3 b1M2pẐq3
q converges absolutely. Therefore the Siegel–Weil

formula in Lemma 6.4.1 implies
ż

OpV qpQqzOpV qpAq

θT

´

g, h, ν̃3 b 1M2pẐq3

¯

dh “
1

2
¨ ET

´

g, 0, ν̃3 b 1M2pẐq3

¯

,(14.1.2)

where the measure on OpV qpAq is chosen such that the total volume of OpV qpQqzOpV qpAq is 1.
The integration on OpV qpAq can be reduced to an integration on SOpV qpAq with a factor of 1{2 by
[Kud03, (4.14)], and then reduced to an integration on MpCq by the invariance of ν̃3b1M2pẐq3

under
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the standard compact subgroup of SOpV qpAq. By complex uniformization of MpCq, there exists a
positive constant C such that for all functions F on OpV qpQqzOpV qpAq which are StabOpV qpRqpi, iqˆ

OpV qpẐq-invariant,14 we have
ż

OpV qpQqzOpV qpAq

F phqdh “ C ¨

ż

MpCq

F phzqΩ
2
z

whenever the integrals are absolutely convergent. Taking F “ 1 shows C “ volpMpCq,Ω2q´1 “ 288.
Therefore

ż

MpCq

Cθ,T

´

ty, hz, ν̃3 b 1M2pẐq3

¯

Ω2
z “ 576´1CT

´

ty, 0, ν̃3 b 1M2pẐq3

¯

.(14.1.3)

Therefore we have
ż

MpCq

g˝pT, yq “ 576´1CT
ρ“0

ż `8

1
CT

´

ty, 0, ν̃3 b 1M2pẐq3

¯ dt
t1`ρ

[GS19, (5.139)]
“ 288´1CT

ρ“0

ż `8

1

d
dt

`

C 1
T

`

ty, 0,Φ2
3

˘˘ dt
tρ

“ p16π2q´1CT
ρ“0

ż `8

1

d
dt

´

`

C3
T

˘1
pty, 0q

¯ dt
tρ
.

□

In §9.3, we saw that when T is a 1 ˆ 1 nonsingular matrix, the function gpT, yq “ g˝pT, yq is
absolutely integrable against the volume form Ω2 (see (9.3.2)). The integral is closely related to the
derivative of the classical genus 1 Eisenstein series.

Lemma 14.1.2. For all T P Sym1pQqztp0qu and y P Sym1pRqą0, we have
ż

MpCq

gpT, yq ^ Ω2 “ p96πq´1 lim
tÑ`8

´

`

C1
T

˘1
pty, 1q ´

`

C1
T

˘1
py, 1q

¯

.(14.1.4)

Proof. Both sides are nonzero only if T is integral. Suppose that T “ pmq where m P Zzt0u. For
the left hand side, it has been calculated explicitly in [BK12b, Theorem 4.2] that

ż

MpCq

gpT, yq ^ Ω2 “
1

4

ż

MpCq

g˝pT, y, 0q ^ Ω2(14.1.5)

“
σ1p|m|q

96π|m|y

$

&

%

1, m P Zą0;

e4πmy ´ 4πmyEip4πmyq, m P Ză0.

Notice that the Green function Ξpy, z,mq on MpCq ([BK12a, Definition 2.3]) is 1{2 times our green
function gpT, yq descended to MpCq.

14Here OpV qpẐq is abuse of notation for the stabilizer of LbZ Ẑ where L “ M2pZq Ď V . The notation StabOpV qpRqpi, iq

denotes the stabilizer in OpV qpRq of pi, iq P D˘ for the canonical action OpV qpRq

œ D˘.
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Berndt and Kühn [BK12b, Definition 2.1] introduced an Eisenstein series E2pz, sq of weight 2 with
the T -th Fourier coefficient aT py, sq. The relation of E2pz, sq series to E1pz, sq is given by

(14.1.6) E1pz, 2s´ 1q “ ´8πE2pz, sq.

The derivative of its Fourier coefficient aT py, sq at s “ 1 is computed explicitly in [BK12b, (2.2.3)].
By (14.1.6),

(14.1.7)
`

C1
T

˘1
py, 1q “ ´4πa1

T py, 1q “ ´
σ1p|m|q

|m|y

$

&

%

1 ` 4πmy
σ1
1pmq

σ1pmq
, m P Zą0;

e4πmy ´ 4πmyEip4πmyq, m P Ză0.

Here for a positive integer m, σ1pmq “
ř

dą0,d|m

d and σ1
1pmq :“ σ1pmq logm´ 2

ř

dą0,d|m

d log d. Then

(14.1.8) lim
tÑ`8

`

C1
T

˘1
pty, 1q “

$

&

%

´4πσ1
1pmq, m P Zą0;

0, m P Ză0.

Then (14.1.4) follows from (14.1.5), (14.1.7), and (14.1.8). □

Remark 14.1.3. The explicit expression (14.1.7) implies that the following integral
ż `8

1

d
dt

´

`

C1
T

˘1
pty, 1q

¯ dt
tρ

converges for Repρq ą ´1 and defines a holomorphic function in ρ in that range. In particular, it is
regular at ρ “ 0. In other words, (14.1.4) is equivalent to

ż

MpCq

gpT, yq ^ Ω2 “ p96πq´1CT
ρ“0

ż `8

1

d
dt

´

`

C1
T

˘1
pty, 1q

¯ dt
tρ
.(14.1.9)

14.2. The case of corank 0. Let T P Sym3pQq be a nonsingular matrix. Lemma 8.2.2 (d) implies
that the special cycle ZpT q is nonempty only if T is half-integral off the diagonal, integral on the
diagonal, positive definite, and the set DiffpT q in (8.2.2) has cardinality 1. In that case, the special
cycle ZpT q is supported over the supersingular locus of M at the only prime p P DiffpT q. Moreover,
the special cycle ZpT q is an Artinian Deligne–Mumford stack. Let L be a quadratic lattice of rank
3 over Z with moment matrix T . The stacky length of ZpT q is given by the following formula by
[GK93, Proposition 3.22] (see also [Gö07a, §4]),

ydeg

ˆ

´

pE_
¯0 ˇ

ˇ

ZpT q

˙

“
ÿ

pE,E1qPMsspFpq

RHompE,E1qpT q

#AutpEq ¨ #AutpE1q
¨ p´BDen‹ p1, Lb Zpq log pq

“

¨

˝

ź

l‰p

Den‹ p1, Lb Zlq

˛

‚¨ p´BDen‹ p1, Lb Zpq log pq

p3.5.8q
“ 23{2

¨

˝

ź

l‰p

WT,lpe, 0, 1M2pZlq3q

p1 ´ l´2q

˛

‚¨
W 1
T,ppe, 0, 1M2pZpq3q

p1 ´ p´2q
.

By [GS19, Proposition 3.2 (iii)] (see also [BY20, Proposition 4.3 (ii)]),

det y´1WT pgiyqe2πtrpT yq “ ´211{2π4.
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Therefore the stacky length of ZpT q is given by

(14.2.1) ydeg

ˆ

´

pE_
¯0 ˇ

ˇ

ZpT q

˙

“ ´p32π2q´1
`

C3
T

˘1
py, 0q.

Theorem 14.2.1. Let T P Sym3pQq be a nonsingular matrix. For all y P Sym3pRqą0,

(14.2.2) ydegr pZpT, yqs “ ´p32π2q´1
`

C3
T

˘1
py, 0q.

Proof. We first consider the case that T is positive definite. In that case, the sum in (9.2.1) is empty
so gpT, yq “ 0, and we hence have

ż

MpCq

gpT, yq “ 0.

If ZpT q “ ∅, then both sides of (14.2.2) vanish. If ZpT q ‰ ∅, then (14.2.2) holds by (14.2.1).
Therefore (14.2.2) is true for positive definite matrices T .

If T is not positive definite, there exists a positive number C by [GS19, Proposition 3.3] such that
`

C3
T

˘1
pty, 0q “ Ope´Ctq as t Ñ 8.

Therefore by Lemma 14.1.1, we have

ydegr pZpT, yqs “
1

2

ż

MpCq

gpT, yq “ ´p32π2q´1
`

C3
T

˘1
py, 0q.

□

14.3. The case of corank 1. After Lemma 14.1.1, the term which remains to be evaluated in the
corank 1 case is the Faltings height of the special cycle. We relate this height with the Eisenstein
series Fourier coefficient by combining Theorem 13.0.1 with the Rapoport–Zink uniformization from
§12.

Proposition 14.3.1. Let T 5 P Sym2pQq be a nondegenerate matrix such that discpT 5q R pQˆq
2.

Then

(14.3.1) ydeg
´

pE_|ZpT 5q

¯

“ W ‹
T 5,8py5, 1{2q ¨

d
ds

ˇ

ˇ

ˇ

ˇ

s“´1{2

˜

Λ˚ps` 1{2, ηT 5q
ź

p

W ‹
T 5,ppsq

¸

Proof. If discpT 5q R pQˆq
2 and T 5 is not positive definite, the left hand side of (14.3.1) is 0 because

ZpT 5q “ H, while the right hand side of (14.3.1) is also 0 by (4.1.10) (notice that the function Λ˚ps`

1{2, ηT 5q
ś

pW
‹
T 5,p

psq has no pole at s “ ´1{2 because Λ˚ps, ηT 5q is not ξpsq by our assumption).
Next we assume that T 5 is positive definite. If T 5 does not define an integral quadratic form,

then we have ZpT 5q “ H and we also have W ‹
T 5,p

psq “ 0 whenever T 5 does not define an integral
quadratic Zp-lattice, as explained at the end of Section 4.2. In this case, both sides of (14.3.1) are 0

again. Conversely, if T 5 does define an integral quadratic form, Lemma 8.5.2 and (4.3.5) imply that

(14.3.2) Λ˚p0, ηT 5q
ź

p

W ‹
T 5,pp´1{2q “ degE_

Q
pZpT 5qQq.
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In this case, we have W ‹
T 5,p

p1{2q ‰ 0 for all p, as follows e.g. from inspection of the explicit formulas
in Lemma B.2.2, as the polynomials of loc. cit. are non-vanishing at X “ 1. Alternatively, the non-
vanishing W ‹

T 5,p
p1{2q ‰ 0 also follows from (13.0.1) and inspection of (11.5.2). The value Λ˚p0, ηT 5q

is always finite and nonzero, since ηT 5 is nontrivial at the Archimedean place.
For simplicity, denote the right hand side of (14.3.1) by F pT 5q. We thus have

(14.3.3)
F pT 5q

degE_
Q

pZpT 5qQq
“

Λ˚1p0, ηT 5q

Λ˚p0, ηT 5q
`
ÿ

p

W ‹1
T 5,p

p´1{2q

W ‹
T 5,p

p´1{2q

where the sum has only finitely many nonzero terms. The formula (10.1.2) and the functional
equation Λ˚p1 ´ s, ηT 5q “ Λ˚ps, ηT 5q gives

(14.3.4)
Λ˚1p0, ηT 5q

Λ˚p0, ηT 5q
“ ´2 hCM

Fal,F ´
1

2
logp4πeγq

for F “ QrXs{pX2 ´ discT 5q, and for γ the Euler–Mascheroni constant. Our non-Archimedean
main theorem for corank 1 (Theorem 13.0.1) gives

(14.3.5)
W ‹1
T 5,p

p´1{2q

W ‹
T 5,p

p´1{2q
“ ´

δFal,ppT
5q

degppT
5q

¨ log p

for all primes p, using also the comparison between Den‹ and W ‹ and (4.2.1).
Recalling the local-to-global relation from (12.3.8), we find

(14.3.6)
F pT 5q

degE_
Q

pZpT 5qQq
“ ´2 hCM

Fal,F ´
1

2
logp4πeγq `

ÿ

p

ydeg
pE_pZpT 5qqp

degE_
Q

pZpT 5qQq
.

By definition of ydeg
pE_pZpT 5qqp from (10.2.3) and subsequent discussion, we conclude

(14.3.7) F pT 5q “ ydegppE_
Pet|ZpT 5qq ´

1

2
degE_

Q
pZpT 5qQq ¨ logp4πeγq “ ydegppE_|ZpT 5qq,

where the last identity follows from (10.2.1). □

Let T “ diagt0, T 5u P Sym3pQq be a rank 2 matrix where T 5 P Sym2pQq is nondegenerate. Let
y “ diagty1, y

5u P Sym3pRq be a positive definite matrix. By (5.2.3) and (4.3.5), we have

p´32π2q´1
`

C3
T

˘1
py, 0q(14.3.8)

“ ´
d
ds

ˇ

ˇ

ˇ

ˇ

s“0

˜

y
s{2
1 W ‹

T 5,8py5, s` 1{2qΛ˚ps` 1, ηT 5q
ź

p

W ‹
T 5,pps` 1{2q

¸

.

If T 5 is not positive definite, it follows from [GS19, Proposition 3.3(ii)] that there exists a positive
number C such that

d
dt

´

`

C3
T

˘1
pty, 0q

¯

“ Ope´Ctq as t Ñ `8.

Therefore

(14.3.9)
ż

MpCq

g˝pT, yq “ p16π2q´1CT
ρ“0

ż `8

1

d
dt

´

`

C3
T

˘1
pty, 0q

¯ dt
tρ

“ ´p16π2q´1
`

C3
T

˘1
py, 0q .
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If T 5 is positive definite, (14.3.8) implies

p´32π2q´1
`

C3
T

˘1
py, 0q “ ´

1

2
log y1 ¨W ‹

T 5,8py5, 1{2qΛ˚p1, ηT 5q
ź

p

W ‹
T 5,pp1{2q(14.3.10)

´

´

W ‹
T 5,8

¯1 ´

y5, 1{2
¯

Λ˚p1, ηT 5q
ź

p

W ‹
T 5,pp1{2q(14.3.11)

´
d
ds

ˇ

ˇ

ˇ

ˇ

s“0

Λ˚ps` 1, ηT 5q
ź

p

W ‹
T 5,pps` 1{2q(14.3.12)

where we also used the special value formula (4.1.10). Therefore by the functional equation of the
product Λ˚ps` 1, ηT 5q

ś

pW
‹
T 5,p

ps` 1{2q and (14.3.2),

(14.3.13) p´32π2q´1
`

C3
T

˘1
pty, 0q “ ´

1

2
log t ¨ degE_

Q
pZpT 5qQq `A` F ptq as t Ñ `8,

where A is independent of t and where the function F ptq is obtained by replacing y5 with ty5 in
(14.3.11). By Lemma 4.1.1, there exists a positive constant C such that

(14.3.14) F ptq “ Opt´1q, F 1ptq “ Opt´1´Cq as t Ñ `8.

Theorem 14.3.2. Let T P Sym3pQq be a matrix of rank 2. For all y P Sym3pRqą0,

(14.3.15) ydegr pZpT, yqs “ ´p32π2q´1
`

C3
T

˘1
py, 0q.

Proof. Let α P GL3pZq be a matrix such that (9.6.1) holds, i.e., T̃ :“ tαTα “ diagt01, T
5u. Let

ỹ “ diagty1, y
5u be another positive definite matrix as in (9.6.5).

If T 5 is not positive definite, we may apply (14.3.9) to find

1

2

ż

MpCq

gpT, yq “
1

2

ż

MpCq

g˝pT, yq “
1

2

ż

MpCq

g˝pT̃ , α´1ytα´1q(14.3.16)

“ ´p32π2q´1
´

C3
T̃

¯1
`

α´1ytα´1, 0
˘ p9.6.6q

“ ´p32π2q´1
`

C3
T

˘1
py, 0q .
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Now assume T 5 is positive definite. In this case, we have
1

2

ż

MpCq

gpT, yq

“
1

2

ż

MpCq

g˝pT, yq ´
1

2
log y1 ¨ degE_

Q
pZpT 5qQq(14.3.17)

“
1

2

ż

MpCq

g˝pT̃ , α´1ytα´1q ´
1

2
log y1 ¨ degE_

Q
pZpT 5qQq(14.3.18)

“ ´

´

W ‹
T 5,8

¯1 ´

y5, 1{2
¯

Λ˚p1, ηT 5q
ź

p

W ‹
T 5,pp1{2q ´

1

2
log y1 ¨ degE_

Q
pZpT 5qQq.(14.3.19)

“p´32π2q´1
´

C3
T̃

¯1

pỹ, 0q `
d
ds

ˇ

ˇ

ˇ

ˇ

s“0

Λ˚ps` 1, ηT 5q
ź

p

W ‹
T 5,pps` 1{2q(14.3.20)

“p´32π2q´1
`

C3
T

˘1
py, 0q ´

d
ds

ˇ

ˇ

ˇ

ˇ

s“´1{2

Λ˚ps` 1{2, ηT 5q
ź

p

W ‹
T 5,ppsq.(14.3.21)

(14.3.13). For (14.3.17), we use Definition 9.6.2. For (14.3.18), we use the GL3pZq-invariance of the
Green currents. For (14.3.19), we combine Lemma 14.1.1 with the estimate of the growth (14.3.14)
as in [GS19, Lemma 5.11]. For (14.3.20), we use (14.3.10). For the last identity (14.3.21), we use
Lemma 9.6.1 and the functional equation of the product Λ˚ps` 1, ηT 5q

ś

pW
‹
T 5,p

ps` 1{2q.
Therefore by Proposition 14.3.1,

ydegr pZpT, yqs “ ydeg
´

pE_|ZpT 5q

¯

`
1

2

ż

MpCq

gpT, yq “ ´p32π2q
`

C3
T

˘1
py, 0q.

□

14.4. The case of corank 2. Recall from §8.1 that M (resp. M) denotes the coarse moduli scheme
of M (resp. M). In [BGKK07, Theorem 7.61], Burgos Gil, Kramer, and Kühn calculated the height
of Hecke correspondences for M with respect to the line bundle E_

M
equipped with the Petersson

metric } ¨ }Pet, which we denote by pE_

M,Pet
. The difference is recorded given in (10.2.1). A Green

current calculation is given in [BK12b], and the results of loc. cit. can be expressed as follows.

Lemma 14.4.1. For all T 5 “ ptq P Sym1pQqztp0qu and y5 P Sym1pRqą0,

ydeg

ˆ

´

pE_

M

¯2
|Tt

˙

`
1

2

ż

MpCq

gpT 5, y5q ^ Ω2(14.4.1)

“ ´
`

p4π2q´1Λ1p2q ` p48πq´1
˘

C1
T 5py5, 1q ´ p48πq´1

`

C1
T 5

˘1
py5, 1q.

Proof. Berndt and Kühn in [BK12b] use the Hermitian line bundle
´

pE_

M,Pet

¯b12
for their height, so

their main theorem gives

144 ¨

˜

ydeg

ˆ

´

pE_

M,Pet

¯2
|Tt

˙

`
1

2

ż

MpCq

gpT 5, y5q ^ Ω2

¸

“ ´12
´

ψpsqaT 5py5, sq
¯1 ˇ
ˇ

s“1
(14.4.2)
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where ψpsq is a meromorphic function with the following expansion at s “ 1,

ψpsq “ ´1 ` 4

ˆ

ζ 1p´1q

ζp´1q
`

1

2

˙

ps´ 1q `Opps´ 1q2q.

By (10.2.1) and e.g. [BGS94, Proposition 3.2.2], the change of height is

ydeg

ˆ

´

pE_

M,Pet

¯2
|Tt

˙

´ ydeg

ˆ

´

pE_

M

¯2
|Tt

˙

“ logp4πeγq ¨ degE_
Q

´

`

Tt
˘

Q

¯

By (8.5.4), notice that the morphism i1 : ZpT 5q Ñ Tt generically has degree 2, and compute

degE_
Q

´

`

Tt
˘

Q

¯

“

ż

TtpCq

Ω “
1

2

ż

|ZpT 5qpCq|

Ω “ 2 degE_
Q

´

ZpT 5qQ

¯

“ p48πq´1C1
T 5py5, 1q.

By (14.1.6), we have

´12
´

ψpsqaT 5py5, sq
¯1 ˇ
ˇ

s“1
“ 6π´1

ˆ

ζ 1p´1q

ζp´1q
`

1

2

˙

C1
T 5py5, 1q ´ 3π´1

`

C1
T 5

˘1
py5, 1q.

The lemma then follows from the functional equation of Λpsq. □

Remark 14.4.2. By (9.7.1), formula (14.4.1) can be stated in the following way:

ydeg

ˆ

´

pE_
¯2 ˇ

ˇ

ZpT 5q

˙

`

ż

MpCq

gpT 5, y5q ^ Ω2(14.4.3)

“ ´
`

p8π2q´1Λ1p2q ` p96πq´1
˘

C1
T 5py5, 1q ´ p96πq´1

`

C1
T 5

˘1
py5, 1q.

Theorem 14.4.3. Let T P Sym3pQq be a matrix of rank 1. For all y P Sym3pRqą0,

(14.4.4) ydegr pZpT, yqs “ ´p32π2q´1
`

C3
T

˘1
py, 0q.

Proof. Let α P GL3pZq be a matrix such that (9.6.1) holds, i.e., T̃ :“ tαTα “ diagt02, T
5u. Let

ỹ “ diagty1, y
5u be another positive definite matrix as in (9.6.5).

By Lemma 14.1.1, we have
ż

MpCq

g˝pT, yq “

ż

MpCq

g˝pT̃ , α´1ytα´1q “ p16π2q´1CT
ρ“0

ż `8

1

d
dt

ˆ

´

C3
T̃

¯1

ptỹ, 0q

˙

dt
tρ
.(14.4.5)

By the Definition 9.6.2 of gpT, yq, combining (5.3.3) with (14.4.5) and (14.1.9), and using Lemma
8.5.1 to evaluate degE_

Q
pZpT qQq, we find

1

2

ż

MpCq

gpT, yq ´

ż

MpCq

gpT 5, y5q ^ Ω2(14.4.6)

“
1

2

ż

MpCq

g˝pT, yq ´

ż

MpCq

gpT 5, y5q ^ Ω2 ´
1

2
log det y1 ¨ degE_

Q
pZpT qQq

“ ´ p32π2q´1 BfT̃
Bs

pỹ, 0q ´ p192πq´1 log det y1 ¨ C1
T 5py5, 1q,

where

´
BfT̃
Bs

pỹ, 0q “ ´

´

C3
T̃

¯1

pỹ, 0q `

´π

6
log det y1 `

π

3
` 4Λ1p2q

¯

C1
T 5py5, 1q `

π

3

`

C1
T 5

˘1
py5, 1q(14.4.7)
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as in (5.3.5). By the definition of the arithmetic degree in (9.7.3), we have

ydegr pZpT, yqs “ ydeg

ˆ

´

pE_
¯2 ˇ

ˇ

ZpT 5q

˙

`
1

2

ż

MpCq

gpT, yq.

Combining (14.4.6) and (14.4.3), we get

ydegr pZpT, yqs “ ´p32π2q´1
´

C3
T̃

¯1

pỹ, 0q
p9.6.6q

“ ´p32π2q´1
`

C3
T

˘1
py, 0q.

□

14.5. The case of corank 3. Let T “ 03. The special cycle is Zp03q “ M. It is proved in
[BGKK07, Theorem 7.61] that

ydeg

ˆ

´

pE_

M,Pet

¯3
|M

˙

“ ´
1

2

ˆ

1

2
ζp´1q ` ζ 1p´1q

˙

“ ´p4πq´1Λ1p2q ´ 48´1 ` 48´1 logp4πeγq.

By (10.2.1) and [BGS94, Proposition 3.2.2], we have

ydeg

ˆ

´

pE_

M

¯3
|M

˙

“ ydeg

ˆ

´

pE_

M,Pet

¯3
|M

˙

´
3

2
logp4πeγq ¨ degE_

Q

`

MQ
˘

(14.5.1)

“ ´p4πq´1Λ1p2q ´ 48´1.

Theorem 14.5.1. For all y P Sym3pRqą0, we have

(14.5.2) ydegr pZp03, yqs “ ´p32π2q´1
`

C3
03

˘1
py, 0q.

Proof. By Lemma 14.1.1 and Lemma 5.4.1, particularly (5.4.3) and (5.4.5), we have

1

2

ż

MpCq

g˝p03, yq “ ´p32π2q´1
`

C3
03

˘1
py, 0q ` p16πq´1Λ1p2q ` 192´1 ` 576´1 log det y.(14.5.3)

By the Definition 9.6.2 of gp03, yq, we have

1

2

ż

MpCq

gp03, yq “
1

2

ż

MpCq

g˝p03, yq ´
1

2
log det y ¨ degE_

Q
pMQq(14.5.4)

“ ´p32π2q´1
`

C3
03

˘1
py, 0q ` p16πq´1Λ1p2q ` 192´1.

We have

ydeg

ˆ

´

pE_
¯3 ˇ

ˇ

M

˙

(9.7.2)
“ 4´1

ydeg

ˆ

´

pE_

M

¯3
|M

˙

p14.5.1q
“ ´p16πq´1Λ1p2q ´ 192´1.(14.5.5)

The theorem now follows from the definition of ydegr pZp03, yqs in (9.7.3), which is the sum of the two
terms (14.5.4) and (14.5.5). □



ARITHMETIC SIEGEL–WEIL FORMULA ON THE PRODUCT OF MODULAR CURVES 89

Appendix A. Finiteness and boundedness

In this section, we prove the finiteness and boundedness of some sets arising naturally in §9.2
when we define the green currents g˝pT, y, ρq.

Lemma A.0.1. Let U Ă D » H2
1 be an open set with compact closure. Let L Ă V be a sublattice of

rank 4. Let T P SymrpQq be a matrix. The following set is finite for all positive integers r:

(A.0.1) S “ tx P Lr : T pxq “ T and Dx X U ‰ ∅u.

Moreover, there exists a positive number C ą 0, such that for all elements x “ px1, ¨ ¨ ¨ , xrq P

ΩT pLqzS, we have

(A.0.2) Rpx, zq “

r
ÿ

i“1

Rpxi, zq ą C, z P U.

Proof. We first prove the claim about the finiteness of the set S. Let x “ px1, ¨ ¨ ¨ , xrq, the condition
Dx X U ‰ ∅ is

Dx1 X ¨ ¨ ¨ X Dxr X U ‰ ∅.

Therefore we can reduce the lemma to the case that r “ 1, i.e., we prove that for all numbers t P Q,
the following set is finite

S “ tx P L : detpxq “ t and Dx X U ‰ ∅u.

For t ă 0, the set S is empty. For t “ 0, the set S consists of the single element 02, hence it is finite.
Now we consider the case that t ą 0. By the compactness of U , we can assume that there exists

a number M ą 1 such that for all points z “ px1 ` iy1, x2 ` iy2q P U ,

|xi| ď M, M´1 ď |yi| ď M, i “ 1, 2.

Let x “
`

a b
c d

˘

P L be an element in S. If Dx X U ‰ ∅, we conclude that there exists an element
pz1, z2q P U such that

dz1z2 ´ cz1 ´ bz2 ` a “ 0

by (7.3.2). Therefore

z2 “
a´ cz1
b´ dz1

, z1 “
a´ bz2
c´ dz2

.

Let z1 “ x1 ` iy1 and z2 “ x2 ` iy2, we get

(A.0.3) y2 “
t ¨ y1

|b´ dz1|2
ď

t

d2y1 ` y´1
1 pb´ dx1q2

.

Therefore |d| ď
a

tpy1y2q´1 ď M
?
t. We can also use the fact that |b´ dz1|2 ě pb´ dx1q2 to deduce

that
|b| ď

b

ty1y
´1
2 ` |dx1| ď M

?
t`M2

?
t ď 2M2

?
t.

We can get the same estimate for c by using the expression z1 “ a´bz2
c´dz2

. Finally,

|a| “ |dz1z2 ´ cz1 ´ bz2| ď

´

4
?
2 ` 2

¯

M3
?
t.

Therefore all the coordinates of x are bounded by some numbers depending only on the set U . Since
x belongs to the Z-lattice L, there are only finitely many x satisfying this condition.
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Now we prove the claim about the set ΩT pLqzS. Notice that the quadratic form x P V ÞÑ

Rpx, zq ` detpxq is positive definite. By the compactness of U , there exists a positive number c ą 0

such that
Rpx, zq ` detpxq ą c ¨ }x}2, for x P L and z P U.

The set ΩT pLqzS can be divided into the following parts:

S1 :“ tx P Lr :
r
ÿ

i“1

}xi}
2 ď c´1p|trpT q| ` 1qu X ΩT pLqzS,

S2 :“ tx P Lr :
r
ÿ

i“1

}xi}
2 ą c´1p|trpT q| ` 1qu X ΩT pLqzS.

For an element x P S2, we have

Rpx, zq ą |trpT q| ` 1 ´ trpT q ě 1.

The set S1 is finite, therefore the number C 1 :“ min
xPS1,zPU

tRpx, zqu is positive because U is compact.

Define
C “ min

␣

C 1{2, 1{2
(

.

Then we have Rpx, zq ą C. □

Appendix B. Calculations of local densities and the case p “ 2

B.1. Gross–Keating invariants. We first recall the definition of Gross–Keating invariant from
[GK93, §4] and [Bou07, §1]. Let p be a prime number. Let pL, qq be a quadratic Zp-lattice of rank
n ě 1. We always assume that the quadratic form is nondegenerate. Let e “ pe1, ¨ ¨ ¨ , enq be a basis
of L such that

(B.1.1) qpx1e1 ` ¨ ¨ ¨ ` xnenq “
ÿ

iďj

bijpeqxixj .

We write Speq for the set of tuples y “ py1, ¨ ¨ ¨ , ynq P Zn such that

(B.1.2) y1 ď ¨ ¨ ¨ ď yn,
yi ` yj

2
ď νp pbijpeqq for 1 ď i ď j ď n.

Let SpLq “
Ť

Speq where the union ranges over all basis e. We order tuples py1, ¨ ¨ ¨ , ynq P S lexico-
graphically. The Gross–Keating invariants GKpLq “ pa1, ¨ ¨ ¨ , anq are the maximum of py1, ¨ ¨ ¨ , ynq P

SpLq. A basis e is called optimal if pa1, ¨ ¨ ¨ , anq P Speq.

Lemma B.1.1. Let pL, qq be a nondegenerate quadratic Zp-lattice of rank n ě 1 with GKpLq “

pµ1, ¨ ¨ ¨ , µnq,

(a). We have
µ1 “ min

xPL
tνppqpxqqu.

(b). If p is odd, the quadratic lattice L is diagonalizable, i.e., there exists a basis e “ pe1, ¨ ¨ ¨ , enq

such that pei, ejq “ 0 for i ‰ j, and νppqpeiqq ď νppqpejqq if 1 ď i ď j ď n. Then we have

µi “ νppqpeiqq, 1 ď i ď n.
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(c). If p “ n “ 2 and the lattice L is not diagonalizable, then there exists an integer e and a basis
e “ pe1, e2q such that

qpxe1 ` ye2q “ 2e ¨

$

&

%

x2 ` xy ` y2, if L is anisotropic;

xy, if L is isotropic.

The Gross–Keating invariant of L is GKpLq “ pe, eq.
(d). If p “ n “ 2 and the lattice L is diagonalizable, then there exists a basis e “ pe1, e2q such

that
qpxe1 ` ye2q “ u12

a1x2 ` u22
a2y2,

where u1, u2 P Zˆ
2 , a1, a2 P Z and a1 ď a2. The Gross–Keating invariant of L is given by

(B.1.3) GKpLq “

$

’

’

&

’

’

%

pa1, a2q, if a1 ı a2 mod 2;

pa1, a2 ` 1q, if a1 ” a2 mod 2 and u1 ` u2 ” 2 mod 4;

pa1, a2 ` 2q, if a1 ” a2 mod 2 and u1 ` u2 ” 0 mod 4.

Proof. For part paq, let f “ pf1, ¨ ¨ ¨ , fnq be an optimal basis of L. It’s obvious that min
iďj

νppbijpfqq “

min
xPL

tνppqpxqqu because

bijpfq “

$

&

%

qpfi ` fjq ´ qpfiq ´ qpfjq, if i ‰ j;

qpfiq, if i “ j.

Hence min
iďj

νppbijpfqq ě min
xPL

tνppqpxqqu. The inequality of the other direction min
iďj

νppbijpfqq ď

min
xPL

tνppqpxqqu follows from (B.1.1). If µ1 ą min
xPL

tνppqpxqqu, let ď i ď j ď n be two integers

such that νppbijpfqq “ min
xPL

tνppqpxqqu, then

νppbijpfqq ě
µi ` µj

2
ě µ1 ą min

xPL
tνppqpxqqu,

which is a contradiction, hence µ1 ď min
xPL

tνppqpxqqu. It’s easy to see that the following element

belongs to Spfq:
ˆ

min
xPL

tνppqpxqqu, ¨ ¨ ¨ ,min
xPL

tνppqpxqqu

˙

,

therefore µ1 ě min
xPL

tνppqpxqqu. Then we must have µ1 “ min
xPL

tνppqpxqqu.

Part pbq is well-known (see for example [Bou07, §2]), we are left to prove pcq and pdq. For pcq,
the existence of the basis can be found in [Bou07, Lemma 3.2]. Now we compute GKpLq. Suppose
that GKpLq “ pµ1, µ2q where µ1 ď µ2. By paq, we can verify that µ1 “ e. It’s easy to see that
pe, eq P SpLq, hence µ2 ě e. Moreover, we have µ1 ` µ2 ď 2e by [Bou07, Lemma 1.3(c)], hence
µ2 ď e. Therefore µ2 “ e.

For pdq, part paq implies that µ1 “ a1. It’s easy to see that pa1, a2q P SpLq, hence µ2 ě a2. Let
f “ pf1, f2q be an optimal basis such that rf1, f2s “ re1, e2s ¨

`

a b
c d

˘

. Then

qpxf1 ` yf2q “
`

a2u12
a1 ` c2u22

a2
˘

x2 `
`

abu12
a1`1 ` cdu22

a2`1
˘

xy `
`

b2u12
a1 ` d2u22

a2
˘

y2.

We first consider the case that a1 ı a2 mod 2. Let a2 “ a1 ` 2λ´ 1 where λ ě 1. Since µ2 ě a2,
we have ν2

`

b2u12
a1 ` d2u22

a2
˘

ě µ2 ě a2, hence ν2pb2u12
a1q ě a2, which implies that ν2pbq ě λ.
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Therefore d P Zˆ
2 since

`

a b
c d

˘

P GL2pZ2q, and ν2
`

b2u12
a1 ` d2u22

a2
˘

“ a2. Since f is an optimal
basis, we have µ2 ď ν2

`

b2u12
a1 ` d2u22

a2
˘

“ a2. Therefore µ2 “ a2.
Next we consider the case that a1 ” a2 mod 2. Let a2 “ a1 `2λ where λ ě 0. By [Bou07, Lemma

1.3(c)],
µ1 ` µ2 ď ν2

`

u1u22
a1`a2`2

˘

“ a1 ` a2 ` 2,

hence µ2 ď a2 ` 2.

‚ If u1 ` u2 ” 0 mod 4. Take a “ 1, b “ 2λ, c “ 0 and d “ 1, we get

qpxf1 ` yf2q “ u12
a1x2 ` u12

a1`1`λxy ` pu1 ` u2q 2a2y2.

It’s easy to verify that pa1, a2`2q P Spfq since ν2ppu1 ` u2q 2a2q ě a2`2 and ν2
`

u12
a1`1`λ

˘

“

a1 ` 1 ` λ “ pa1 ` a2 ` 2q{2. Therefore µ2 “ a2 ` 2.
‚ If u1 ` u2 ” 2 mod 4. We first prove that µ2 ď a2 ` 1. Let’s assume the converse that
µ2 ě a2`2. Since ν2

`

b2u12
a1 ` d2u22

a2
˘

ě µ2 ě a2`2, the element b satisfies that ν2pbq ě λ

because otherwise ν2
`

b2u12
a1 ` d2u22

a2
˘

ă a2, which is a contradiction. If ν2pbq ą λ, the
element d R Zˆ

2 because otherwise ν2
`

b2u12
a1 ` d2u22

a2
˘

“ a2, which is also a contradiction.
Therefore ν2pbq “ λ and d P Zˆ

2 . Let b “ 2λ ¨ b0, then

b2u12
a1 ` d2u22

a2 “ 2a2 ¨
`

u1b
2
0 ` u2d

2
˘

” 2a2 ¨ pu1 ` u2q mod 2a2`2.

Therefore µ2 ď a2 ` 1, which is a contradiction, hence µ2 ď a2 ` 1. Next we take a “ 1, b “

2λ, c “ 0 and d “ 1, then

qpxf1 ` yf2q “ u12
a1x2 ` u12

a1`1`λxy ` pu1 ` u2q 2a2y2.

It’s easy to verify that pa1, a2`1q P Spfq since ν2ppu1 ` u2q 2a2q “ a2`1 and ν2
`

u12
a1`1`λ

˘

“

a1 ` 1 ` λ ą pa1 ` a2 ` 1q{2. Therefore µ2 “ a2 ` 1.

□

For a nondegenerate quadratic Zp-lattice of rank n with GKpLq “ pµ1, ¨ ¨ ¨ , µnq, define

(B.1.4) |GKpLq| “ µ1 ` ¨ ¨ ¨ ` µn.

Let e “ pe1, ¨ ¨ ¨ , enq be a Zp-basis of L, define the inner product matrix of L with respect to the basis
e to be T peq :“

`

1
2pei, ejq

˘

1ďi,jďn
. Define detL “ detT peq P Qˆ

p {
`

Zˆ
p

˘2, this number is independent
of the choice of the basis e.

Lemma B.1.2. Let L be a nondegenerate quadratic Zp-lattice of rank n.

(a). If p ą 2, we have

(B.1.5) |GKpLq| “ νppdetLq.

(b). If p “ n “ 2, denote by QL,2 the degree 2 algebra Q2

´

a

discpLq

¯

over Q2. Then

(B.1.6) |GKpLq| “ 2 ¨

„

ν2pdetLq

2

ȷ

` δL,2,

where δL,2 is 1 if QL,2 is a ramified extension of Q2, is 2 otherwise.
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Proof. Part paq follows from Lemma B.1.1 pbq. Now we focus on the case that p “ n “ 2, if the
lattice L is not diagonalizable, we can verify the identity easily by using Lemma B.1.1 pcq. Now
let’s assume that the lattice L is diagonalizable with a diagonalized basis as in Lemma B.1.1 pdq. If
a1 ı a2 mod 2, the algebra QL,2 is a ramified extension of Q2, the identity (B.1.6) can be verified
by straightforward computation.

If a1 ” a2 mod 2 with u1 ` u2 ” 2 mod 4, the mod 8 reduction of pu1, u2q have the following
possibilities:

pu1, u2q ” p1, 1q, p1, 5q, p3, 3q, p3, 7q, p5, 1q, p5, 5q, p7, 3q, p7, 7q mod 8,

then discL ” ´1,´5 mod 8, the corresponding algebra QL,2 is a ramified extension of Q2. The
identity (B.1.6) is true because both sides are a1 ` a2 ` 1.

If a1 ” a2 mod 2 with u1 ` u2 ” 0 mod 4, the mod 8 reduction of pu1, u2q have the following
possibilities:

pu1, u2q ” p1, 3q, p1, 7q, p3, 1q, p3, 5q, p5, 3q, p5, 7q, p7, 1q, p7, 5q mod 8,

then discL ” ´3, 1 mod 8, the corresponding algebra QL,2 is either an unramified quadratic exten-
sion of Q2 (discL ” ´3 mod 8), or splits Q2 ˆ Q2 (discL ” 1 mod 8). The identity (B.1.6) is true
because both sides are a1 ` a2 ` 2. □

Remark B.1.3. By the proof of Lemma B.1.2, we can see that the Qp-algebra QL,p :“ Qp

´?
discL

¯

is a ramified extension of Qp if and only if a ı b mod 2. Otherwise, the algebra QL,p is either an
unramified quadratic extension of Qp, or Qp ˆ Qp.

B.2. Local densities. The goal of this subsection is to compute Den‹pX,Lq defined in (2.3.2), in
the case of F “ Qp, by combining the difference formula in [Zhu25], [Zhu24] and explicit calculations
in [Wed07].

Lemma B.2.1. Let L be a nondegenerate integral quadratic Zp-lattice of rank 2. For an element
ε P Zˆ

p and sufficiently large integers n,

Den
´

Hk`2, Lk xεpny

¯

´p´2k ¨ Den
´

Hk`2, Lk xεpn´2y

¯

“

´

1 ´ p´k´1
¯´

1 ` p´k
¯

¨ Den
´

Hk`1, L
¯

, for all k ě 0.

Proof. By [Zhu25, Theorem 7.2.1, Remark 7.2.4], for all k ě 0 and n ě 2,

Den
´

Hk`2, Lk xεpny

¯

´ p´2k ¨ Den
´

Hk`2, Lk xεpn´2y

¯

“Pden
´

Hk`1, xεpny

¯

¨ Den
´

Hk`1 k x´εpny, L
¯

“

´

1 ´ p´k´1
¯´

1 ` p´k
¯

¨ Den
´

Hk`1 k x´εpny, L
¯

.

By [Zhu24, Lemma 2.2.4], if the integer n is larger than |GKpLq|, we have Den
`

Hk`1 k x´εpny, L
˘

“

Den
`

Hk`1, L
˘

. Therefore the lemma follows. □

Lemma B.2.2. Let L be a nondegenerate integral quadratic Zp-lattice of rank 2 with GKpLq “ pa, bq.
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‚ If a ı b mod 2,

(B.2.1) Den‹pX,Lq “ X´pa`b´1q{2 ¨

a
ÿ

i“0

pa`b´1q{2´i
ÿ

j“0

pi`jXi`2j .

‚ If a ” b mod 2 and L is anisotropic,

(B.2.2) Den‹pX,Lq “ X´pa`bq{2 ¨

¨

˝p1 `Xq

a
ÿ

i“0

pa`bq{2´i´1
ÿ

j“0

pi`jXi`2j ` ppa`bq{2Xb ¨

a
ÿ

i“0

Xi

˛

‚.

‚ If a ” b mod 2 and L is isotropic,

(B.2.3) Den‹pX,Lq “ X´pa`bq{2 ¨

¨

˝p1 ´Xq

a
ÿ

i“0

pa`bq{2´i´1
ÿ

j“0

pi`jXi`2j ` ppa`bq{2Xb ¨

a
ÿ

i“0

Xi

˛

‚.

Proof. We only give the detailed proof for the identity (B.2.3), the other two follow from the same
idea. For an element ε P Zˆ

p and an integer n ě b ` 4, Wedhorn [Wed07, (2.8)] gives a precise
formula for the polynomial Den‹ pX,Lk xεpnyq. Notice that the symbol ξ̃ “ 1 by §2.5 (p ą 2), §2.6
(A2) and (B4) (p “ 2) of loc. cit.. Then

Den pX,Lk xεpnyq

p1 ´ p´2Xq p1 ´ p´2X2q
´X2 ¨

Den
`

X,Lk xεpn´2y
˘

p1 ´ p´2Xq p1 ´ p´2X2q
(B.2.4)

“
`

1 ´X2
˘

a
ÿ

i“0

pa`bq{2´i´1
ÿ

j“0

pi`jXi`2j ` ppa`bq{2Xbp1 `Xq ¨

a
ÿ

i“0

Xi

The number χppLq “ 1 in this case, therefore (B.2.3) follows from (B.2.4) and Lemma B.2.1. □

B.3. Choice of a larger lattice. Let L be a nondegenerate quadratic Zp-lattice of rank 2 with
GKpLq “ pa, bq. We are going to construct a lattice L1 such that

(a). L Ĺ L1 and L1{L » Fp.
(b). GKpL1q is either pa, b´ 2q, or pb´ 2, aq if b´ 2 ă a.

The construction is nontrivial only when p “ 2.

Case 1 We first single out a special case that the lattice L is isotropic with a “ b. Then there exists
a basis e “ pe1, e2q of L such that q pxe1 ` ye2q “ paxy. Define L1 to be the Zp-span of e1
and p´1pe1 ` e2q, notice that

q

ˆ

xe1 ` y
e1 ` e2
p

˙

“ pa´2

ˆ

´p

2
x` y

¯2
´
p2

4
x2
˙

,

hence GKpL1q “ pa´ 2, aq.
Case 2 If p ą 2 and L is not isotropic with a “ b, let e be a basis of L as in Lemma B.1.1 pbq.

Define L1 to be the Zp-span of e1 and p´1e2. Then GKpL1q is either pa, b´ 2q or pb´ 2, aq if
b´ 2 ď a.

Case 3 If p “ 2 and L is not diagonalizable, we have a “ b by Lemma B.1.1 pcq. The isotropic case
has been done before, let’s consider the case that L is anisotropic. Let e be a basis of L as
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in Lemma B.1.1 pcq, define L1 to be the Z2-span of e1 and 2´1e2. Then

q
`

xe1 ` y ¨ 2´1e2
˘

“ 2a´2 ¨
`

4x2 ` 2xy ` y2
˘

“ 2a´2 ¨

´

3x2 ` px` yq
2
¯

.

Therefore GKpL1q “ pa´ 2, aq by Lemma B.1.1 pdq.
Case 4 If p “ 2 and L is diagonalizable, let e be a basis of L as in Lemma B.1.1 pdq. Then

q pxe1 ` y ¨ e2q “ u12
ax2 ` u22

b´δy2,

where δ “ 0, 1, 2 according to (B.1.3). Therefore
4-0 For δ “ 0, we have a ď b and a ı b mod 2. Define L1 to be the Z2-span of e1 and

2´1e2, then GKpL1q “ pa, b´ 2q if a ď b´ 3. If a ě b´ 1, we must have a “ b´ 1, then
GKpL1q “ pb´ 2, b´ 1q “ pb´ 2, aq.

4-1 For δ “ 1, we have a ď b ´ 1 and a ” b ´ 1 mod 2. If a ď b ´ 3, define L1 to be the
Z2-span of e1 and 2´1e2, then GKpL1q “ pa, b´2q. If a ą b´3, we must have a “ b´1,
define L1 to be the Z2-span of e1 and 2´1pe1 ` e2q, then

q

ˆ

xe1 ` y ¨
e1 ` e2

2

˙

“ 2a´1 ¨

˜

2u1u2
u1 ` u2

¨ x2 `
u1 ` u2

2

ˆ

2u1
u1 ` u2

x` y

˙2
¸

.

Notice that
2u1u2
u1 ` u2

`
u1 ` u2

2
” 2u1 ” 2 pmod 4q,

hence GKpL1q “ pa´ 1, aq “ pb´ 2, aq.
4-2 For δ “ 2, we have a ď b´ 2 and a ” b mod 2. If a ď b´ 4, define L1 to be the Z2-span

of e1 and 2´1e2, then GKpL1q “ pa, b´ 2q. If a ą b´ 4, we must have a “ b´ 2, define
L1 to be the Z2-span of e1 and 2´1pe1 ` e2q, then

q

ˆ

xe1 ` y ¨
e1 ` e2

2

˙

“ 2a ¨

ˆ

u1x
2 ` u1xy `

u1 ` u2
4

¨ y2
˙

.(B.3.1)

Now we prove that the quadratic form (B.3.1) is not diagonalizable. Let’s assume the
converse that there exists a matrix

`

a b
c d

˘

P GL2pZ2q such that under the transformation
x ÞÑ ax ` by, y ÞÑ cx ` dy, the quadratic form (B.3.1) is diagonalized. The coefficient
of the term xy after the transformation is 2abu1 ` pad` bcqu1 ` u1`u2

2 ¨ cd “ 0, hence

pad´ bcqu1 “ ´2abu1 ´ 2bcu1 ´
u1 ` u2

2
¨ cd.

Notice that the 2-adic valuation of the right hand side is at least 1 since u1`u2 ” 0 mod
4, while that of the left hand side is 0, we get a contradiction. Therefore the quadratic
form (B.3.1) is not diagonalizable, hence its Gross–Keating invariant is pa, aq “ pa, b´2q

by Lemma B.1.1 pcq.
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Appendix C. The absolute convergence of the genus 3 Green currents

C.1. Statement of the main result. Let V8 “ M2pRq and L “ M2pZq. For a matrix T P Sym3pQq

and y “ a ¨ ta P Sym3pRqą0, define the scalar kernel KT pt, y, zq by the sum

(C.1.1) KT pt, y, zq ¨ Ω2
z “ e2πt trpT yq

ÿ

xPL3

T pxq“T

ν3p
?
txaqz, z P D, t ě 1.

Recall that the p1, 1q-form Ω is defined by (7.4.5). If T is positive definite, we have KT pt, y, zq “ 0,
since V having signature p2, 2q implies that the sum is empty.

For Repρq ą 0, recall that we defined a family of locally L1 forms g˝pT, y, ρq on MpCq in (9.2.1),
with continuation as a meromorphic family of currents to Repρq ą ´1{2, as in Lemma 9.2.1. At
least for Repρq ą 2, the estimate explained after (C.3.3) allows interchange of the x-sum and the
t-integral to give the equivalent formula

g˝pT, y, ρq “

ˆ
ż 8

1
KT pt, y, zqt´1´ρ dt

˙

Ω2.

This appendix concerns the extension of g˝pT, y, ρq to the compactification MpCq. The main result
of the appendix is the following theorem. We use the notation zj “ xj ` iyj for z “ pz1, z2q P D.

Theorem C.1.1. For T P Sym3pQq and y P Sym3pRqą0, the following statements hold.

(a). For Repρq ą 2, the top-degree form g˝pT, y, ρq is L1 on MpCq, and hence defines a current
on MpCq.

(b). The family g˝pT, y, ρq has a (unique) meromorphic continuation to Repρq ą ´1{2, valued in
currents on MpCq. The only possible pole is a simple pole at 0. The constant term at ρ “ 0,
denoted

(C.1.2) g˝pT, yq :“ CT
ρ“0

g˝pT, y, ρq,

is also a current on MpCq, and is represented by an L1 form on MpCq if T has no positive
eigenvalues. Moreover, we have the following.

(b1). If T is not positive semi-definite, then the family g˝pT, y, ρq extends holomorphically to
a family of currents on MpCq for all ρ P C, with g˝pT, y, ρq given by an L1 form on
MpCq for any fixed ρ.

(b2). If T “ 03, then the residue of g˝pT, y, ρq at ρ “ 0 is 3rΩ2s, and its constant term g˝pT, yq

is an L1 form on MpCq satisfying g˝pT, yq “ p´3 logpy1y2q`Oyp1qqΩ2 for y1y2 ě 1 and
|x1|, |x2| ď 1{2, where Oyp1q means a constant depending on y.

For ρ P C, we also need to study absolute convergence of

(C.1.3) JpT, y, ρq “

ż 8

1

ż

MpCq

|KT pt, y, zqt´1´ρ|Ω2 dt.

For this analysis, we estimate KT pt, y, zq for z P D1 :“ F1 ˆ F1 Ď D where F1 Ă H1 consists of
points τ “ x` iy such that |x| ď 1

2 and y ě
?
3{2.
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Theorem C.1.2. For T P Sym3pQq and t ě 1 and y P Sym3pRqą0 and z P D1, we have

(C.1.4) |KT pt, y, zq| ÀT,y

$

’

’

&

’

’

%

t2 if T ‰ 03 and is positive semi-definite

e´cT,yt if T has a negative eigenvalue

1 ` e´cT,ytpy1y2q´1 if T “ 03

for some constants cT,y ą 0 depending on T and y. Therefore the following statements hold.

(a). If T ‰ 03 is positive semi-definite, we have JpT, y, ρq ă 8 if Repρq ą 2.
(b). If T ‰ 03 is not positive semi-definite, we have JpT, y, ρq ă 8 for all ρ P C.
(c). If T “ 03, we have JpT, y, ρq ă 8 if and only if Repρq ą 0.

Proof. For T ‰ 03 positive semi-definite, this follows from the estimates (C.5.2) and (C.6.1). For
T ‰ 03 not positive semi-definite, this is the bound (C.5.3), which is also valid for rankpT q “ 1 as
explained in (C.6). For T “ 03, this follows from the estimates in (C.7.6) and (C.7.7). □

Remark C.1.3. For fixed t ě 1 and y P Sym3pRqą0, the estimate (C.1.4) implies that

sup
zPMpCq

|KT pt, y, zq| ă 8.

C.2. Some notations. Throughout Appendix C, we write A Àα B to mean A ď CαB for some
constant Cα ą 0 depending on a parameter α. The notation A À B means that the implied constant
is absolute, not depending on any parameters.

For x “ px1, x2, x3q P V 3
8 where xi “

´

ai bi
ci di

¯

, set Upxq “ pai ` diqi, V pxq “ pci ´ biqi, and

(C.2.1) P pU, V q “ 3 ´ 2πp|U |2 ` |V |2q ` 2π2
`

|U |2|V |2 ´ pU ¨ V q2
˘

.

At z “ pi, iq, the scalar of ν3 relative to Ω2
z can be obtained by combining the explicit formula (6.1.4)

and Lemma 7.6.1

(C.2.2) rν3pxq “ e´π}x}2P pUpxq, V pxqq

where }x}2 “ }x1}2 ` }x2}2 ` }x3}2.

For a point z P D1, let hzi “
`

1 xi
0 1

˘

¨

ˆ

y
1{2
i 0

0 y
´1{2
i

˙

P SL2pRq, and define hz “ phz1 , hz2q P HpRq˝.

Define
}x}z “ ∥h´1

z x∥2

Throughout this appendix, we denote y1y2 by Y and y2{y1 by k. The change of variables gives

(C.2.3) Ω2 “ ´
1

16π2
dx1 ^ dx2 ^ dY ^ dk

Y 2k
.

Moreover, the restrictions yj ě
?
3{2 on D1 imply 3{p4Y q ď k ď 4Y {3 on D1.

Given a tuple x “ px1, x2, x3q P V 3
8, define dpxq “ pd1, d2, d3q P R3. We will split the kernel

function KT into the following two parts:

(C.2.4) KT pt, y, zq “ Kd‰0
T pt, y, zq `Kd“0

T pt, y, zq,

where the first part Kd‰0
T is the summation over all those x P L3 with dpxq ‰ 0, while the second

part Kd“0
T is the summation of the remaining terms.
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C.3. The Gaussian estimate when d ‰ 0. For a P GL3pRq, denote by λ the smallest eigenvalue
of y “ a ¨ ta.

If dpxq ‰ 0, at least one di is not 0, then d21 ` d22 ` d23 ě 1 since all di are integers. Notice that
the lower-right element of h´1

z x ¨ a forms a row vector
?
Y pd1, d2, d3q ¨ a,

(C.3.1) }x ¨ a}2z ě }
?
Y pd1, d2, d3q ¨ a}2 ě λY pd21 ` d22 ` d23q ě λY.

There is also a bound on all twelve lattice coordinates. Indeed, on the set D1,

∥hzj∥2 “ yj ` y´1
j p1 ` x2j q ă 3yj ,

hence }x}2 “ }hz ¨ h´1
z x}2 ă 9Y }h´1

z x}2 “ 9Y }x}2z. On the other hand, we have

}x ¨ a}2z “ }h´1
z x ¨ a}2 ě λ}x}2z

Consequently,

(C.3.2) }x ¨ a}2z ě p9Y q´1λ}x}2.

For x P V 3
8 with T pxq “ T , we have Rpx ¨ a, zq “ ∥x ¨ a∥2z {2 ´ trpT yq by (7.4.3). Since (C.2.1)

has degree four, we have

(C.3.3) e2πt trpT yq|rν3p
?
t ph´1

z xq ¨ aq| À p1 ` t ∥x ¨ a∥2zq
2e´πtp∥x¨a∥2z´2 trpT yqq.

Note also that the right-hand side is ÀT,y,Y t2e´c1t∥x∥2 for some c1 ą 0 depending on y and Y .

C.3.1. The unbounded part. Choose Y0 “ maxp1, 8 trpT yq{λq. For Y ě Y0 and an element x such
that dpxq ‰ 0, by (C.3.1)

∥x ¨ a∥2z ě λY ě λY0 ě 8 trpT yq ùñ ∥x ¨ a∥2z ´ 2 trpT yq ě 3 ∥x ¨ a∥2z {4.

We have p1 ` xq2 À ex{4 for all x ě 0. Then use (C.3.1) and (C.3.2) on separate e´πt∥x¨a∥2z{4

factors to obtain

p1 ` t ∥x ¨ a∥2zq
2e´πtp∥x¨a∥2z´2 trpT yqq À eπt∥x¨a∥2z{4 ¨ e´3πt∥x¨a∥2z{4 À e´πλtY {4e´πλt}x}2{p36Y q.

Summing over all L3 – Z12 by using the inequality
ř

nPZ e
´αn2

ď 1 `
a

π{α, we obtain

(C.3.4) |Kd‰0
T pt, y, zq| Àλ e

´πλtY {4
`

1 ` pY {tq6
˘

Àλ e
´πλtY {8.

The proof shows that (C.3.4) also holds without the condition Y ě Y0, in the special case that
T “ 03.

C.3.2. The compact part. The region Y ď Y0 in D1 is compact because yj ď 2
?
3

´1
Y0. For t ě 1,

p1 ` t ∥x ¨ a∥2zq
2e´πtp∥x¨a∥2z´2 trpT yqq ď t2p1 ` ∥x ¨ a∥2zq

2e´πp∥x¨a∥2z´2 trpT yqq À t2e2π trpT yqe´π∥x¨a∥2z{2.

The inequality (C.3.2) implies }x ¨ a}2z ě p9Y q´1λ}x}2 ě p9Y0q´1λ}x}2 on the region Y ď Y0. The
Gaussian lattice estimate implies

(C.3.5) |Kd‰0
T pt, y, zq| ÀT,y t

2

for Y ď Y0. If T is not positive semi-definite, then taTa has some negative eigenvalue ´η, and
we have the improved bound |Kd‰0

T pt, y, zq| ÀT,y t2e´2πηt. Note that the set of eigenvalues of
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taTa depends only in T and y, and not on the choice of a. If instead T “ 03, we may bound
|rν3p

?
t ph´1

z xq ¨ aq| À e´πλ∥x∥2{18 using (C.3.3) and (C.3.2), since t ě 1, using also Y ď Y0 “ 1 in
this case. Summing over x ‰ 0 (using the d ‰ 0 condition) gives |Kd‰0

03
pt, y, zq| Ày e

´πλt{p18Y q in the
region Y ď Y0. This bound on |Kd‰0

03
pt, y, zq| also holds without the condition Y ď Y0, if we instead

assume t ě Y .

C.4. The Poisson estimate when d “ 0. Let x P L3 be a tuple such that dpxq “ 0. Write
bpxq, cpxq, lpxq P Z3 for the upper-right, lower-left, and upper-left rows of the tuple. Then

(C.4.1) T “ T pxq “ ´1
2

`

tbpxqcpxq ` tcpxqbpxq
˘

.

Lemma C.4.1. For fixed T P Sym3pQq ‰ 03, there are only finitely many solution pairs pb, cq,
where b, c P Z3, of the equation (C.4.1).

Proof. Let pb, cq be a solution pair to the equation (C.4.1). Then the function v P Q3 ÞÑ tvTv is
v ÞÑ ´pb ¨ vqpc ¨ vq. The unique factorization of the polynomial ring Qrv1, v2, v3s determines the two
linear factors up to scaling and exchange. Choose primitive integral representatives of those factors
b0 and c0, then b “ mb0, c “ nc0 up to swapping b0 and c0, with m,n P Z and a fixed nonzero
product mn since T ‰ 03. There are finitely many possibilities. □

For each fixed pair pb, cq satisfying (C.4.1), every vector l P Z3 can appear as the upper-left
element of some tuple x. For a P GL3pRq, we introduce the following notations for simplicity:

Λa “ Z3 ¨ a, B “ b ¨ a, C “ c ¨ a.

For a point z P D, set γ “ ´x1C ´ x2B (with xi “ Repziq here). Then

Uph´1
z x ¨ aq “

?
Y

´1
plpxq ¨ a` γq , V ph´1

z x ¨ aq “
?
k

´1
C ´

?
kB.

For simplicity, let W “
?
k

´1
C `

?
kB. Then

(C.4.2) |V |2 “ |W |2 ` 4 trpT yq.

Let fb,cpUq “ e´πt|U |2P p
?
tU,

?
tV q. The contribution of this pair pb, cq to Kd“0

T is

(C.4.3) Kb,cpt, y, zq :“ e´πt|W |2
ÿ

lPΛa

fb,c

ˆ

l ` γ
?
Y

˙

.

The Fourier transform of the function fpUq is:

(C.4.4) f̂b,cpηq “ 2πt´5{2e´π|η|2{t
`

|η|2 ´ πt
`

|V |2|η|2 ´ pV ¨ ηq2
˘˘

.

Notice that f̂p0q “ 0, hence (C.4.3) and Poisson summation implies that

Kb,cpt, y, zq “2πY 5{2t´5{2 detpyq´1{2e´πt|W |2ˆ(C.4.5)
ÿ

ξPΛ_
a

ξ‰0

e´πt´1Y |ξ|2e2πixξ,γy ¨
`

|ξ|2 ´ πt
`

|V |2|ξ|2 ´ pV ¨ ξq2
˘˘

.

For q ą 0, define Fapqq “ q5{2
ř

ξPΛ_
a z0|ξ|2e´πq|ξ|2 . Taking absolute values in (C.4.5), we find

(C.4.6) |Kb,cpt, y, zq| Ày e
´πt|W |2p1 ` t|V |2qFapY {tq Ày e

´πt|W |2p1 ` t|W |2 ` 4 trpT yqtq
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as supqą0 Fapqq ă 8. To see supqą0 Fapqq ă 8, note that comparison with
ş

R3 |ξ|2e´πq|ξ|2 dξ bounds
the sum

ř

ξPΛ_
a z0|ξ|2e´πq|ξ|2 by a constant multiple of q´5{2. For q ě 1, the sum in fact decays

exponentially in q. The second inequality in (C.4.6) follows from (C.4.2). Therefore, we have

(C.4.7) |Kb,cpt, y, zq| ÀT,y 1 ` t

for all z P D and t ě 1.
We now prove (C.1.4) in Theorem C.1.2 for T ‰ 03. The estimate for Kd‰0

T follows from (C.3.4)
and (C.3.5), while that for Kd“0

T follows from Lemma C.4.1 and (C.4.7). Combining these two
estimates yields the desired bound.

C.5. Proof for matrices of rank ě 2. In this subsection, we give the proof of the remaining
statements of Theorem C.1.2 and C.1.1 for the matrices T with rankpT q “ 2 or 3. This case is much
easier than the case rankpT q ď 1 because either KT “ Kd‰0

T or T has a negative eigenvalue.
We first consider the case that T is positive semi-definite. If rankT “ 3, then the kernel function

KT is zero, because there is no tuple x P L3 with moment matrix T since the signature of V8 is
p2, 2q. If rankT “ 2, every tuple x contributing to the sum (C.1.3) must have dpxq ‰ 0 because the
3-dimensional subspace of matrices with d “ 0, with quadratic form ´bc, has positive index one.
Hence we have |KT pt, y, zq| “ |Kd‰0

T pt, y, zq|. For the unbounded region Y ě Y0 “ maxp1, 8 trpT yq{λq

of D1, the estimate function (C.3.4) is integrable jointly in z, t with the factor t´1´Repρq, for all ρ P C,
i.e.,

ż 8

1

ż

D1XtY ěY0u

|KT pt, y, zq|Ω2 dt

t1`Repρq
“

ż 8

1

ż

D1XtY ěY0u

|Kd‰0
T pt, y, zq|Ω2 dt

t1`Repρq
(C.5.1)

Àλ

ż 8

1

ż 8

Y0

ż 4Y {3

3{p4Y q

ż 1{2

´1{2

ż 1{2

´1{2
e´πλtY {4

`

1 ` pY {tq6
˘

dx1 dx2
dk dY

Y 2k

dt

t1`Repρq
ă 8.

The convergence still holds with powers of log t in the integrand for derivatives in ρ. Recall that
the current g˝pT, y, ρq on MpCq had meromorphic continuation to Repρq ą ´1{2 as in Lemma 9.2.1,
with a possible simple pole at ρ “ 0 by [GS19, Proposition 2.12, (2.91)]. The estimate (C.5.1) shows
that the restriction of g˝pT, y, ρq to a sufficiently small neighborhood in MpCq of the boundary
MpCqzMpCq admits a holomorphic continuation to all ρ P C and can be represented by an L1 form
in that neighborhood.

For the integral JpT, y, ρq, the estimates (C.3.4) and (C.3.5) give

(C.5.2) |KT pt, y, zq| ÀT,y t
2.

Since MpCq has finite volume, we find JpT, y, ρq ÀT,y volpMpCqq
ş8

1 t1´Repρq dt ă 8 for Repρq ą 2.
Next we consider the case that T has a negative eigenvalue. Following the notations of §C.4, for

any solution pair pb, cq of the equation (C.4.1), we have taTa “ ´ptBC ` tCBq{2. The matrix taTa

preserves spantB,Cu Ď R3 and acts as 0 on spantB,CuK. Note that spantB,Cu has rank 2 because
taTa has rank ě 2. Consider an orthonormal basis tu, vu of spantB,Cu with u “ |B|´1B. In the
basis tu, vu, the matrix taTa acts on spantB,Cu by the matrix

˜

´B ¨ C ´1
2 |B|pC ¨ vq

´1
2 |B|pC ¨ vq 0

¸

.
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In this case, the unique negative eigenvalue of taTa is ´η “ ´1
2pB ¨C ` |B||C|q ă 0. Consequently,

|W |2 “ k|B|2 ` k´1|C|2 ` 2B ¨ C ě 2p|B||C| `B ¨ Cq “ 4η.

In combination with (C.4.6), we thus find |Kb,cpt, y, zq| ÀT,y p1`tqe´2πηt and hence |Kd“0
T pt, y, zq| ÀT,y

p1 ` tqe´2πηt by Lemma C.4.1. Not assuming existence of a solution pair pb, cq to (C.4.1), we have
supY ěY0 |Kd‰0

T pt, y, zq| Àλ e
´πλt{8. Combining with the estimate on the compact subset Y ď Y0 in

§C.3.2, we get

(C.5.3) |KT pt, y, zq| ÀT,y p1 ` t2qe´c1t,

for some c1 ą 0 depending on T and y. Therefore, for all ρ P C, we have

(C.5.4)
ż 8

1

ż

MpCq

|KT pt, y, zq|Ω2
z ¨ t´1´Repρq dt ă 8.

Therefore JpT, y, ρq ă 8 for all ρ P C. Moreover, the convergence (C.5.4) is still true with powers
of log t in the integrand for derivatives in ρ. Thus, for the case that T has a negative eigenvalue,
the family of currents g˝pT, y, ρq extends holomorphically to all ρ P C and is valued in L1 forms on
MpCq.

C.6. Proof for matrices of rank 1. In this subsection, we give the proof of Theorem C.1.2 and
C.1.1 for the matrices T with rankpT q “ 1. If the only nonzero eigenvalue of T is negative, an
argument similar to the case of T with negative eigenvalues in §C.5 still works and we have a similar
bounding result (C.5.3), hence (C.5.4). Therefore we only focus on the case that the only nonzero
eigenvalue of T is positive.

We first prove the absolute convergence in Theorem C.1.2. Finiteness of pairs pb, cq by Lemma
C.4.1, the bound on Kb,c from (C.4.7), and the bound for Kd‰0

T from (C.3.4) and (C.3.5) imply

(C.6.1) |KT pt, y, zq| ÀT,y p1 ` t2q.

As MpCq has finite volume, we find JpT, y, ρq ÀT,y

ş8

1 p1 ` t2qt´1´Repρq dt ă 8 for Repρq ą 2.
Next we consider the more difficult problem of extending the current to the compactification, as

stated in Theorem C.1.1. For the term Kd‰0
T in (C.2.4), the estimate (C.3.4) still works, so the

integral
ş8

1 Kd‰0
T pt, y, zqΩ2

z ¨ t´1´ρ dt converges for all ρ P C in the unbounded region Y ě Y0, and
hence defines family of L1 forms on D1 X tY ě Y0u which is holomorphic in ρ. Therefore we are left
with the term Kd“0

T .
By Lemma C.4.1, equation (C.4.1) has finitely many solution pairs pb, cq. If there are no such

pairs there is nothing further to prove. For each pair pb, cq, the two vectors b and c are linearly
dependent since otherwise the rank of T would be 2. Then there exists a primitive vector (meaning
the gcd of the three coordinates are 1) p P Z3 such that b “ b0p and c “ c0p, where b0, c0 P Zzt0u.
The positive semi-definiteness of the matrix T implies b0c0 ă 0.

Let ℓp “ |p ¨ a|2 ą 0 and k0 “ ´c0{b0 ą 0. Then trpT yq “ ´b0c0ℓp. In the notation of §C.4, the
vector W , as a function in k,

(C.6.2) W “ W pkq “
?
k

´1
c0p ¨ a`

?
kb0p ¨ a “ p

?
k

´1
c0 `

?
kb0qp ¨ a.
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Hence |W pkq|2 “ ´ℓpb0c0pk0k
´1 ` kk´1

0 ´ 2q. Consequently, for all r ą 0, we get the following
estimate for t ě 1,

(C.6.3)
ż 8

0
e´rt|W pkq|2 dk

k
Àr,T,y t

´1{2.

Now we are going to split the integral
ş8

1 Kd“0
T pt, y, zqΩ2

z ¨ t´1´ρ dt at t “ Y , and we study the
two parts 1 ď t ď Y and t ě Y separately. For the range 1 ď t ď Y , let q “ Y {t ě 1. Then the
exponential decay of Fapqq in §C.4, together with (C.4.6), gives

(C.6.4) |Kb,cpt, y, zq| ÀT,y p1 ` tqq5{2e´c1qe´c1t|W pkq|2

where c1 depends on y. The factor 1 ` t|W |2 ` 4 trpT yqt has been absorbed into the Gaussian
e´c1t|W pkq|2 . The formulas (C.2.3) and (C.6.3) give
(C.6.5)

ż

|x1|ă1{2

ż

|x2|ă1{2

ż

kPRą0

ż

Y ět
|Kb,cpt, y, zq|Ω2 ÀT,y p1 ` tqt´1{2

ż 8

t
pY {tq5{2e´c1Y {tdY

Y 2
Ày t

´1{2.

It follows that, for Y ě 1, the integral
şY
1 K

d“0
T pt, y, zqΩ2

z ¨ t´1´ρ dt converges for Repρq ą ´1{2,
where it defines a holomorphic family of L1-forms on D1.

The range t ě Y is considerably more delicate. In the sum on the right-hand side of (C.4.3),
there are two possibilities for the vector l P Λa: it either lies in the subspace spanned by p ¨ a or it
does not. Set v :“ p ¨ a and ℓp :“ |v|2. Let πK : R3 Ñ tvuK Ď R3 be the orthogonal projection, and
set ΛK :“ πKpΛaq.

For each λ P ΛK, choose a lift λ̃ P Λa with πKpλ̃q “ λ, and such that 0̃ “ 0. Define θλ P R by the
formula λ̃ “ θλv ` λ. Then every l P Λa has a unique expression

(C.6.6) l “ pm` θλqv ` λ m P Z, λ P ΛK.

Then the function Kb,c from (C.4.3), as a sum over such l, splits into the following two parts:

Kb,cpt, y, zq “ e´πt|W |2
ÿ

mPZ
fb,c

ˆ

m ¨ pp ¨ aq ` γ
?
Y

˙

` e´πt|W |2
ÿ

mPZ
0‰λPΛK

fb,c

ˆ

pm` θλq ¨ pp ¨ aq ` λ` γ
?
Y

˙

.

We call the first term the parallel part and denote it by K∥
b,c, since the vector l is parallel to p ¨ a.

We call the second term the nonparallel part and denote it by K∦
b,c.

C.6.1. Nonparallel part. We first consider those vectors l P Λa not parallel to p ¨ a, i.e., with λ ‰ 0

in the decomposition of l from (C.6.6). Let δ :“ min
0‰λPΛK

t|λ|u ą 0.

By the explicit formula (C.2.1) in combination with (C.4.2),

(C.6.7) |P p
?
tU,

?
tV q| ÀT,y p1 ` tqp1 ` t|U |2qp1 ` t|W |2q

for t ě 1. The individual summand in Kb,cpt, y, zq corresponding to l is bounded by a multiple
(depending on T and y) of the function

(C.6.8) p1 ` tqe´rtp|W |2`|U |2q “ p1 ` tqe´rt|W |2´rt|l`γ|2{Y ,
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for some r ą 0, where we used sup
xPR

pp1` |x|qe´r|x|q ă 8 for all r ą 0, to absorb p1` t|U |2qp1` t|W |2q

into the Gaussian e´πtp|U |2`|W |2q, up to changing the constant π.
We next estimate

ÿ

mPZ
0‰λPΛK

e´rt|l`γ|2{Y .

By the decomposition (C.6.6), we have l` γ “ pm` θλq ¨ pp ¨ aq ` λ´ x1c0p ¨ a´ x2b0p ¨ a. We then
have

(C.6.9) |l ` γ|2 “ ℓp|m` θλ ´ x1c0 ´ x2b0|2 ` |λ|2.

After summing over m, the function x1 ÞÑ
ř

mPZ
e´rtℓp|m´x1c0´x2b0|2{Y has period |c0|´1, hence

ż 1{2

´1{2

ÿ

mPZ
e´rtℓp|m`θλ´x1c0´x2b0|2{Y dx1 “ |c0|´1

ż |c0|{2

´|c0|{2

ÿ

mPZ
e´rtℓp|m`θλ´x´x2b0|2{Y dx(C.6.10)

“

ż 1{2

´1{2

ÿ

mPZ
e´rtℓp|m`θλ´x´x2b0|2{Y dx “

ż

R
e´rtℓp|´x´x2b0|2{Y dx “

b

πℓ´1
p

a

Y {prtq.

For the sum over nonzero λ P ΛK, we have
ř

0‰λPΛK

e´rt|λ|2{Y ă e´prδ2{2Y qt
ř

0‰λPΛK

e´r|λ|2{2 since t ě Y .

Taking the product of these two estimates and setting M 1 :“
b

πr´1ℓ´1
p ¨

ř

0‰λPΛK

e´r|λ|2{2 gives

ż 1{2

´1{2

ż 1{2

´1{2
|K∦

b,cpt, y, zq| dx1 dx2 ÀT,y M
1p1 ` tqe´rt|W |2e´prδ2{2Y qt ¨

a

Y {t.(C.6.11)

By (C.6.3), integration against k´1 dk gives
(C.6.12)
ż 8

0

ż 1{2

´1{2

ż 1{2

´1{2
|K∦

b,cpt, y, zq| dx1 dx2
dk

k
ÀT,y M

1p1 ` tq
a

Y {t t´1{2e´prδ2{2Y qt ÀT,y

?
Y ¨ e´prδ2{2Y qt.

Using the volume form (C.2.3), we find that
ż

D1

ż 8

maxtY,1u

|K
∦
b,cpt, y, zq|Ω2t´1´Repρq dt

is bounded by a constant multiple of the integral

ż 8

3{4
Y ´3{2

ż 8

Y
e´prδ2{2Y qtt´1´Repρq dt dY “

ˆ
ż 8

1
e´prδ2{2qtt´1´Repρq dt

˙
ż 8

3{4
Y ´3{2´Repρq dY.

(C.6.13)

For ρ P C such that Repρq ą ´1, the integral (C.6.13) converges. Moreover, the convergence of
(C.6.13) still holds with powers of log t in the integrand for derivatives in ρ.

C.6.2. Parallel part. It remains to consider the parallel part. For this, it is more convenient to
change from z1, z2 to the following two coordinates:

(C.6.14) wm “ m´ c0z1 ´ b0z2 for pm P Zq, ζ “ z2.
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In these coordinates, we have |U |2 ` |W |2 “ Y ´1ℓp|wm|2. For fixed m, the corresponding term in
K

∥
b,c is

(C.6.15) e´πt|W |2fb,c

ˆ

m ¨ pp ¨ aq ` γ
?
Y

˙

“ p3 ´ 2πtY ´1ℓp|wm|2 ´ 8πt trpT yqqe´πtY ´1ℓp|wm|2 .

Since x1 and x2 are bounded, for any ε ą 0, there are only finitely many integers m such that
t|wm| ă εu X D1 ‰ ∅.

Let h P C8pMpCqq be a compactly supported function. We still use h to denote its pullback to
D1. We are going to analyze the (absolute) convergence of the following integral:

(C.6.16)
ż

D1

ż 8

Y
K

∥
b,cpt, y, zqhpzqt´1´ρdt ¨ Ω2

z.

To do this, we split the integral on D1 into two parts: the first part is those z P D1 such that
|wmpzq| ě ε for all the integers m, while the second part is the finite union

Ť

m
tz P D1 : |wmpzq| ă εu.

On the first part where |wmpzq| ě ε for all m, similar estimation techniques as the nonparallel
case imply that

(C.6.17) |(C.6.15)| ÀT,y p1 ` tqe´rt{Y e´rt|wm|2{Y ÀT,y p1 ` tqe´rt{Y e´rtppm´c0x1´b0x2q2{Y `ℓ´1
p |W pkq|2q

for some r (possibly depending on T, y, ε), where the |wmpzq| ě ε condition is used to produce the
term e´rt{Y . After summing over all the integers m, the periodization and k-integration used in the
nonparallel case give the analogues of (C.6.11), (C.6.12) and (C.6.13). Thus the parallel part K∥

b,c

defines an L1-form on D1 over the first part holomorphically for Repρq ą ´1.
On the second part, we consider the integral (C.6.16) within a tube |wm| ă ε. For all m1 ‰ m

and for ε sufficiently small (assume this), we have |wm1 | ą ε on the tube |wm| ă ε, therefore their
summation defines an L1-form over the first part holomorphically for Repρq ą ´1{2. Hence we are
left to consider the integral of (C.6.15) against h over the tube. Using the substitution t “ Y τ ,

(C.6.18)
ż 8

Y
(C.6.15)t´1´ρdt “ Y ´ρ

`

Aρpwmq ´ 8π trpT yqY Hρpwmq
˘

,

where

Aρpwmq “

ż 8

1
p3 ´ 2πℓpτ |wm|2qe´πℓpτ |wm|2τ´1´ρ dτ, Hρpwmq “

ż 8

1
e´πℓpτ |wm|2τ´ρdτ.(C.6.19)

Under the new coordinates wm and ζ, we have

Ω2 “ ´
c20

32π2
dwm ^ dwm ^ dζ ^ dζ

Y 2
.

Recalling that Y “ y1y2 and y1 “ ´c´1
0 pb0y2 ` Impwmqq by (C.6.14), we get y22 ÀT Y ÀT y

2
2 on the

tube |wm| ă ε, for sufficiently small ε (relative to T ).
We first consider the Aρ-part. Notice that for ρ P C with Repρq ą ´1,

ż

|wm|ăε
|Aρpwmqdwm dwm| ă

ż 8

1

ż

C
|p3 ´ 2πℓpτ |wm|2qe´πℓpτ |wm|2τ´1´ρ dwm dwm| dτ(C.6.20)

ÀT,y

ż 8

1
τ´2´Repρqdτ “ p1 ` Repρqq´1,
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where the second inequality follows from integrating the Gaussian. For ρ in any compact subset
K Ď tRepρq ą ´1u, we have Y ´2´Repρq ÀT,K y

´4´2Repρq

2 . Then for ρ P K, we have
ż

t|wm|ăεuˆF1

|Y ´ρAρpwmqhpwm, ζq|Ω2 “
c20

32π2

ż

F1

ż

|wm|ăε
|Y ´ρAρpwmqhpwm, ζqY ´2 dwm dwm dζ dζ|

ÀT,y,K }h}8p1 ` Repρqq´1

ż 8

1
y

´4´2Repρq

2 dy2 ă 8.(C.6.21)

Moreover, the convergence (C.6.21) still holds with powers of log Y in the integrand for derivatives
in ρ.

Next we consider the Hρ-part. For ζ P F1 and ρ P C, define ϕζ,ρpwmq “ hpwm, ζqY ´ρ´1. Let
ξ “ Repwmq and η “ Impηq, so wm “ ξ ` iη. We first want to get an estimate for

(C.6.22) }ϕζ,ρ}C2 :“ max
j`kď2

sup
|wm|ďε

|BjξB
k
ηϕζ,ρpwmq|.

In the standard “cusp coordinates” associated to p8,8q on MpCq, we have

q1 “ e2πiz1 “ e2πic
´1
0 pm´b0ζ´wmq and q2 “ e2πiz2 “ e2πiζ .

The function h is smooth in the coordinates q1, q2. Since d
dξ q1 “ ´2πic´1

0 q1 and d
dη q1 “ 2πc´1

0 q1,
and since h is compactly supported on MpCq, we have }h}C2,w :“ max

j`kď2
sup

|wm|ďε
|BjξB

k
ηhpwm, ζq| ă 8.

Notice also that BξY “ 0 and BηY “ ´c´1
0 y2. Therefore, in any compact subset K Ď tRepρq ą ´1u,

we have

(C.6.23) }ϕζ,ρ}C2 ÀT,K ∥h∥C2,w ¨ y
´2´2Repρq

2 .

Taylor expansion of ϕζ,ρ at wm “ 0 gives

(C.6.24) ϕζ,ρpwmq “ ϕζ,ρp0q ` Bξϕζ,ρp0qξ ` Bηϕζ,ρp0qη `Op}ϕζ,ρ}C2 |wm|2q, |wm| ă ε.

Then

(C.6.25)
ż

|wm|ăε
e´πℓpτ |wm|2ϕζ,ρpwmq

i

2
dwm dwm “

ϕζ,ρp0qp1 ´ e´πℓpτε2q

ℓpτ
`O

`

τ´2}ϕζ,ρ}C2

˘

.

Therefore
ż

t|wm|ăεu

Y ´1´ρHρpwmqhpwm, ζq
i

2
dwm dwm “

ϕζ,ρp0q

ℓpρ
´ ϕζ,ρp0qℓ´1

p

ż 8

1
e´πℓpε2ττ´1´ρ dτ(C.6.26)

` premainder termq ,

for Repρq ą 0, where the (remainder term) is the integration of the term O
`

τ´2}ϕζ,ρ}C2

˘

in (C.6.25)
against τ . This (remainder term) extends holomorphically to Repρq ą ´1 by the estimate (C.6.23).
The second term in (C.6.26) is also holomorphic for all ρ P C due to the Gaussian term e´πℓpε2τ in
the integrand. Moreover, we have ϕζ,ρp0q “ p´c0b

´1
0 qρ`1y´2´2ρ

2 hp0, ζq, so |ϕζ,ρp0q| ÀT,K,h y
´2´2Repρq

2

for ρ P K. Therefore we can abbreviate (C.6.26) as

(C.6.27)
ż

t|wm|ăεu

Y 1´ρHρpwmqhpwm, ζq
i

2
dwm dwm “ ´

pc0b
´1
0 qρ`1y´2´2ρ

2 hp0, ζq

ℓpρ
` tmpρ, ζ;hq,



106 RYAN C. CHEN AND BAIQING ZHU

where in a compact subset K Ď tRepρq ą ´1u, the function tmpρ, ζ;hq is holomorphic in ρ and we
have |tmpρ, ζ;hq| ÀT,y,K,ε ∥h∥C2,w y

´2´2Repρq

2 . Therefore, (C.6.27) is integrable against dζ ^ dζ over
ζ P F1 when Repρq ą ´1{2. Since Y “ Y pwm, ζq and Hρpwmq are positive, the integral

(C.6.28)
ż

t|wm|ăεuˆF1

ż 8

Y
K

∥
b,cpt, y, zqhpzqt´1´ρ dt ¨ Ω2

z

converges absolutely when Repρq ą ´1{2, and defines a meromorphic function in ρ with a possible
simple pole at ρ “ 0. From the bounds above in terms of ∥h∥C2,w, the constant term of (C.6.28) at
ρ “ 0 is continuous as a function of h, i.e. the constant term defines a p2, 2q-current.

C.7. Proof for the zero matrix. In this subsection, we give the proof of Theorem C.1.2 and
Theorem C.1.1 for the matrix T “ 03. We focus on the situation with d “ 0 for the moment. In
that case, equation (C.4.1) forces b “ 0 or c “ 0 because if some bi ‰ 0, the diagonal condition from
T gives ci “ 0, and the off-diagonal conditions from T then give cj “ 0 for every j ‰ i. There are
now infinitely many such pairs pb, cq, since if b “ 0, then c can be any vector in Z3, and conversely.
Then

(C.7.1) Kd“0
03

pt, y, zq “
ÿ

cPZ3

K0,cpt, y, zq `
ÿ

bPZ3

Kb,0pt, y, zq ´K0,0pt, y, zq.

For q ą 0 and τ “ x` iy P H1, define

(C.7.2) Hpq, τq “
ÿ

l,µPΛa

e´πp|l´xµ|2`y2|µ|2q{qP

ˆ

l ´ xµ
?
q
,
yµ
?
q

˙

,

here we follow the notation of §C.4 with Λa “ Z3 ¨ a. For z “ pz1, z2q P H2
1 “ D, a calculation gives

(C.7.3)
ÿ

cPZ3

K0,cpt, y, zq “ HpY {t, z1q,
ÿ

bPZ3

Kb,0pt, y, zq “ HpY {t, z2q, K0,0pt, y, zq “
ÿ

lPΛa

e´π|l|2{qP plq´1{2, 0q.

For the range q “ Y {t ď 1, for τ P F1, we have

(C.7.4) |l ´ xµ|2 ` y2|µ|2 ě |l|2 ` 3
4 |µ|2 ´ |l ¨ µ| ě 1

4p|l|2 ` |µ|2q.

Since P is a polynomial in its variables, we can absorb P into the square-root of the Gaussian term
and sum over Λ2

a. This gives Hpq, τq Ày 1 for q ď 1 and τ P F1.
For q ě 1, we use Poisson summation in l and the Fourier transform from (C.4.4) to give

Hpq, τq “ 2πq3{2|det a|´1
ÿ

µPΛa
0‰ξPΛ_

a

e´πy2|µ|2{q´πq|ξ|2e´2πixxξ,µy
`

q|ξ|2 ´ πy2
`

|µ|2|ξ|2 ´ pµ ¨ ξq2
˘˘

.

For the polynomial in the bracket, a calculation gives |q|ξ|2 ´ πy2
`

|µ|2|ξ|2 ´ pµ ¨ ξq2
˘

| ď |ξ|2qp1 `

2πy2|µ|2{qq ď 2π|ξ|2qp1 ` y2|µ|2{qq. Hence

|Hpq, τq| ď 4π2q5{2

˜

ÿ

µPΛa

`

1 ` y2|µ|2{q
˘

e´πy2|µ|2{q

¸

¨

˝

ÿ

0‰ξPΛ_
a

|ξ|2e´πq|ξ|2

˛

‚.
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We find
ř

µPΛa

`

1 ` y2|µ|2{q
˘

e´πy2|µ|2{q Ày 1 ` q3{2 for y ě
?
3{2, using the Gaussian integral

comparison technique used to bound Fapqq in §C.4. For the ξ sum, let δa “ min
0‰ξPΛ_

a

|ξ| ą 0,

ÿ

0‰ξPΛ_
a

|ξ|2e´πq|ξ|2 ď e´πpq´1qδ2a
ÿ

0‰ξPΛ_
a

|ξ|2e´π|ξ|2 “ e´πδ2aq ¨

¨

˝eπδ
2
a

ÿ

0‰ξPΛ_
a

|ξ|2e´π|ξ|2

˛

‚.

Hence for q ě 1, we have

(C.7.5) |Hpq, τq| Ày q
4e´πδ2aq

For all q ą 0, we thus have sup
τPF1

|Hpq, τq| Ày 1 using exponential decay of the ξ sum for q ě 1. For

all q ą 0, Poisson summation again gives

K0,0pt, y, zq “ 2πq5{2| det a|´1
ÿ

0‰ξPΛ_
a

|ξ|2e´πq|ξ|2 “ 2π| det a|´1Fapqq

with Fapqq as used in Section C.4. By the estimates in loc. cit., we have |K0,0pt, y, zq| Ày 1 (uniformly
in z). The decomposition in (C.7.1) now gives sup

zPD1

|Kd“0
03

pt, y, zq| Ày 1.

Recall that sup
zPD1

|Kd‰0
03

pt, y, zq| Ày 1 by (C.3.4) for Y ě Y0 and Section C.3.2 for Y ď Y0. We

thus have sup
zPD1

|K03pt, y, zq| Ày 1, which proves one direction of Theorem C.1.2 (c) for T “ 03, i.e.

that the integral defining Jp03, y, ρq converges absolutely for Repρq ą 0, using
ş

MpCq
Ω2 ă 8. In

particular, g˝p03, y, ρq is a holomorphic family of L1 forms on MpCq for Repρq ą 0.
Now we explain meromorphic continuation of the L1 form g˝p03, y, ρq for Repρq ą ´1. The

l “ µ “ 0 term in the summation (C.7.2) is 3, while all other terms are À e´πp|l|2`|µ|2q{p8qq by (C.7.4).
Combining with the estimate on |Kd‰0

03
pt, y, zq| from Section C.3.2, we get that for t ě maxp1, Y q,

we have

(C.7.6) |K03pt, y, zq ´ 3| ď |Kd‰0
03

pt, y, zq| ` |Kd“0
03

pt, y, zq ´ 3| Ày e
´c1t{Y ,

for some c1 ą 0 depending only on y. The estimate in (C.7.6) also shows the divergence for Repρq ď 0

claimed in Theorem C.1.2 (c).
When 1 ď t ď Y , we have the exponential estimate |K0,0pt, y, zq| Ày e

´c2q for some c2 ą 0

depending only on y, as follows from the exponential estimate on the Gaussian sum from Section
C.4. Combining this with the estimates (C.7.5) and (C.3.4), we have

(C.7.7) |K03pt, y, zq| ď |Kd“0
03

pt, y, zq| ` |Kd‰0
03

pt, y, zq| Ày q
4e´c3q ` e´c3tY p1 ` q6q Ày 1

for 1 ď t ď Y , and some constant c3 ą 0 which depends only on y. For any c0 ą 0 and Y ě 1,
ż Y

1
e´c0tY p1 ` q6q

dt

t

s“tY
ď

ż Y 2

Y
e´c0sp1 ` s6q

ds

s
ă

ż 8

1
e´c0sp1 ` s6q

ds

s
,(C.7.8)

ż Y

1
q4e´c0q dt

t

q“Y {t
ď

ż Y

1
q4e´c0q dq

q
ă

ż 8

1
q4e´c0q dq

q
,

ż 8

Y
e´c0t{Y dt

t
ď

ż 8

1
e´c0tdt

t
.

It follows that for Y ě 1, we have

(C.7.9)
ż Y

1
|K03pt, y, zq|

dt

t
Ày 1,

ż 8

Y
|K03pt, y, zq ´ 3|

dt

t
Ày 1,
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uniformly in z.
For Repρq ą 0, we have

ż 8

1
K03pt, y, zq

dt

t1`ρ
“

3

ρ
`

ż 8

1
pK03pt, y, zq ´ 3q

dt

t1`ρ
(C.7.10)

where the integral converges absolutely as already explained in the paragraph before (C.7.6), because
|K03pt, y, zq| Ày 1.

The second integral splits into the following two parts:

(C.7.11)
ż Y

1
pK03pt, y, zq ´ 3q

dt

t1`ρ
,

ż 8

Y
pK03pt, y, zq ´ 3q

dt

t1`ρ
.

The first one converges absolutely for all ρ P C, again using |K03pt, y, zq| Ày 1. The second one
also converges absolutely for all ρ P C by the estimate (C.7.6). Therefore, for any fixed z P D1, the
formula (C.7.10) gives a meromorphic continuation of g˝p03, y, ρqz to ρ P C, holomorphic away from
ρ “ 0 where there is a simple pole, i.e.

(C.7.12) g˝p03, y, ρqz “
3Ω2

z

ρ
`

„ˆ
ż 8

1
pK03pt, y, zq ´ 3q

dt

t1`ρ

˙

Ω2
z

ȷ

.

For any fixed ρ ‰ 0, the formula (C.7.12) defines a measurable p2, 2q-form g˝p03, y, ρq on MpCq.
Next we consider the absolute integrability of g˝p03, y, ρq and its constant term at ρ “ 0. We first
estimate the integral of pK03pt, y, zq ´ 3qΩ2 over MpCq, before integrating over t. By (C.2.3), we
have

ż

MpCq

|K03pt, y, zq ´ 3|Ω2 À

ż 8

3{4

ż 4Y {3

3{p4Y q

ż 1{2

´1{2

ż 1{2

´1{2
|K03pt, y, zq ´ 3|dx1 dx2

dk dY

Y 2k
(C.7.13)

Ày

ż t

3{4
e´c1t{Y logp4Y {3q

Y 2
dY `

ż 8

t

logp4Y {3q

Y 2
dY Ày

1 ` log t

t
,

where we used (C.7.6) for the range Y ď t and (C.7.7) for the range t ď Y . Therefore, the difference
g˝p03, y, ρq ´ 3ρ´1rΩ2s is an L1 form on MpCq for Repρq ą ´1, and admits a holomorphic extension
to ρ “ 0 where its value is also an L1 form MpCq.

For the constant term at ρ “ 0, and for Y ě 1, we have

CT
ρ“0

g˝p03, y, ρq “

ˆ
ż 8

1
pK03pt, y, zq ´ 3q

dt

t

˙

Ω2

(C.7.14)

“

ˆ

´3 log Y `

ż Y

1
K03pt, y, zq

dt

t
`

ż 8

Y
pK03pt, y, zq ´ 3q

dt

t

˙

Ω2 “ p´3 log Y `Oyp1qqΩ2,

by (C.7.9), where Oyp1q means a finite number independent of the point z, where the constant could
depend on y. The absolute integrability of g˝p03, yq :“ CT

ρ“0
g˝p03, y, ρq over MpCq can also be seen

from integrability of p1 ` log Y qΩ2 over D1.
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