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ABSTRACT. We prove the full generating series arithmetic Siegel-Weil formula on the product of

two modular curves, with arbitrarily singular coefficients. This is the case GSpin(2,2) in Kudla’s

program.
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1. INTRODUCTION

1.1. Background. The theory of modular correspondences is one of the earliest settings in which
intersection theory was related to modular forms. Let £l — SpecZ denote the moduli stack of
elliptic curves. The coarse moduli scheme Yy(1) of Ellg is isomorphic to A(b by the j-invariant
map, with compactification Xo(1) ~ I%. For positive integers m, the modular correspondence
T(m) < Yo(1) x Yp(1) parametrizes pairs of elliptic curves admitting a degree m isogeny. The
closure T'(m) in Xo(1) x Xo(1) has divisor class

[T(m)] = O(01(m),01(m)),  o1(m) = > d.
dlm
The numbers o;(m) are also the positive Fourier coefficients of the nonholomorphic weight 2 Eisen-
stein series
Go(T) = — — — + 2 o1(m)q™, T=x+1iy, q=-e"".

Thus, the divisor classes of modular correspondences are already encoded by an Eisenstein series.

Hurwitz further studied the intersection of two modular correspondences T'(m1) and T'(ms); see
[GK93, Proposition 2.4]. In the case of proper intersection, the intersection is supported on the
locus of elliptic curves with complex multiplication, and its degree is expressed in terms of Hur-
witz class numbers. This gives a remarkable relation between the proper intersections of modular
correspondences and the nonsingular Fourier coefficients of a genus 2 Siegel Eisenstein series.

Gross and Keating [GK93| studied the arithmetic analogue by considering the proper intersections
of three modular correspondences on the Deligne-Mumford stack M := £l XgpeczEll. The new con-
tributions occur at primes where the correspondences meet in the supersingular locus. By studying
deformations of endomorphisms of supersingular formal groups, they computed the corresponding
local intersection multiplicities and related them to derivatives of nonsingular Fourier coefficients of
a genus 3 Siegel Eisenstein series. The Kronecker-Hurwitz and Gross—Keating formulas treat only
the case of proper intersection, and therefore account only for the nonsingular Fourier coefficients.
For non-proper intersections, the resulting cycles have excess dimension and do not directly define
the expected geometric or arithmetic degrees; the arithmetic-geometric analogues of singular Fourier
coefficients were thus left undefined and unknown.

Kudla’s program provides a common framework for these phenomena. Special cycles on Shimura
varieties associated with orthogonal groups are organized into generating series indexed by symmetric
matrices T', and are expected to be related to Siegel Eisenstein series on symplectic groups. In the
geometric setting, degrees and intersection numbers of special cycles are expected to equal values of
Eisenstein series; in the arithmetic setting, arithmetic degrees and height pairings are expected to
equal their central derivatives [Kud97, Kud04|. The product of two modular curves corresponds to
GSpin(2,2) for the standard split quadratic space. In this language, the formulas of Kronecker and
Hurwitz provide the comparison with nonsingular coefficients of the genus 1 and genus 2 geometric
Siegel-Weil formulas, while the Gross—Keating formula provides the comparison with nonsingular
coefficients of the genus 3 arithmetic Siegel-Weil formula. The unresolved non-proper intersections

on M correspond precisely to the singular Fourier coefficients.
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For quaternionic Shimura curves, arithmetic Siegel-Weil formulas were established by Kudla,
Rapoport, and Yang [KRY06]. For modular curves Xo(NV), related formulas were proved by Du and
Yang and by Sankaran, Shi, and Yang at square-free N [DY19, SSY23|, and by one of the authors
for arbitrary N [Zhu25, Zhu24].

In higher dimensions, the nonsingular coefficients are by now better understood. Kudla and
Rapoport formulated precise non-Archimedean identities relating intersections of integral models of
special cycles to derivatives of local representation densities [KR11, KR14|. At finite places, Li and
Zhang related local arithmetic intersections to derivatives of local representation densities [LZ22a,
LZ22b]. At the Archimedean place, Garcia and Sankaran constructed Green forms in arbitrary
codimension and related the resulting heights to derivatives of local Whittaker functions [GS19] for
compact Shimura varieties; see also Bruinier—Yang [BY20] and the corresponding unitary results of
Liu |Liull].

The singular coefficients remain subtler. For singular matrices T', the associated special cycle
has codimension rank(7") in the generic fiber if nonempty, which is smaller than the codimension
required for a top-degree arithmetic class. One then supplies the missing codimension using powers of
a metrized tautological bundle, together with suitably normalized Archimedean terms. For compact
Shimura varieties, the Archimedean aspects are handled in [GS19], including an “Archimedean part”
of the arithmetic Siegel-Weil formula for arbitrarily singular 7. In [Che24, §4.4], it is explained
how to combine the construction of [GS19, §5.4] with derived modifications in positive characteristic
to define arithmetic cycle classes for possibly singular 7', though some technical issues remain with
non-compact moduli spaces and with possible modifications of Green currents. For singular terms
in arithmetic Siegel-Weil, progress includes work by one of the authors on the corank 1 formula
for unitary Shimura varieties of arbitrarily large dimension [Che24|, and the work of Bruinier and
Howard on arithmetic volumes relevant for the most degenerate Fourier coefficients [BH26].

In this article, we establish a complete central-derivative arithmetic Siegel-Weil formula for M, for
the entire generating series and all arbitrarily singular Fourier coefficients. One motivation for this
work was to illustrate a full-generating-series arithmetic Siegel-Weil formula in higher dimension:
our moduli stack M has generic fiber which is a surface, in contrast with the previously mentioned
curve cases in [KRY06] etc.. To our knowledge, ours is the first such example with generic fiber of
dimension > 1.

Just as the classical Siegel mass formula involves a weighted count (“stacky count”), we expect
that arithmetic Siegel-Weil formulas are best formulated in stacky language. We thus work with
the stack M rather than its coarse moduli space A! x Al

1.2. Main results. Our arithmetic Siegel-Weil formula is, roughly, an equality between arithmetic
degrees of top degree cycle classes on the arithmetic 3-fold M and the central derivative of a genus
3 Siegel Eisenstein series. We begin by describing the arithmetic degrees.

Let T € Syms3(Q). There is a special cycle Z(T') over M defined using modular correspondences.
Over the open modular surface, Z(T') parametrizes two elliptic curves Fy and Fs, together with a
triple of homomorphisms

x = (r1,22,23) € Hom(El,E2)3
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whose moment matrix is 7. More precisely, the quadratic form on Hom(FE, Es) is given by
Qz) = deg(x),
and the moment matrix T'(x) € Sym3(Q) is characterized by
Q(ayzy + asxs + azx3) = 'aT(x)a, a = (ay,as,a3) € 73.

The cycle Z(T) is defined by the condition T'(x) = T'. In particular, the usual modular correspon-
dence T'(m) is roughly the special cycle attached to the 1 x 1 matrix (m). In our case, Z(T) is flat
over Spec Z whenever rk(7T") < 3, and is 0-dimensional whenever rk(7") = 3 (Lemma 8.2.2).

We now describe an arithmetic degree which is a sum of two terms: the height of Z(7T') plus a
Green current integral. More precisely, there is a metrized tautological line bundle £ on M given
by tensoring the pullbacks of the metrized Hodge bundle from each copy of €Il (Section 8.1). Take
the first Chern form  := ¢;(£¥) of the dual metrized bundle. Then we have dim Z(T') = 3 — rk(T)
if Z(T') is nonempty (Lemma 8.2.2). For any y € Syms3(R)~0, we define the arithmetic degree

. N 1
- v\3—rk(T) -
(1.2.1) deg[Z(T, y)] = deg ((5 ) ]Z(T)> +3 JM((C)Q(T, y)

where the first term is the height of Z(7T') with respect to £V, and where the second term is an
integral involving a current g(7,y) whose construction on M(C) is a small modification of the
one considered in [GS19]. More precisely, see Section 9.7. In Appendix C, we explain how g(7,y)
extends to a current on the Deligne-Rapoport compactification M(C), so that the integral in (1.2.1)
is well-defined.

If T' is nonsingular, we have dim Z(T") = 3 —rk(T") = 0 if Z(T') is nonempty, and the height term
in (1.2.1) collapses to logp times the usual algebro-geometric degree of the 0-cycle Z(7T'), where p
is the unique prime over which Z(T') is supported. This is the case of proper intersection studied
by Gross and Keating. The case of singular 7', or dim Z(7") > 0 corresponds exactly to the “excess
intersection” cases not covered by Gross and Keating. The appearance of gV in (1.2.1) corrects
for this excess intersection, and can be used to define a top-codimension arithmetic cycle class
[Z(T,y)] € @3(/\/1) for arbitrary (T,y), as explained in (9.6.9).

We next describe the analytic side of the formula. Let E(z,s) be the classical Siegel Eisenstein
series of genus 3 and weight 2, given by

det(y)S/Q a b
(1.2.2) E(z,s) == Z : : L
P oy (z) GEH(CZ + d)*| det(cz + d)] ¢ d

for P < Spg the Siegel parabolic, for z = x + iy € H3 and s € C with Re(s) » 0, with meromorphic

continuation to s € C. As explained in (4.4.5), the Eisenstein series E(z, s) satisfies a functional
equation centered at s = 0. There is a Fourier expansion

(1.2.3) E(z,s) = Z Cr(y,s)q" gL = e2min(T?).
TeSym;(Q)

Our main theorem, in generating series form, is as follows.
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Theorem 1.2.1 (Theorem 9.7.1). We have

(1.2.4) S deg[Z(T,y)] - 2™t = —VOW‘;(C)); E(z,s).
TeSyms(Q) S1s=0

More precisely, Theorem 1.2.1 asserts an equality between (TG%[ZA (T,y)] and the central derivative
of the T-th Fourier coefficient Cr(y, s), for any T' € Syms(Q) and y € Syms(R)~¢, and up to the
factor — vol(M(C))/2. Here vol(M(C)) = 1/288 denotes the orbifold volume of M(C) with respect
to the volume form Q2.

In Theorem 1.2.1, the terms with positive definite T correspond exactly to the situation studied
by Gross and Keating. The terms of ranks 2,1, and 0 are the singular coefficients arising from
non-proper intersections. They are expressed, respectively, through the heights of certain CM cycles
(rank 2), the heights of modular correspondences (rank 1), and the arithmetic volume of M with
respect to the dual metrized tautological bundle (rank 0). Thus, a single genus 3 Eisenstein series
simultaneously encodes the proper arithmetic intersections of modular correspondences and all of
their excess-intersection contributions, along with Green current integrals. We emphasize that the
correct arithmetic Siegel-Weil formula must not forget the Green currents: for example, the constant
term of —% VOI(M((C))% s—oE(z, 5) is the arithmetic volume of M plus an additional Green current
integral.

1.3. Strategy of the proof. As already explained, the arithmetic degrees (1.2.1) have two contri-
butions: heights of special cycles and integrals of the currents g(7,y). We discuss their evaluation

separately.

1.3.1. Heights of special cycles. Let T' be positive semidefinite and put r = rank(7"). For r = 0
and r = 1, the required calculations reduce to the arithmetic volume of M and the heights of the
Hecke correspondences T'(m), respectively. These quantities were computed explicitly by Burgos
Gil, Kramer, and Kiithn [BGKKO07]. The computation is based on explicit global sections of line
bundles, e.g. the Ramanujan discriminant function, and on Rohrlich’s modular Jensen’s formula
[Roh8&4].

In contrast, the method for » = 3 and r = 2 is local, without explicit sections of line bundles.
We first recall the work of Gross—Keating for the case r = 3. When r = 3, the special cycle Z(T)
is an Artinian Deligne-Mumford stack supported on the supersingular locus. Its height is a sum
of stacky lengths of local rings, multiplied by logp. The required local lengths are given by the
deformation-theoretic Gross—Keating formulas [GK93]. On the analytic side, there is a factorization
of the Fourier coefficients Cr into local Whittaker functions. More precisely, after normalizing
C3(y,s) = (s + 1)(s + 2)A(s + 2)A(2s + 2)Cr(y, s) to produce the symmetric functional equation
C3(y,—s) = —C3.(y, s) (Section 4.4) we have a factorization

(1.3.1) —(320%) 7 CR(y, 8) = Wiy, 8) [ [ Wi, ()

into normalized local Whittaker functions, as in (4.3.5). Gross—Keating’s result is a comparison of
the stacky length in characteristic p with %’8:0W£p(s). We have vol(M(C))/2 = (327%) (s +
1)(s +2)A(s + 2)A(25 + 2)| consistent with the constant in Theorem 1.2.1.

s=0’
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The remaining case is 7 = 2, which is the main new contribution of the heights part of our work.
Unlike Gross—Keating’s case, the cycle Z(7') is flat over Spec Z and hence its height does not admit
an obvious canonical local decomposition. We now describe our local decomposition procedure.
The generic fiber of Z(T') consists of CM points parametrizing pairs of elliptic curves with complex
multiplication by orders in an explicit imaginary quadratic field depending on 7' (Lemma 8.2.2). The
height of Z(T') is then given by weighted averages of the Faltings heights of these elliptic curves,
with weights determined by the cycle multiplicities and automorphism groups.

The Faltings height of an elliptic curve with complex multiplication by the full ring of integers
Ok is known explicitly by the formula of Lerch and Chowla—Selberg as recalled in (10.1.2) (also
[Del85, p. 29]). The height in the case of CM by a non-maximal order can be found in the work of
Nakkajima and Taguchi [NT91].

Rather than evaluate these heights individually, we compute the difference between the relevant
average height and the maximal-order CM height. This reduces the rank 2 height calculation to a
“relative height correction”, with the maximal-order formula providing the reference value. It turns
out that this “average relative height correction” for Z(7T') decomposes locally in a canonical way as
a sum (see (10.2.4))

139 degngT)p
(132) Z:deg‘ngTQ)

over all the finite primes whenever the denominator is nonzero, where deggd (Z(T)q) denotes the de-
gree of the 0-cycle Z(T")q in the generic fiber (Section 10.2). We then make a global-to-local reduction
step and explain how the “average relative height correction” can be calculated via Rapoport—Zink

uniformization. More precisely, we show

deggv( (T))p _ 5Fal,p(T) ‘1o
(1.3.3) degsy (2(T)g)  deg,(T) 57

n (12.3.8), whenever the denominators are nonzero, where the quantities dga,(7) and deg,(T')

are formulated purely in terms of local special cycles on Rapoport-Zink spaces (11.6.3). Thus, the
average height calculation for » = 2 reduces to a key local comparison of “local height corrections”
with derivatives of local Whittaker functions appearing in the Eisenstein series Fourier coefficient.
More precisely, let 77 € Symy(Q) be a 2 x 2 nondegenerate matrix associated to the rank 2 matrix
T as in (9.6.1), for example if T' = diag(0,7”). We then have

d . .
(1.3.4) e (T)-logp = —0| Wi () degy(T) = Wi (=1/2

where W7, ,p(s) is a normalized local Whittaker function of genus 2. The derivative and special value
are taken at the non-central point s = —1/2, and the central point is at s = 0. This local comparison
is proved in Section 13. There, Theorem 13.0.1 states the result in terms of local densities, whose
relation with local Whittaker functions is explained in Remark 3.5.1.

Lastly, extracting the height calculation for Z(T") from the average height calculation amounts to
extracting the numerator of the left-hand side of (1.3.3) from the displayed ratio. For this purpose,
the left-hand side denominator can be calculated e.g. by complex uniformization and compared with
the special value of a genus 2 Eisenstein series Fourier coefficient; this is Lemma 8.5.2.
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1.3.2. Integrals of currents. For T € Sym3(Q) and y € Syms(R)~¢, Garcia and Sankaran [GS19|
construct a smooth (2, 2)-form v°(7T,y) on M(C). Its Mellin transform defines a family of currents

(135) Ty = [ T,
. ti+p
initially for Re(p) sufficiently large; see (9.2.3).

In Appendix C, we show that this family admits a meromorphic continuation to Re(p) > —1/2
with values in currents on the compactification M(C), extending the corresponding family on M(C).
Taking the constant term at p = 0 gives an extension of g°(7,y) to the compactification. Its integral,
understood as the pairing of this extension with the constant function 1, is therefore well-defined.
Moreover, the convergence estimates in the appendix justify interchanging the two integrations in

their common domain of absolute convergence. By meromorphic continuation, we obtain

(1.3.6) J 9°(T,y) = CTJ (JOO v (T ty)dt> =CT B j v (T, ty) At
o M(C) ’ p=0 Jpmcy \1 B 2 r=0 )1 \Jm(c) ’ tite’

where C_TO denotes the constant term at p = 0. The correction terms in (9.6.7) contribute geo-
metric fiegrees of special cycles, which are computed explicitly in §8.5. Thus the evaluation of the
Archimedean contribution in (1.2.1) reduces to computing (1.3.6).

Following the strategy of [GS19], we express v°(T,ty) in terms of the T-th Fourier coefficient of

an explicit theta series. More precisely, (9.4.2) gives
(1.3.7) VAT ty): = Cor (ty,hey B3 @ Ty, 5 ) 9

for z € M(C), where Cy 1 is a T-th Fourier coefficient of a theta series for the Schwartz function
D3®1M2(Z)3’ where 3 arises from a Schwartz form in Kudla—Millson theory. The integral of v°(T, ty)
over M(C) can then be identified, up to an explicit normalization factor, with a theta integral over
O(V)(Q)\O(V)(A). Our setting lies outside Weil’s convergence range [Wei65], so the ordinary Siegel—
Weil formula does not apply directly. Instead, we use the regularized Siegel-Weil formula [KR94];
see also [HK91]. Together with the absolute convergence of the relevant Fourier-coefficient integrals,
this yields the identity predicted by the ordinary Siegel-Weil formula and expresses (1.3.6) in terms
of Fourier coefficients of Eisenstein series. The relation with the derivative of the classical Siegel
Eisenstein series (formed using a different Schwartz function) then appears via a suitable differential
operator, as in [GS19, (5.139)| and [GS19, Lemma 3.5].

1.4. Structure of the paper. In Part 1, we set up the precise normalizations of Eisenstein series
and local Whittaker functions, explain explicit formulas relating singular Fourier coefficients of
E(z,s) to Fourier coefficients of lower genus Eisenstein series, and record the relevant Siegel-Weil
formula for coefficient-by-coefficient convergent theta integrals.

Sections 7 through 9 explain the construction of arithmetic cycle classes. Sections 10 through
12 explain how the global height term for T of corank 1 can be reduced to a collection of local
quantities calculated on Rapoport—Zink spaces. This is an analogue of the procedure from [Che24]
with some simplifications, e.g. we work with the ratio (12.3.8) which is eventually compared with
a log derivative in (14.3.5), so that the groupoid cardinality #[---] from (12.3.7) does not need
to be computed explicitly, unlike in loc. cit.. Once the problem is reduced to a local calculation
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on Rapoport—Zink spaces, the comparison with local Whittaker functions (via local densities) is
accomplished in Section 13.

The main theorem is proved in Section 14, by assembling our main results with the existing pieces
in the literature and aligning the constants.

1.5. Acknowledgements. This research was partially conducted during the period RC served as
a Clay Research Fellow, when RC was hosted at Princeton and at the Max Planck Institute for
Mathematics in Bonn. BZ carried out part of this work during his time at Columbia University and
part during his time at Princeton University.

An initial version of Appendix C was produced by GPT-6 Astra. The current version has been

rewritten from scratch.

Part 1. Analytic side
2. LOCAL DENSITIES OF QUADRATIC LATTICES

Let p be any prime. Let F' be a p-adic local field with ring of integers Op, uniformizer w € Op
and residue field Op/(w) ~ F, of size ¢q. Let vp : F — Z u {0} be the valuation with vp(w) = 1.

2.1. Notations on quadratic lattices. A quadratic lattice (M,q) is a finite free Op-module
equipped with a quadratic form ¢ : M — F. Let Mp := M ®p,, F' be the F-vector space associated

to M. The quadratic form ¢ induces a symmetric bilinear form

(2.1.1) My x Mp &2

given by (z,y) = q¢(z +y) — q(x) — q(y). Let MY = {x € M ®p, F : (x,M) c Opr}. We say a
quadratic lattice M is integral if q(z) € Op for all x € M, and is self-dual if it is integral and M
= MVY. Given a tuple x of elements in M, our convention is that the normalized Gram matriz or
moment matriz is the matrix (z, ).

Suppose the symmetric bilinear form (-,-) on Mp is nondegenerate. With n = rankp, M, let
{z;}1, be any Op basis of M, with t;; = %(:1:1, z;). The discriminants of M and M are

disc(M) = (—1)""=D2det ((t;;)) € F*/(OF)*  disc(Mp) = (—1)"""D2det ((t;;)) € F*/(F*).
Given a nondegenerate matrix T' € Sym,, (F), we set disc(T) := (—1)*"~D/2 det(T).
Let xp : F*/(F*)? — {£1,0} be the function
+1 if F[X]/(X? — a) is split over F
xr(a) =< —1 if F[X]/(X? — a) is inert over F

0 if F[X]/(X? — a) is ramified over F.
We define xp(M) = xp(disc(M)). For nondegenerate T' € Sym,,(F'), we set xp(T) := xr(disc(T)).
When F' = Q,, we set x; := XF-

Let Hilb(+,-)r be the Hilbert symbol on the local field F'. If moreover {z;}!' ; is any orthogonal
basis of the quadratic space Mp, i.e. t;; = 0ifi # j and ¢;; # 0, the Hasse invariant of the quadratic
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space M is

(2.1.2) e(Mp) =[] Hib(ti,t;;)r € {+1}.
1<i<j<n

The invariants disc(Mp) and €(Mp) determine Mg up to isomorphism.

The lattice M has an associated sequence GK(M) = (a1, ...,a,) € Z" of Gross—Keating invari-
ants, with a; < --- < ap,. These invariants GK(M) are useful for uniform statements in all residue
characteristics, particularly when including p = 2. The invariants GK(M ) were introduced in |[GK93,
§4| for ' = Q, and n = 3, and the analogous general case is defined in [IK18, Definition 0.1]. See
also Appendix B for the definition, there with F' = Q,. From the definition, one finds that M is
integral if and only if a; > 0 for all 7. It follows from this that a1 = mingep vp(g(x)) for any M,
not necessarily integral. We set v(M) = a; + - - - + a, for the sum of the Gross—Keating invariants.
For the reader’s convenience, we recall [IK18, Theorem 0.1] which reads

vp (472 disc(M)) if n is odd
(2.1.3) V(M) = < vp(4l"ldisc(M)) if n is even and xp(M) # 0
vp (42 disc(M)) — vp(Apy) + 1 if nis even and yp(M) = 0,
where Ay € Op denotes the discriminant ideal of the extension F[X]/(X? — disc(M)) over F. In

particular, if n is even, we find that xz(M) = 0 if and only if (M) is odd. The previous sentence
also holds for n odd when p # 2, but fails for n odd and p = 2.

2.2. Local densities. Set
(2.2.1) Sym,, (Op)* := {b e Sym,,(F) : tr(bc) € Op for all ¢ € Sym,,(OF)}.

An element T € Sym,, (F) lies in Sym,,(Op)* if and only if T}; € Op and T} j € $Op for all i # j.
Given nonsingular matrices S € Sym,,(F) and T' € Sym,,(F'), we recall the local representation
density (or just local density)

. vol({z € My n(OF) : 'aSz — T € @ Sym, (OF)*})
(2.2.2) Den(S,T) := kh_)n;o ()2 ,

where M, ,(OF) is given the Haar measure of total volume 1. The limit argument stabilizes for
k » 0. This depends only on the isomorphism classes of the quadratic lattices defined by S and
T, so we also write Den(M, L) if M and L are quadratic lattices admitting bases with normalized
Gram matrices S and T, respectively. If n > m, we have Den(S,T) = 0. If S € Sym,,(Or)* but
T ¢ Sym,,(Op)*, we have Den(S,T) = 0.

Remark 2.2.1. Let L, M be two integral non-degenerate quadratic Op-lattices. Let Rep,, ;, be the
scheme of integral representations, an Op-scheme such that for any Op-algebra R,

R‘epM,L(R) = QHOH](L ®0F R7 M®OF R)7
where QHom denotes the set of module homomorphisms which preserve the quadratic forms. The
local density of integral representations is

#RGPM,L (OF/wd)

Del’l(M7 L) = lim d-dim(RepM,L)F

d—o0 q




ARITHMETIC SIEGEL-WEIL FORMULA ON THE PRODUCT OF MODULAR CURVES 9

Equivalently, Den(M, L) is the volume of Rep,, ;,(OF) with respect to the fibral measure associated
to the map M, ,(Or) — Sym,,(Op)* given by x + ‘xSz — T in the previous notation, if the source
and target are taken to have total volume 1. The limit in the construction of Den(M, L) corresponds
to a shrinking tubular neighborhood of Rep,, 1 (OF).

Remark 2.2.2. In Remark 2.2.1, if L, M have ranks n, m respectively, then (RepMJ;)F # @ if and
only if n < m, in which case dim(Repy, ;) r = mn — @ If n > m, then RepMJJ((’)F/wd) =

for d » 0.

2.3. Normalized local density polynomial. Let H be the standard split rank 2 quadratic Op-
lattice, with quadratic form given by ¢(x,y) = xy. For a nonnegative integer r, define H" to be the
orthogonal sum of r copies of H.

Let L be a quadratic Op-lattice of rank n > 0. We set
(2.3.1)
(1 — ¢~ D2 x) T2 (1 — g2i-(t 1) X2 if n is odd

Nor(X, L) := —1/2 —1 —(n+1)/2 [n/2] 2i—(n+1) v2\ if o
(1= ¢ Y23 p(L)X) 11 — ¢ U2 T (1 — ¢#~ (D X2) if n s even,

which is taken from [Ikel7, §4], up to a shift.

Consider an even integer m > 0, and set sp = (m — (n + 1))/2. With m suppressed from
notation, the discussion in [Ikel7, §4] (see also Remark 3.5.1) implies that there is a (unique)
Laurent polynomial Den*(X, L) € Z[X, X ~1/?] such that

(X—u@)/z Dengi:z;:;i;()@)) ‘ if n is odd
’ X:qik’

(2.3.2) Den*(X, L)|x_,—+ =
if n is even

_lv Den Hm/2+k7250’L
(X LAL)/2] I(\Tor(qSOX,L) ))

X=q~F

for all integers k with m/2 + k — 2s9 > 0 and Nor(¢*°X, L)|x_,~» # 0. We moreover have
X" Den*(X,L) € Z[X] if n is odd and XVP)/2 Den*(X L) € Z[X] if n is even, and these
elements of Z[X] have constant term 1. By [Ikel7, Theorem 4.1] combined with the formula for
v(L) recalled in (2.1.3), we have the functional equation

Den*(—=~, L) = nr, Den*(X, L) if n is odd

(2.3.3) X
Den*(q%%x, L) = Den*(X, L) if n is even
where
+1 if L is split
(2.3.4) nL =

—1 if L is nonsplit
via the explanation after [IK18, Definition 0.4]. We then set

(2.3.5) Den*(L) := Den*(1,L), 0Den*(L): d

= — Den* (X, L).

For n odd, we are abusing notation as in [Che24, Remark 15.5.2] to handle expressions involving
X2 e.g. diXX_l/2 = —%X_S/Q as one expects.
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If GK(L) = (0,...,0), then we have Den*(X, L) = 1, a constant function: we know Den*(X, L) €
Z[X] must be a constant because of the functional equation (2.3.3), and Den*(X, L) has constant

term 1.

Example 2.3.1. For this paper, we are interested in the case F' = Q, withm =4and 0 <n < m-1.

In these cases, we have

en( Hk+2 .
pk(L)/2) (1_p]3k_(21){(1_1;2k_2) if rankz, (L) = 3
klv(L)/2| _Den(H™*1L) k) s _
(2.3.6) Den*(p*,L) = P (1—p~k=1)(1=p=2F) (1= xp(L)p~*) if rankg, (L) = 2
pte()/2) Dl L) if ranks, (L) = 1
1 if rankz (L) =0

for all integers k> 0if n =3, for k > 1ifn=2o0rn =1, and for all k if n = 0.

3. WEIL REPRESENTATIONS, EISENSTEIN SERIES AND WHITTAKER FUNCTIONS

3.1. Notations on Siegel groups. For a positive integer r, let W, be the standard symplectic
space over Q of dimension 2r, equipped with a basis with Gram matrix

(3.1.1) wﬂz((i 3).

Let P < Spy, = Sp(W,.) be the Siegel parabolic, with Levi M < P and unipotent radical N < P

given explicitly as

{2
M = {m(a) = (g ta,01> :aeGLT} N = {n(b) = (15 f) :beSymr}.

We sometimes write P, M,, N, to emphasize r-dependence. The Hermitian symmetric domain

associated to the group Sp(W,) is the genus r upper half-plane
H, = {z=x+1iy:x,y € Sym,(R),y > 0}.
There is the usual transitive action Sp,,.(R) C H, given by

a b

(3.1.2) z— (az+b)(cz+d)! for (C J

) € Spy,.(R) and zeH,,

and the stabilizer of i1, € H, is the standard maximal compact

(3.1.3) Ko = { (—ab Z) tk=a+ibe U(r)} ~ U(r).

Given an element z = x + iy € H,, we write g, = n(x)m(a) € P(R) for any element with the

t

property z = g, o - i1y, i.e. a-'a =y, such that moreover det(a) > 0. We then write g, € P(A) for

an element with

(3.1.4) Gzv = 1o, for all v < 00 and g, « as above.
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3.2. Degenerate principal series. Fix the standard additive character ¢ : A/Q — C* such that
Yoo (z) = €2™@. We define the degenerate principal series to be the unnormalized smooth induction

Sp(W,) (A s+(r 2
(3.2.1) I(s) = IndP (" )(|det(-) st{rt1)/ ) seC,

where det(-): P.(A) — A* is abuse of notation for m(a) — det(a). This is the restricted tensor
product of the following local representations of Sp(W,)(Q,):

Sp(Wr)(Qy s+(r
(3.2.2) Irp(s) = Inde:EQU))(@ ) <|det(,)‘v+< +1)/2> seC.

We will use r (resp. r,) to denote the right regular representation of Sp(W,)(A) (resp. Sp(W;)(Qy))
on I,(s) (resp. Ir,($)).

3.3. Representations of K, . The irreducible representations of the group K, o ~ U(r) (3.1.3)
are denoted by 7 with

A=(l, ) €2, =z =
The K, -types appearing in I, (s) were determined by Kudla and Rallis [KR90, (1.3)] (see also
[KR94, Proposition 2.8]) to be precisely those irreducible representations my of K o with highest
weight A = (I1,--- , 1) such that

(3.3.1) LE2Z, 1<i<r.

Moreover, these K, q-types appear with multiplicity one in I, (s). If ®} (-, s) € I, (s) is a
non-zero highest weight vector of weight A, then ®7 (e, s) # 0 ([KR90, Proposition 1.1]), hence from
now on we normalize all such highest weight vectors so that ®2 (e, s) = 1. Note that the restriction
of @} to K, « is independent of s. For scalar weights A = [(1,--- ,1) with [ € 2Z, we have

ol (k,5) = D (K, s) = det(k)!, k€ Ky oo

3.4. Notations on Eisenstein series. For a standard section ®(—,s) € I.(s) (i.e., its restriction
to the standard maximal compact subgroup of Sp(W,.)(A) is independent of s), define the associated
Siegel Eisenstein series
E(g,s,®) = Z (I)(’ngs)a
7eP(Q)\Sp(Wr)(Q)
which converges for Re(s) » 0 and admits meromorphic continuation to s € C.

We have a Fourier expansion

(341> E(gaqu)) = Z ET(ngaq))a
TeSym, (Q)
where
Erlg.5.9) = | E(n(b)g,5, ®)(—tx(T8)) dn(b),
Sym,.(Q)\Sym,.(A)
for Re(s) » 0, where the Haar measure dn(b) is normalized to be self-dual with respect to (b, c) —
P (tr(be)).

When T is nonsingular, for factorizable ® = ®,®,,, we have a factorization of the Fourier coefficient

into a product

(3.4.2) Br(g,5,®) = [ [ Wro(ge, s, )



12 RYAN C. CHEN AND BAIQING ZHU

where the local (generalized) Whittaker function is defined by

(3.4.3) Wro(gos 5, By) = fN o B )T dn)

for Re(s) » 0, where the Haar measure is self-dual for (b, c) — 1, (tr(bc)). For an arbitrary matrix
T € Sym,.(Q), we also have the global Whittaker function:

(3.4.4) Wr(g,s, ®) = J “ ®(w;, 'n(b)g, s)(—tr(Th)) dn(b)

for Re(s) » 0, again for the self-dual Haar measure. When the section & is factorizable, the above
global Whittaker function is the product of all the local Whittaker functions. It is exactly the T-th
Fourier coefficient of E(g, s, ®) when T is nonsingular.

In this article, we focus on standard sections ® € I,.(s) of the following form:
(3.4.5) M=, 8) = D)o (—,5) ® X) Pro(—, 5),

V<00

where the weight vector A = (I1,--- ,[,) satisfies (3.3.1) and the function ®,,(—,s) € I,(s) is the
unique spherical function such that @, ,(e,s) = 1 for all s e C. If A = [(1,---,1) for some [ € 2Z,
we use ®!(—,s) to denote this section.

For z = x + ity € H,., and for m = 2[, we define the classical weight [ Eisenstein series to be
(3.4.6) E(z,s,®.) = (dety)™*E(g,, s, ®.)

for any g, as in Section 3.1. This is independent of the choice of g, because different choices differ

by an element in SO, < U(r), whose determinant is 1. A computation yields the more classical form

(3.4.7) E(zs,®)= Y det(y)(*=0)” N = (a b)

m/2 $—8
e P(Z)\ Spy, (z) det(c2 + A)7V2| det(cz + d)|*me0 ¢ d

for Re(s) » 0, where sg := (m — (r + 1))/2, and where P(Z) and Sp,,(Z) are defined as in Section
3.1 but with Z instead of Q. For

(3.4.8) Cr(y,s,®) = (dety) ™*Er(giy, s, ®) - Y,
we have the following Fourier expansion of the classical Eisenstein series (3.4.6):
(3.4.9) E(z,5,®) = Z Cr(y,s,®)-¢*, ¢ = e?mitr(Tz),

TeSym,(Q)
3.5. Siegel-Weil section. Let V be a rank m quadratic space over A, giving a collection of m-
dimensional quadratic spaces V, over Q, for all places v of Q, with bilinear pairing (—,—) and
quadratic form z ~— %(x, z). We moreover assume that V® A ~ V ®g AS for some finite set of

places S and some quadratic space V over Q, where AS denotes the away-from-S adéle ring. In this

paper, we are primarily interested in the case where
(3.5.1) V = M3(Q) Vo =V =M2(Qy) if v < o0 Voo is positive definite

where V' is equipped with the quadratic form z — det(z). In this case, we can immediately verify
that [ [e(V,) = —1, where the Archimedean Hasse invariant is also defined by the formula (2.1.2).
v
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We allow general V for the moment, but simplify slightly by requiring m to be even. For each
place v of Q, consider the quadratic character xvy,: Q) — {£1}, defined by the Hilbert symbol
XV, (@) = (ay,disc(Vy))g,. and define xv: A* — {£1} by xv(a) = [[, xv,(ay). Assume that
Xv|gx is trivial. In the situation of (3.5.1), our xv is the trivial character.

Let r = 0 be a nonnegative integer, and let .# (V") be the space of Schwartz functions on V”.
The fixed choice of 1 gives a Weil representation w, of Sp(W,;)(A) x O(V) on .(V"), which may be
described explicitly by the Schrodinger model

(3.5.2) (w(m(a)p)(x) = xv(a)lal}*p(x - a) m(a) € M(A)
(3.5.3) (w(n(b)e)(@) = ¥(4 tr(b(z, 2)))p(x) n(b) € N(A)
(3.5.4) (@(wn)P) (@) = 75(V) §(x)

(3.5.5) (@(h)p)(@) = p(h " - @) heO(V(a))

as in [Kud94, §5] and [Kud97, §I.1|; here v,(V) = [ [, 7., (Vy) is a product of local Weil indices, all
but finitely many of which are equal to 1, where vy, (V,) means the Weil index associated to the
“non-degenerate character of the second degree” x — b, (5(z,z)) on V,. In the situation of (3.5.1),
we have vy, (Vy) = 1if v < 00 by e.g. [Che24, Lemma 14.1.1], and we have vy, (V) = —1 by
[RR93, Proposition A.10(2)]. Above, we abuse notation yv(a) = xv(deta) and |a|s = |detala, as
usual.

Set sg := (m — (r +1))/2. For ¢ € .(V"), define a function

Dy (g,5) = (wr(g)e) (0) - [det(a(g))[~>", g€ Sp(Wr)(A)

with g = m(a(g))n(b)k for k in the standard maximal compact subgroup. Then ®,(g, s) € I,.(s, xv)
where I,.(s, xv) is defined as in (3.2.1) but with xy| — |SJr (r+1)/2 \S+(T+1)/2
. This @, is called the standard Siegel-Weil section associated to ¢. For ¢ € #(V"), we write
E(g,s,cp) = FE(g,5,Py).
Given ¢, € (V}), we similarly have ®,, , defined using the local Weil representation, i.e. re-

instead of | — from loc.

placing A with @, above. If v = 00 and Vo, is positive definite with m = 0 (mod 4), the formula
|GS19, (2.66)| implies that the Gaussian ¢, € .7 (V) given by

(3.5.6) oo (x) = e~ T @2)

is such that &, = <1>Z§/2 with the latter as defined in Section 3.3. If v < o0, if V,, is isomorphic to
the standard split quadratic space of rank m, and if L < V,, is a lattice which is isomorphic to the
standard split quadratic lattice of rank m, i.e. admitting a basis with the quadratic form

1{0 1
3.5.7 - m2
(357) 2 <1m/2 0 )

then the function ¢, = 17 is such that ®,, is the unique spherical standard section with ®,, (1, s) =
1. This applies, for example, to the situation of (3.5.1).

Remark 3.5.1. For a non-Archimedean place v, consider a standard section @, (—,s) € I ,(s)
associated to a Schwartz function ¢, = 1 where M < V,, is a Z,-lattice of rank m. Let L be

a quadratic Z,-lattice of rank r with normalized Gram matrix T, for some basis. We have the
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following relation between local Whittaker function and the local density for all integers & > 0 by a
generalization of the calculation in [Kud97, Proposition A.4, Proposition A.6],!

(3.5.8) Wry (e, k + 50, By, ) = Yy, (V) " [2[50~D/A+m0/2) dise(M)|[7/2 - Den(M @ H*, L).

The same formula holds if @, is replaced with an arbitrary p-adic field. The same formula also holds

for possibly odd m, if one replaces the symplectic group with its metaplectic double cover.

3.6. Pullback map and intertwining operator. In this section we fix some notation which will
be used repeatedly in the next section. Given nonnegative integers r; < ro, there is a standard
inclusion W,, — W,,, inducing an embedding 7,2 : Sp(W,.,)(A) — Sp(W,,)(A) as in [GS19, (5.39)].
Define the following pullback map for every place v [GS19, (5.45)]

(3.6.1) (172)* t Try(5) = Ty <5 42 S ”) .
Let M,(s) = ®,M,.,(s) be the standard intertwining operator, where
(3.62) Miya(8)  Irn(5) — Tru()
® s (Me(92)(9) = [ @ (w n(b)g.s) dn(t)
Nr(Qv)

is defined for s € C with Re(s) » 0. Both M, ,(s) and M, (s) admit meromorphic continuation to
seC.

4. NORMALIZATION OF WHITTAKER FUNCTIONS AND EISENSTEIN SERIES

4.1. Normalized Archimedean local Whittaker functions. Fix a nonnegative m € 4Z, set
so = (m—(r+1))/2, and consider the standard section o7/ (g,s) as in Section 3.3. Fix T' € Sym,.(R)
nonsingular. Given y € Sym,.(R)~o and any a € GL,(R) with a - 'a = y and deta > 0, a change of

variables gives

(41.1) W (mia), s, ®%%) = (dety) > VAWi 00 (1,5, 95°).
We set
(4.1.2) Wroo(y, s, 02/%) = (dety) ™4 Wi (m(a), s, D2/,

and this does not depend on the choice of a.
For any b € Sym,. (R), a computation gives

(4.1.3) 72 (wtn(b), s) = det(il + b) (=502 qet(—i1 4 b)~(s50)/2

LWe find that a few constants should be modified in loc. cit. in the case of residue characteristic p = 2. In the proof of
[Kud97, Proposition A.4], the self-dual Haar volume for Sym,, (©) should contribute an additional factor of 2|3~ 1/*,
In the proof of [Kud97, Proposition A.6], we find that the measure dz should be self-dual for the pairing defined by
2S,, for compatibility with [Kud94, §5]. This contributes an additional factor of |2|Tn/2. Our normalization of the
local density differs from loc. cit., i.e. we do not have the |2|"("*1+2") factor. We also mention that v (det V1)) and
vr (1) in [Kud97] are what would have been denoted yr(det V, 2¢) and yr(3¢) in [Kud94], and that Kudla’s v(V)
in [Kud97, Proposition A.4| is our 7y, (V)"



ARITHMETIC SIEGEL-WEIL FORMULA ON THE PRODUCT OF MODULAR CURVES 15
with log branch convention as in [Shi82, (1.11)] (see also [Che24, Remark 13.2.1]), so we have

(4.1.4) Wre(l,s,®0/%) = J det (i1 + b) =750+ M)/ det(—il 4 b)~ 575024 (— tx(Th)) db
Sym,.(R)

for the Haar measure db which is self-dual for the pairing (b, ¢) = 1w (tr(be)), i.e. 27" ~1/* times the
Euclidean measure.
We have

(4.1.5) Wro(L, s, ®0/%) = 270 V/A%(1, Ty0, 8),  a=(s—so+m)/2 B=(s—s0)/2

with {(—,—;—,—) as in [Shi82, (1.25)] and sp = (m — (r + 1))/2. Recall the Archimedean local
L-factors

1
(116) La(s.) = w20 (5). Latsosen) = w7020 (P10,

Let (r1,7r2) be the signature of T'. We set
(4.1.7)

. o \r(r—1)/4 r-1 , - N
WT,OO(y7 S) = ((—71-2)71‘1')7"m/2ﬂ-_r(s_80)/2 ( 1_[ F((S —Sso+m— ])/2)> | det T‘—(S+SO)/26—27rztr(zTy)WT’OO (y, s (I>oo/2)
7=0

if r is odd, and we set
(4.1.8)

N 27 (r—=1)/4 (e w1 . _ —omitr(i m
Wi o[y, s) = <(_2)m-)rm/27f ez ( [1T(s =50 +m— J)/2)) | det T|~(s+50)/2=2m w7 (y 5, @12
=0

Lr(s + 1/2,sgn”("=1)/2)
Lg(s + 1/2,sgn"(r—1)/2472)

if r is even, where the normalizing factor should be compared with [GS19, (3.3.14)], and also Shimura
[Shi82], at least without the additional Archimedean L-factors. For any a € GL,.(R) with a-fa =y
and det a > 0, we have

(4~1-9) WY*‘,oo(ya 5) = WitzTa,oo(*S) = VV;ZLTa,oo(lT7 S)‘
We have

. 1 if T is positive definite
(4.1.10) W7 o (ys s0) = . . . _
0 if r+ 1< m and T is not positive definite

and have the functional equation
(4.1.11) W (y,8) = (—1)rm2PWi (v, —s) if ris odd
o Wioo(y’ —s) if r is even.

as can be shown using [Shi82, (3.15),(3.7)] in the positive definite case and [Shi82, (4.12.K), (4.34.K))]
in the other cases.

Lemma 4.1.1. Let T € Sym,(R) be a nondegenerate matriz.
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(a). If T is positive definite, for ally € Sym,(R)~q

d

4.1.12 —
(4.1.12) P

WT 5 (ty,s) = ot as t— +oo.

$=80

For all fixed s, there is a positive constant C' such that

d[d
4.1.1 — | —
( 3) dt [ds

W},oo(ty,s)} =0t Y as t - +o.

s=s

(b). If T is not positive definite, for all fivzed s’ and y € Sym,.(R)~o, there are positive constants
C’ and C" such that

d

ds

/ d d "
Wi (ty,s) = O(e"“") and T [d‘ W7 o (ty, s)} = 0(e ) as t — 4.
/ ’ Slg=g’ ’

S=S§

Proof. We first prove (4.1.12). Set Wroo(y,s) = Wrgp(y, s, ®7/2)e2 (1Y) By the definition of
W7 5 (y, s), we have

(Whio) (9.9
Wi (Y, 8)

where T'y(s) := 7" =D/AT]'Z (s — j/2). It is proved in [GS19, Proposition 3.2 (iii), (iv)] that for
t >0,

F;((S—So+m)/2) Wé’,oc(yvs)
20, ((s — so +m)/2) ~ Wro(y, s)

1
(4.1.14) =5 log det(nT) +

Wroo(ty,s) 1 I7((s — 2
T,OO( y ) _ flogdet(wT) N r((s S0 + m)/ )
Wroo(ty,s) 2 2 ((s — sp + m)/2)
Then (4.1.12) follows by combining (4.1.14) and (4.1.15).
Equation (4.1.13) and part (b) follow, respectively, from Proposition 3.2 (ii) and Proposition 3.3

of loc. cit.. O

(4.1.15) +O0(t™Y) as t— +o.

4.2. Normalized non-Archimedean local Whittaker functions. Suppose ®,,(—,s) € I,,(s)
is the normalized spherical section, i.e. the unique Kp-invariant function with @, ,(1,s) = 1. Fix a
nonnegative m € 2Z and let so = (m — (r + 1))/2 as usual. Given any nonsingular 7' € Sym,.(Q,),
we define the normalized local Whittaker function W7 (8)m € C[p®, p~*?] to be the function given
by

(4.2.1) W7 ,(s = 50)m = Den*(p™*, L)

for L any quadratic Z,-lattice admitting a basis with normalized Gram matrix 7', and Den*(X, L)

as defined in Section 2.3. More explicitly, we have
(4.2.2) Wi (8)m = (2], "D/ 4l Pl dise(T)| S ¢ F502¢, (s + (r + 1)/2)

/2]

A T 625+ 7+ 1—20) | Wrp(1,s, @)
=1
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if r is odd and
(4.2.3) Wi, (8)m = [2, "Dl 2 dise(T) ALY S ET0 2L (s + 1/2,07) 7 Gp(s + (r +1)/2)

r/2]
AT G@s+r+1—2i) | Wrp(1,s,00p)
i=1
if 7 is even, where Ay S Z, is the discriminant ideal for the extension Q,[X]/(X? — disc(T)) of
Qp where nr: Q) — {£1} is the quadratic character associated to this extension of Q,, and where
Cp(s) == (1 —p=*)~1 and L,(s,n7) = (1 — xp(T)p~*)"! are the usual local L-factors.
The formulas in (2.3.3) translate to the functional equations

W7 ,(8)m if 7 is odd

(4.2.4) Wi (=s)m = 4
o Wi ,(8)m  if ris even

7

where the sign “+” is “+”7 if T' defines a split quadratic space, and is “—” otherwise. We typically
lighten notation and write W7 (s) instead of W7, (s)m, when m is understood.
If T ¢ Sym,(Z,)*, we have W7 (s) = 0 identically, as Den*(X, L) = 0 in the above notation as

because Den(H*, L) = 0 for all k > 0 via the explanation in Section 2.2.

4.3. Normalized global Whittaker functions. Consider a nonsingular matrix 7" € Sym,.(Q), for
some r > 0. Fix an integer m = 0 (mod 4). A computation using (4.1.11) and (4.2.4) gives the
functional equation

(D) DBWE (y,—s) [T, Wi, (—s) if 7 is odd

(4.3.1) W (y, s) W (5) =
e 1;[ o W;“7oo(yv —5) Hp Wip(—S) if r is even.

Consider any degree 2 étale algebra E/Q with associated quadratic character n: A* — {£+1}. Let
A < 7Z be the discriminant ideal. For a place v of Q, we write L,(s,n) for the associated local
L-factor, and we let A(s,n) = [, Lv(s,n) be the completed L-function, where the product runs
over all places v. Recall that there is a functional equation

(4.3.2) A(s,m) = e(s,n)A(l — s,m)
where €(s,n) = |A|75TV2, If we set

(4.3.3) A*(s,m) = |A72A(s,n)
then we have

(4.3.4) A*(s,m) = A*(1 —s,7m).

If 7 is the trivial character, we write A(s) = A(s,n) for short.
In the special case of m = 4, we compute

X .
. . —me (s + D +2)As+2)A2s +2) ifr=3
Wi oo (v, 8) T, Wi, (s) .

A(2s A(s .
(4.3.5) el oz (s + 1/2)(s + 3/2) MEEIAEAID iy o

—(s+1)A(s+ 1) ifr=1
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where 7 denotes the quadratic character associated to Q[X]/(X? — discT).

4.4. Normalized Eisenstein series. The following lemma follows from [KR88, Lemma 4.1, Lemma
4.6 (see also [Ste21, Theorem 3.10] and [KR94, (4.20)]).

Lemma 4.4.1. For all positive integers r, we have
(4.4.1) (Moo ®2 ) (goos 8)
2(175)r+r(r71)/47rr(r+1)/2rr s
- (1 ©) s @l
+(8/2+ (r+5)/4)T(s/2 + (r — 3)/4)

For a non-Archimedean place p of Q, we have

5), goo € Sp(W;)(R).

Cp(s—1)¢p(25—1) if r =3:

Cp(s+2)Cp(25+2)°
r(r— s—1/2 2s :
(4.4.2) My p®rp) (9p,5) = ’2|p( 1)/4(137",13(9197 —s) - %, if r=2;
Cp(s) ; —
&G ifr=1,
where (p(s) = (1 —p~%)~L. Therefore we have

_ (1=s)(2—s) A(s—1)A(2s—1) . a9,
T (I+s)(2+s) ~ A(s+2)A(2s+2)° ifr=3;
2 _H2 1/2—s)(3/2—s A(s—1/2)A(2s . .
(4.4.3) (M ®7) (g.5) = ®7(g,—s) - El?ﬂsggs?zﬂ; ' A(s(+3/2/)1i(2(s+)1)7 if r =2
_s=1 _A(s) ifr=1
st1 A(stD)’ :

Proof. We remark that in (4.4.1), there is an extra factor of 2""=1/4 compared to [KR88, Lemma
4.6]. This factor arises because of the difference between the measure dn(b) that we are using and

the standard Euclidean measure dx in loc. cit.. The extra factor |2|;,(T_1)/4 i

n (4.4.2) also arises in
this way (see also Remark 3.5.1).

The formula (4.4.3) follows from combining (4.4.1), (4.4.2), [GS19, (5.94)] and the duplication
formula

[(s)D(s 4+ 1/2) = 2'72571217(25), seC.

Define the normalized Eisenstein series to be

(I+5)(2+s)A(2+ s)A(2 + 2s), if r=3;

(4.4.4) E"(g,58) = E(g,5,®2) -3 (1/2+ 5)(3/2 + s)A(s + 3/2)A(2s + 1), if r = 2;
(1+s)A(s+ 1), if r=1.

By (4.4.3) and the functional equation E(g,s,®) = E(g, —s, M, (s)®) for any section ® € I,.(s), we

have

(445) Er(ga _S) = iEr(ga 8)

where the sign “+”7 is “4+7 if r = 1,2 and is “—” if r = 3. For z = x + iy € H,., define E"(z,s) =
(dety) "1 E"(g,, 5). We have the following Fourier expansion by (3.4.9):

(4.4.6) E'(z,s)= ), Cily,s)-q"
TeSym, (Q)
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where C7.(y, s) is given by normalizing Cr(y, s, ®2) by the same factor from (4.4.4).
Example 4.4.2. For r = 1 and s = 1, the Eisenstein series E'(z, 1) is the classical non-holomorphic

Eisenstein series of weight 2 whose explicit Fourier expansion is

1 - n
fm(z) 8w nZ::l o1(n)q".

(4.4.7) EY(z,1) =

wlx

5. SINGULAR FOURIER COEFFICIENTS

In this section we focus on the Fourier coefficients in the decomposition (3.4.1) of the genus r
Eisenstein series F(g, s, ®) when the matrix T is singular, especially for m = 4 and r = 3.

5.1. Decomposition of the singular Fourier coefficients. Let 7' € Sym,(Q) be a matrix

(5.1.1) T:(mt W)

where 0 < ¢t < 7 and T” € Sym,(Q) is nonsingular if ¢t # 0, and t = rk(T). By [GS19, Lemma 5.4],
there is a decomposition

r

(5.1.2) Er(g.s,®) =Y 3 Bl (m("1,) 9.5 ®),
J=taeP,._; +(Q)\GL,—+(Q)

where P,._; j_4(Q) is a parabolic subgroup of GL,_; whose explicit expression can be found in [GS19,
(5.40)]. The functions B, are defined by the following integral

(5.1.3) B%(g, 5,P) = JN-(A) ) (77;” (wj_ln(b)> g, 3) ) (—tr (T (Owj b))) dn(b).

It turns out that the most important terms in (5.1.2) are the terms corresponding to j = ¢t and
j = r. For j = r, we have the following identity by combining [GS19, Lemma 5.4, Remark 5.6,
(5.102), (5.103)],

r—t

(5.1.4) Br(g,s,®) = Wp <e, s — | Utr(s) 0 r(g)]<1>>

= W (e, —5 = s o Mu(s) o r(g)]<1>>

=W (e S5 = s L0 o) e M9l

where the definition of the operator Uj,(s) can be found in [GS19, (5.46), Lemma 5.5 (We omit the
details because the explicit definition will not be needed.). For j = ¢,

—1
(5.1 B (g0 ®) = Wy (s + T ) ool )
Moreover, if t =0, i.e., T = 0,
(516) Bgr(g)sv (I)) = (I)(ga 5)7 Bgr(gv‘S?(I)) = (MT(S)(I)) (ga _S)'

Lemma 5.1.1. Let y = diag{yi,y2} € Sym,(R) be a positive definite symmetric matriz where
y1 € Sym,_,(R) and y3 € Sym,(R). Let h € Sp(W¢)(A) be an element. For all sections ® € I,.(s), we
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have
(A0)* o r(g4)]®) (h, .

Proof. By the definition of degenerate principal series, we have

([(mF)* o r(giy)]®) (B, 5) = @ <17{(h)giy,s I 5 t)

s ¢
= dety} > g (nl"(hgm% s— = 5 > .

r—t

) = (detyy) D ((giya) © (17)*]) (h, sy ts) .

The last expression is det yi/2+(t+1)/4 ~([r(giys) © (07)*]®) (h, s). O
5.2. The case of corank 1. Let m = 4, r = 3 and t = 2. We obtain the following lemma by

combining the explicit formula of the intertwining operator in Lemma 4.4.1 and Lemma 5.1.1.

Lemma 5.2.1. Let T° € Sym,(Q) be a matriz. Lety = diag{y;,y2} € Syms(R) be a positive definite
symmetric matriz where y1 € Sym;(R) and y3 € Symy(R). We have

(5.2.1) W <e, % — 5, [(13)* o r(giy) 0 M3(5)]q>g>

5241 (1—=5)(2—5) A(s—1)A(25—1) 1 9
Y1 : : “Was \ Giyar = — 5,95 ) .
(I1+s)(24+s) A(s+2)A(2s+2) 2
Let T € Syms(Q) be of the form in (5.1.1) and consider a positive definite 3 x 3 matrix of the
form y = diag{y1,y2} € Syms(R) where y; € Sym; (R) and ys € Symy(R). Combining Lemma 5.1.1

and 5.2.1 gives

s 1
(5.2.2) E3(giy,s) =(1+ 8)(2 + s)A(2 + 5)A(2 + 25) - y1/2+1 W <giy2, 5 ts @%)

s 1
1= 82— AR - A2 29T W (g - 0,83)

241 1 —s/241 1
:y‘i/ - Ej%b (giy272 + 5) -Y1 s/2 E’%b <giy272 - S> .

Therefore

s 1 s
(5.2.3) Ci(y,s) = yi/?C2, <y2, 5t s) —y, ez, <y2, = - s) .

5.3. The case of corank 2. Let m =4, r =3 and t = 1.

Lemma 5.3.1. Let T = diag{0o, T} where T* € Sym; (Q)\{(0)}, let y = diag{y1,y’} € Symg(R) be
a positive definite symmetric matriz such that y, € Symy(R) and y* € Sym, (R). We have

(5.3.1) C3(y,s) = (detyr)¥2(1 + s)A(2 + 25)Ch, (y’, 1 + 5)
— (dety1) (1 = $)A(2 = 25)Cp (', 1 — 9)
+ fT(y7 S))
where fr(y,—s) = —fr(y,s) and there exists a positive number C such that
. Ofr B O fr 1C
(5:3.2) tlg&-noo g(ty, 0) =0, tEIJPoo otds (ty,0) = O(¢ )
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Moreover, we have

o33 o[ G (e o) g-Fon ] (@) () 5 - - oo

p=

Proof. By a similar strategy as used in Lemma 5.2.1, we obtain

(5.3.4) E3(giy, s) = (dety1)¥* 1 (1 + s)A(2 + 25) B, (g;p, 1 + 5)
— (detyr) (1 = 5)A(2 — 28) Ep, (g, 1 — 5)
+ FT(ya 8)7

21

where Frp(y,s) corresponds to the (normalized) “middle” terms in (5.1.2), i.e. j = 2. Equation

(5.3.1) follows upon setting fr(y,s) = dety L Fr(y,s)g~ T, and the functional equation for C3.(y, s)

implies that fr(y,s) is an odd function of s. Formula (5.3.2) follows from [GS19, Proposition 5.8].

Finally we prove (5.3.3). By (5.3.1),
ofr

(535)  (C3) (y,0) = <%10g dety; + g +AN(2)) Ch(y 1) + g (Cp) (VD) + ST (v, 0).

Since T” # (0), the coefficient C}Fb (y*,1) is independent of the matrix y” by (4.4.7), hence for ¢ > 0,

7T
(€1 v.0) T (Ch) 1)
= (% logt + %logdetyl + g + 4A,(2)) Clb(y 1)+ ﬁ(t ,0)

= (% log dety; + % + 4A’(2)) C%b(yb, 1)+ gC%b (y ,1)logt + %(ty,@)

Then (5.3.3) follows from the estimate (5.3.2) and [GS19, Lemma 5.11].
5.4. The case of corank 3. Let m=4,r =3, and t =0, so T = 03.

Lemma 5.4.1. Lety € Symy(R) be a positive definite symmetric matriz, then

(5.4.1) 033 (y,s) = (1+5)(2 + $)A(2 + s)A(2 + 25) det y*/?
— (1= 5)(2—8)A(2 — s)A(2 — 25) dety /2
+f(y,9),

where f(y,—s) = —f(y, s) and there exists a positive number C' such that

of B 2 f _ -1-C

(5.4.2) tEToo a—(ty, 0) =0, hrnOC %(ty, 0) =0(t )

Moreover, we have
T q dt of

- 3 -

(5.4 ot [ 4 (@) 0r.0) 5 -~ o

Proof. A calculation gives that ®3(g;y, s) = det y*2*1. Therefore, by (5.1.6) and Lemma 4.4.1,

(5.4.4) E3 (giys8) = (1 + 8)(2 + s)A(2 + 5)A(2 + 25) det y*/>*!
— (1= 5)(2—8)A(2 — 5)A(2 — 25) det y~/>*!
+ F(y, ),
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where F(y, s) is a normalized sum of all the “middle” terms in (5.1.2), i.e. j = 1 and j = 2. Equation
(5.4.1) now follows upon setting. f(y,s) = dety 'F(y,s), and the functional equation for f(y,s)
follows from the functional equation for C§, (y,s). Formula (5.4.2) follows from [GS19, Proposition
5.8].
Finally we prove (5.4.3). By (5.4.1),
2 2

(5:4.5) (€8) 0.0) = 27N (@) + T+

of
I — .
G 15 ogdety + S(y,O)

0

Hence for t > 0,

2 2 2

T T T of

— + —logdety + —logt + ——(ty,0).

¢+ 1glosdety + ~logt + ==(ty,0)

Then (5.4.3) follows from the estimate (5.4.2) and [GS19, Lemma 5.11]. O

(C3.) (ty,0) = 27A"(2) +

6. REGULARIZED SIEGEL—WEIL FORMULA

6.1. Some Schwartz functions at co. Consider the quadratic space Vo, = Ma(R) with quadratic
form z +— det(z) and symmetric bilinear pairing (—, —) with 3(z,z) = det(z). We specialize some
formulas from [GS19] to these explicit coordinates.

Let zg be the oriented negative 2-plane in My(R) with oriented basis

) )

In the coordinates of Section 7.1, we have zg = (i,4). The Siegel majorant (as in [GS19, (2.43)])

associated to zg is

b
|z]? = a® + b* + ¢ + d? for == <a d) € Ma(R) = Vi
c
For 1 <r <3and x = (21, - ,x,) € V], define the following real-valued functions:
—r 3 a2 T2 1
(6.1.2) viz)=e =1 , R(x):= Z (M - det(xi)> T(x) = =(x,x)
i=1 2 2

where T'(x) is an r x r symmetric matrix. When r = 1, the function v is the Siegel Gaussian from
[GS19, (2.44)], and we have R(z) = R(z, z9) where the latter is R(z, z0) = h4,(s;) in the notation
of [GS19, §2.3].

We also set ¢(x) == R(z) + 2 > det(x;), and for 1 < i < r, define &y, € (V) by:
i=1

Let ¢ = (x1,~-- ,xr) and &; = ( 7§?z‘7"')a
e Forr=1,2,
(6.1.3) Cmi(®) = v() (1 = 2m(2))

e For r =3 and j < k, define f(z;,z) = (a; + dj)(cx — br) — (ar + br)(c; — bj),

(6.1.4) Smi(®) = v(z) (1 - 2mo (@) + 2% f (&)%)
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T
We set &y i= 2 Sk (®) € (V). These functions appear naturally in the Kudla-Millson forms
i=1 ’

on the Hermitian symmetric domain associated to the quadratic space Vi, (the original construction
can be found in [KM86, KM8T7|, see also [GS19] for another construction). We refer the reader to
§7.6, especially Lemma 7.6.1, for a more precise statement.

Lemma 6.1.1. For 1 <r < 3, the Siegel-Weil section associated to the Schwartz function gy, . s
a highest weight vector of weight A, where

0, if r =1;
(6.1.5) Ar=1(2,0), ifr=2

(2,2,0), ifr =3,

More precisely,
(6.1.6) ¥ (9,5) = (wron(9)6car,r) (0) - | det(a(g)) o *7",

Proof. By Lemma 7.6.1 and Remark 7.6.2, the Schwartz function §i;, is exactly (=115 of
[GS19, (3.87)]. Formula (6.1.6) follows from [GS19, Lemma 3.4]. O

6.2. An auxiliary Eisenstein series. The group H := GSpin(V) is isomorphic to GLy xg,, GLa.
We consider the action of (h1, h2) € GLa xg,, GL2 on V' by the following formula:

(6.2.1) (hi,hy) ~z €V — det(hy) ™! hyzthy.
This action induces the following exact sequence:
(6.2.2) 1—G,, — H—SO(V) — 1.

This action also induces an action of H(Q,) (resp. O(V)(Qy)) on .#(V]) for all positive integers r
and all places v of QQ given by

h=(hi,ho) = e L (V))— (ze V] —ph ).

We also use wy,, to denote this action.

Let V = Va+Vj be a Witt decomposition of V' where V4 is a totally isotropic subspace of dimension
2, whose dual is VJ. Let Q2 < O(V') be the parabolic subgroup which stabilizes the subspace V. Let
Q2 = Ms-Us where Us is the unipotent radical of Q2 and My is the Levi component which preserves
the Witt decomposition [KR94, §5.4]. In the current situation, we have My ~ GLy ([KRS92, §3.2]).
Let K < O(V)(A) be a maximal compact subgroup so that we have an Iwasawa decomposition

O(V)(A) = Q2(A) - K.
For h e O(V)(A), we write h = u-m(a) - k, let |a(h)| = | det(a)|a. Define the Eisenstein series

(6.2.3) E(h,s) = > la(yh)[5T1/2.
¥€Q2(Q)\O(V)(Q)

It is proved in [KR94, Proposition 5.4.1| that this series is absolutely convergent for Re(s) > % and

has a meromorphic analytic continuation. The Eisenstein series has a simple pole at s = % with a
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non-zero constant residue:

6.2.4 = Res E(h,s).

(6.2.4) £ = Res Blh.s)

6.3. A (regularized) Siegel-Weil formula. Kudla—Rallis [KR94, Corollary 5.1.2] defines an oper-
ator D in the center of the universal enveloping algebra for Sp(Ws3 ) such that the regularized theta
series 0(g, h, w3 (D)p) decreases rapidly on O(V)(Q)\O(V)(A) for all p € .#(V(A)3). Therefore
the integral

0(g, h,ws,x(D)p)E(h,s)dh
OM)(@N\O(V)(A)
is absolutely convergent for all s for which E(h, s) is holomorphic, where we give O(V')(A) the Haar
measure with O(V)(Q)\O(V)(A) of total volume 1.
By Howe’s result [How89|, there exists an element D’ in the center of the universal enveloping
algebra for O(V')(R) such that
w3,00(D) = w3,00(D"),
where w3 o on the right means the action of the group O(V)(R) on .#(V32), and we have [KR94,
Lemma 5.5.3]
E(h,s) = D' = P(s)E(h,s)

where P(s) = (s —5/2) (s +5/2) (s — 1/2) (s + 1/2) by [KR94, Lemma 5.5.3|. Define

(6.3.1) E(g,5,0) = st) j 8(g, h,ws.o (D)) E(h, 5) dh.

O(V)(@\O(V)(A)
Proposition 6.3.1. Let ¢ € .#(V(A)3) be a Schwartz function. Let k be the constant in (6.2.4).
The associated Eisenstein series F(g,s,y) is holomorphic at s = 0. The regularized theta integral

E(g,s,¢) has a pole at s = 5 of order at most 1 with residue B_1(g, ). Moreover,

_ 1
(6.3.2) E(9,0,0) = 2r~" - Boi(g,) = 5 J 0(g, h, w3,0(D)ep) dh.
O(V)(@\O(V)(A)
Proof. The statement can be found in [HK91, Theorem 4.1]. O

6.4. Absolutely convergent theta integrals.

Lemma 6.4.1. Let ¢ € .Z(V(A)3) be a Schwartz function. Let T € Symy(Q) be a matriz. If the
function 01 (g, h, ) is absolutely integrable over O(V)(Q)\O(V)(A), then

1 1
O(M(Q@Q\O(V)(4) O(V)(@\O(V)(A)
Proof. By the absolute convergence of the theta integral, we have
| oehesoiaan= [ b 0y
O(V)(@Q\O(V)(4) o) (@NO(V)(A)

1
=P <2> : J Or(g,h,p)dh =12 f Or(g, h, ) dh
O(V)(@\O(V)(A) O(V)(@\O(V)(A)
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and the relation with Ep(g,0, ¢) follows upon applying Proposition 6.3.1 to the left-hand side. [

Part 2. Geometric side
7. KupLA-MILLSON THEORY ON THE PRODUCT OF UPPER HALF-PLANES

In a series of papers [KM86, KM87, KM90|, Kudla and Millson developed a systematic construc-
tion of closed Schwartz forms representing the Poincaré duals of special cycles on symmetric domains
of orthogonal and unitary type. Garcia and Sankaran [GS19| constructed Green currents for special
cycles on these domains (see also Kudla’s work [Kud03, Proposition 4.10] in the divisor case). The
product H? is a symmetric domain of orthogonal type. In this section, we make these constructions
explicit in this case, following the appendix to Berndt and Kiithn’s work [BK12a].

7.1. Orthogonal description of H?. There is a symmetric bilinear pairing on Vi, = Ma(R) given
by the following formula:

b b
(711) “ ! s @2 2 = (lldQ + (Izdl — blcg — bgCl.
c1 dp cy dp

Recall that the group H(R) ~ GL2(R) xgx GL2(R) has an action on Vg, by the formula (6.2.1):
(hi,hg) - x == (det hy)"thy xthy.

Let D* be the space parameterizing oriented negative 2-planes X < Vi, = Ma(R), which carries an
induced action by H(R). The space D* has two connected components D+ and D~. We will fix an
isomorphism ¢ : H? = D¥ in the following way:

(7.1.2) 2 = (21, 2) € H} —> Spang{Re Z,Im Z},

where 21 = 21 + iy1, 22 = X2 + ty2 and

(7.1.3) 7 = (le? Zl) Re 7 — (anm — Y1y2 561> 7 — (xlyz + T2y Z/l)
o - 1 ’ - 1 5 = .

29 To Y2 0

The right-hand side of (7.1.2) should be viewed as the span of an oriented basis. The isomorphism
(7.1.2) also respects the actions of the group H(R)® ~ GLj (R) X GLj (R) on both sides [BK12a,
(A.4.3)]. We remark that [BK12a, §A.8] also gives another isomorphism between H? and Dt under
a different action of H on V. From now on, we denote DT simply by D.

7.2. Alternative coordinates for D*. A slightly different description will also be useful. This
description is closer (but not identical) to [BK12a, §A.8|. This alternative is natural for complex
uniformization of special cycles. Outside of Section 7.2, we will default to the conventions of Section
7.1 unless specified otherwise.

Let Wi =~ Q%2 and Wy =~ Q%2 be 2-dimensional vector spaces over Q with chosen bases. View
W1 and Wy as consisting of column vectors and consider My = V' := Hom (W3, W). Equip W7 and
W with symplectic pairings (—, —)1 and {(—, —)2 respectively, given by the Gram matrix

(7.2.1) (_01 é)



26 RYAN C. CHEN AND BAIQING ZHU

for the given bases. The symplectic pairings induce an involution Hom (W7, Ws3) — Hom(Ws, W)
denoted M — MT, ie. {(x,My)s = (MTx,y) for all z € W5 and y € Wi. There is an induced
symmetric bilinear pairing (M, M’) := tr(MTM’) on My, and this recovers the formula in (7.1.1).

Recall that we use H; to denote the complex upper plane. Let H; denote the complex lower half-
planes, and write Hi—r for disjoint union of Hy and H . For W := Q%2 we view ]H[li as parameterizing
Hodge structures h on W with Hodge types (—1,0) and (0, —1) in a standard way, for the following
conventions. We let z € HI—F correspond to the filtration FOWe < W where FOWe is spanned by
the column vector (z,1). There is a corresponding complex structure C G Wg where a € C* acts by
h(a—'). This is arranged so that if E, is the elliptic curve C/(Z + Zz) and W — H;(E,, Q) sends
the standard basis to the ordered pair (1, —z), then Wr — Lie E, is C-linear.

We consider two copies of the above situation associated to W7 and Wy from before, and write
e.g., zj € Hi for j = 1,2. The spaces IH[ir are also equipped with tautological bundles w;j, where w;
is the Complex line subbundle of IHI . X W .c whose fiber over a point F OWj,(c € Hf ;18 the complex
line FOWJ’(C € Wjc. Recall that VVLC has a Hermitian pairing, which we normalize by the formula
z,y — (T,iyy;. We thus obtain a positive definite metric on w; by restriction from W ¢, after
changing the pairing by a sign if necessary (the sign will be locally constant on Hfj). We write
Wjnat for the resulting metrized line bundles.? In coordinates, the metric on {j nat has square norm

2 ¢ given by

1= la

SN )k

Next, extend (—, —) to a C-bilinear pairing on Vg. This gives a Hermitian pairing Y, Z — (Y, Z)

= 2|Im(z;)| for (?) e FOW,c.

on V.

The set DT of oriented negative 2-planes X < Vi is in bijection with the set of complex lines
FV: < V¢ which are negative definite for the Hermitian pairing and with F1Vg L F'V¢ for the
Hermitian pairing. This bijection is canonical up to the following convention: if F1V¢ = spanc Z for
some Z € V¢, we take the associated oriented 2-plane X < Vi with oriented basis {Re(Z),Im(Z)}.
This convention is such that X — X¢/F!V¢ is orientation preserving.

The complex manifold structure on DT is given by the parameterization of these filtrations F1 V¢ <
Ve. We obtain a tautological bundle € on DT, which is the complex line subbundle of D x V¢
whose fiber over a point F1V¢ € D* is the complex line F'Ve < Ve, We give € a Hermitian
metric by restricting the Hermitian pairing from V¢ to F'V¢ and taking the negative. We write
Enat = (&, | =|lyat) for the resulting metrized line bundle.

Giving F'Ve < V¢ as in the previous paragraph is the same as giving a Hodge structure on
Vi with Hodge types among (1,—1), (0,0), (—1, 1), with the additional requirements that the Hodge
decomposition is orthogonal for the Hermitian pairing, that the Hermitian pairing is negative definite
on F'V¢, and that we have dimc F'V¢ = 1. Using the definition V' = Hom(W7, W3), we find that
such Hodge structures are exactly those Hodge structures induced by Hodge structures h; on Wj,

2The subscript ||—|| wat (‘matural”) is to indicate a particular choice of normalization. We will eventually also consider
I=llpe; (“Petersson”) and ||—||, with the latter appearing in our main theorem.
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subject to the condition that the Hermitian pairings

(7.2.3) (@, iy)j + i, y);

on W;r are either both positive definite or both negative definite for j = 1,2. Here i acts on Wjg
via the complex structure associated to the Hodge structure h;, as described above. For the reader’s
convenience, we recall that the above Hermitian pairing on W) g agrees with the Hermitian pairing
on m restricted from W ¢, under the canonical C-linear isomorphisms m — Wic/F OWj@
and Wjr — W c/F'Wjc.

Unwinding the above identification gives an isomorphism of complex manifolds

(7.2.4)
11 x Hig) U (Hy, x Hy,)) ——2—— D*
H, Hi, H1,1 H 5
Z2 —Zz1%22 z2 (1 )
= —21) -
Z9 —Z122 1 —Zz1 1 !
(21,22) » » Spangc
1 —2Z21

In other words, the pair (FOWL@, FOWZ@) is sent to F'Vp == Hom(c(Wl,@/FOWL(C, F0W27(C), and we
can recover the pair (F' OWLC, F OWQy(C) from F'V¢ as the kernel and image of any nonzero element
of F'V. With this convention, the connected component D+ < D* from Section 7.1 corresponds
to Hy 1 x Hy .

Recall that each Hli,j carries a tautological bundle w;, as described above. There is a second line
bundle over each ]HII—”’ ; given by the quotients W;c/F OWj@ as FOW]-,C varies. The fixed symplectic
pairing on Wj ¢ identifies this second line bundle with the dual w}’, and this identification is canonical
up to a sign convention.® Up to this sign, we have a canonical identification of tautological bundles
i+ & = piwi ®p3we for pullback along ip+ from (7.2.4), where p : Hfl x Hfz — Hfl and ps: Hfl X
Hfz — HfQ are the projections. In the above coordinates, this isomorphism (for one of the two
choices of sign) is

piw @ piwy —————— it €

(7.2.5) 21 2 2 —212
(=) — (=)

The other choice of sign gives the negative of this isomorphism. By construction, the above iso-
morphism must preserve the Hermitian metrics. This can also be verified by direct calculation, i.e.
both sides of (7.2.5) have square norm 4|Im(z;)Im(z2)|. We thus have a canonical (up to sign)
isomorphism of metrized tautological bundles

k& o kA * A~
(726) Ip+ gnat = P1W1 nat ®p2w2,nat-

We next describe actions of H = GLy xg,, GL2 in this setup. View the first and second factors
of GLg as acting on W7 and Wy, respectively. This induces actions GLa(R) C HI—F j for j = 1,2
by pushforward of Hodge structures, and this agrees with the usual action of GLa(R) by Mobius

3 Here, we simply mean the convention on whether the alternating pairing on Wj induces W; — W;" given by
z — (x,—); or x — {(—,x);.
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transformations. For each tautological bundle w;, we also define an action GLy(R) C w; to be
| det g|~/2 times the naive one induced by GLa(R) C W c. This is arranged so that the action
preserves Hermitian metrics: for g € GL2(R) and s any local section of w;, we have ||g*(s)||

g* ||8||nat'
There is also an action of H on V' given by (h1, hg) oz = hgthl. Note that this is different from

nat

the action in Section 7.1; the two actions intertwine via the involution (hq,hs) — (h1, JhaJ ') of
GL2 xg,, GLg for J the matrix from (7.2.1). This induces an action H C D%, and an action H G &
on the tautological bundle which preserves the Hermitian metrics: for h = (hy, he) € H(R) and s
nat = h* [1s]]

With these conventions, the description of D* in (7.2.4) and the identification of tautological

any local section of £, we have ||h*(s) nat

bundles in (7.2.5) are both H(R)-equivariant. In these alternative coordinates, the first Chern form

c1(€Y) is also given by the formula (7.4.5) (which was calculated using the coordinates from Section
7.1), i.e.,

(7.2.7) a(EY) = Q.

We refer to (7.4.5) for an explicit expression of €2.

7.3. Special cycles on DE. We next recall local special cycles on D%, which should trace back to
the work of Hirzebruch and Zagier [HZ76|. For r > 0 and « = (z1,...,2,) € V, we have the Kudla

local special cycle
(7.3.1) Di:={ZeD*:(Zz)=0forl<i<r}cD?*

where Z € DT denotes an oriented negative 2-plane in V,,. The subset Df < DT is a complex
submanifold. We set Dy, = D n DZ.
We have DI # ¢ if and only if spang{z1,...,2,} is positive definite or the zero space. We

-
have DI = D;—Fi, as follows immediately from the definition. These assertions also hold with D*
=1

replaced byl]ﬁ.

Any element x € Vg gives a C-linear functional (x,—) on V¢, and hence a section s, of the dual
tautological bundle £¥ on D*. In the notation of Section 7.2, recall that any point Z € DT gives
Hodge filtrations on V¢, Wi ¢, and Wa ¢. Given such z and Z, the followings are equivalent.

(1) The map z: Wi r — Wa g preserves Hodge structures.

(2) We have z € FOV¢, or equivalently, z € FOVe n FOV.

(3) We have (z,Z) = 0 (here Z means the corresponding oriented negative 2-plane).
(4) The point Z € D* lies in the zero locus of s,.

The local special cycle D¥ < D is the locus where these equivalent conditions are satisfied. For
any h € H(R), we have h-DE = D" for the actions H(R) C Vi, and H(R) G DF from Section 7.1.
The same holds for the alternative action by H(R) used in Section 7.2.

In the coordinates D =~ H from Section 7.1, if z = (2%), then the set D, < H? consists of

solutions (z1, z2) to the equation

(7.3.2) dz12z9 — cz1 — bzg +a = 0.
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7.4. Kudla—Millson form. For integers r > 0, a Schwartz form « on D of bidegree (p,q) with

coefficients in .7 (V) will mean an assignment x — «(x) with

P
(74.1)  a(x) e API(D) for all x eV, and a(—), e L (V7)) ® /\TZ*]D) forall ze D

where AP4(D) is the space of smooth (p, g)-forms on D. The Schwartz form « is said to be H(R)°-
invariant if h*a(hx) = a(x) for all h € H(R)®, and is said to be closed if a(x) is closed for all x.
For any fixed z € D, giving an H (R)°-invariant Schwartz form of degree (p, q) is the same as giving
an element of AP?T*D which is K7 := Stabp(g)-(2)-invariant.

Suppose « is an H (R)°-invariant Schwartz form on D with coefficients in .7 (V}), not necessarily
of pure degree (p, q) (allow sums of forms of different degree). Then da is also an H (R)°-invariant
Schwartz form, which may be described as follows. Let b := Lie H(R)°. Given z € D, set £, := Lie K3,
and consider the associated Cartan decomposition h = p, @ ¢,. Pick any basis {X;}; of p,, with
associated dual basis {X}; of p¥. After pulling back to H(R)°, a calculation using the invariant

formula for the exterior derivative shows that o — da is given by
[#VR) @A D)™ —— [# (V) ® A" 17D
29 ® B ————— 3 i(Xig)) ® (X[ A Bj).

For this, we use H(R)°-invariance of o and the fact that [p.,p.] < &..
A special case of a main result from [KM86] and [KMS87] gives a certain closed H (R)°-invariant

(7.4.2)

Schwartz form @y on D. We refer to [KM86, Theorem 3.1 (ii)] for more details. Following the
Appendix of [BK12a], we have an explicit expression for pgy: For 2z = (21,29) € H? ~ D, and
x = (gg), define

|dz129 — c21 — bz + a?

29192
where R(z, z) corresponds to h;(s;) from [GS19, §2.3|, and ||—||, is the Siegel majorant associated to
/2
z, as in [GS19, (2.43)]. Let h., = (§ %) (y" 1/2> € SLa(R), and define h, = (h;,, hs,) € H(R)®.

Ifh;l -z = (h,) " ath} = ( ) d’) we have R(x,z) = R(h;! - z) (recall our notation from §6.1).
The formula [BK12a, (B.4.1)] implies that

—7r(a’2+b’2+c’2+d’2)

(7.4.3) R(z,z) = ||w||§ = 2R(x, z) + 2det(x),

[

e

(7.4.4) erMm(T), = 1 X
d d d d
<((a/+d/)2+(cl—b’)2—7r1)-( $1/\2 Y1 " 1132/\2 yZ)
Y1 Y3
d dyy — d d
+((a/+d')2—(c'—b’)2)- 1 A dy2 Y1 N dx2
Y1y2

—Q(a’—i—d') (C,_b,).dx1Ad$2+dy1Ady2>.

Y1y2
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Our sign is the opposite of [BK12a, (B.4.1)]; see the remark on [BK12a, Page 70]. From this explicit

expression, we have

(7.4.5) erMm(0) = Q=

1 dry Ady;  dzo A dys
- — + y :
4 A Y5

Notice that —2 is an invariant Kahler form on D.

7.5. Polynomial Fock space. For fixed z € D, the polynomial Fock space S(V}), < (V)

consists of those Schwartz functions of the form

(7.5.1) « — (polynomial in the coordinates of x) - el

for € V), where ||—||, is the Siegel majorant associated to z, as in (7.4.3). The action by the
universal enveloping algebra for Sp(W,.«) preserves S(V). (see e.g. [BF10, §3]).

Lemma 7.5.1. Let o be an H(R)®-invariant Schwartz form on D with coefficients in the polynomial
Fock space. For any fized x = (x1,...,x,.), and for all p € C, the integral

+0o0 dt 27 ETJ det(z;)
(7.5.2) f ao(\/ﬂlz)tl—ﬂ) a’(x) =e i=t ¢ o)
1

converges uniformly absolutely on compact subsets of D\Dy to a smooth form, and the convergence
1s also uniform for p in compact subsets.

Proof. Without loss of generality, we may assume the polynomial-in-x part of a(x),, as in (7.5.1),
is homogeneous of some degree k > 0 in the coordinates of @ for some z (equivalently, any z). We
then have

(7.5.3) o° (Vix) = the 2™ (®:2) . (smooth form on D independent of t).

But R(x, z) is continuous and positive away from D,; then note that the integral

+00 dt
k _—2mct
(7.5.4) L t"e P

is absolutely convergent for any ¢ > 0 and any p € C. The same argument shows that any order 2z-
partial derivative of (7.5.3) gives an integrand which is uniformly absolutely convergent on compact

subsets of D\, which implies smoothness. O
7.6. Green currents of special cycles. For = (x1,--- ,x,) € V, where 1 < r < 3, define
(7.6.1) erm(@) = prm(T1) A - A prM(2r).

This is an (r,7)-form on D, and is hence identically 0 when r = 3. For 1 < i < r, define

(7.6.2) V() = e TR o (g, By )

T
and v.(x) = Y, vpi(x). Both v, and v,.; are (r — 1,r — 1)-smooth forms on D, and v, is an H(R)°-
=1
invariant Schwartz form [GS19, Proposition 2.6]. At the point z = (i,4), we have

(7.6.3) (1/7"72-(33) A Q?’_T) = pi(x) - Q?M), (Vr(ac) A Q?’_T)(i,i) = Up(x) - Q%i,i)’

)
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for some Schwartz functions 7, ;, 7, € .(V,;). With notation as in §6.1, we have explicit expressions
for these Schwartz functions.

Lemma 7.6.1. Consider x = (x1, -+ ,x,) € V, where 1 < r < 3. We have the following identities:
(7.6.4) Uri(x) = Spva(@), 1<i<r

Proof. The explicit formula of 7, ; for = 1 can be found in [BK12a, (B.4)]. For r = 2, 3, the explicit
formula follows from its defining equation (7.6.2). The final computation gives the expression exactly
in the definition of &, , from §6.1. O

Remark 7.6.2. In [GS19, (3.87)], their Q corresponds to our —€2, so that our 7, ;(x) corresponds
to (—=1)""1;(x) of loc. cit..

Following |GS19, §2.6], consider the following integral on D\Dy:

+00 2 i det(z;)
(7.6.5) s = | i e e 5 )

Over D\D,, this integral converges to a smooth form for all p € C, e.g. by Lemma 7.5.1. For the
convergence over D, we record the following lemma from [GS19].

Lemma 7.6.3 ([GS19, Proposition 2.12]). The integral (7.6.5) converges to a locally integrable*
form on D if Re(p) > 0, and extends meromorphically to the right half-plane Re(p) > —1/2 as a
current. Moreover, if Dy is either empty or of codimension r in D, the integral converges locally

uniformly on D and in p to a locally integrable form on D for Re(p) > —1/2.

When 7 = 1, the integral (7.6.5) converges at p = 0 if z # 0, and e~2794@)g%(z 0) recovers
Kudla’s Green function [Kud03, (4.28)], as in [GS19, Example 2.10].
As in |GS19, Definition 2.13|, we use the meromorphic continuation of g;(z, p) to define

(7.6.6) 5:(@) == CT (@, ).
where the symbol “C_TO” means the constant term of the expansion at p = 0, i.e., for a compactly

supported form n e As 37" (D),
(767) <9$~(513)777> = ;C)]:T()‘<g:(m’p)’n>’

where (-, ) denotes the pairing between currents and compactly supported forms. We also use the

notation
| @ A= i@,
but the readers should keep in mind that we do not claim g7 (x) is a literal form.
For ' = dimp spang{zx}, Garcia and Sankaran [GS19, Proposition 2.12 (vi)|] proved that g (x)
satisfies

c.0 r—r’ o o 2m Zr:’ det(z:)
(7.6.8) ddg, (z) + dp, A Q = orm(T) prm(T) =€ =1 - orm(T)

4The smoothness assertion of loc. cit. does not hold, as can be seen in the case of r = 1 and dimD = 1. In general,
at points on Dy, the claim of boundedness of v°(v/#v) as t — o0 also does not hold, as can be seen e.g. by inspection
of (7.4.4). The same unboundedness applies to ¢°(+/tv}) in the proof of loc. cit..
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with the usual convention dd¢ = —%88.

8. SPECIAL CYCLES ON THE INTEGRAL MODEL

8.1. Moduli problems. Let £ll be the moduli stack of elliptic curves. It is a smooth separated
Deligne-Mumford stack of finite type over SpecZ. Let w : A — &Il be the universal elliptic curve
over £ll, and define the Hodge bundle on £Il to be wy = W*Q}L‘/g”. This is a line bundle over £II,
and carries a Hermitian metric in the complex fiber. We take the normalizations

(811) (aaﬁ)nat = ;J B N (aaﬁ)Pet = 1(Oéaﬂ)nat (a,ﬁ) = (47-(67)_1/2(047/8)93‘5
A(C) Q

for A € EII(C) and «, 3 € HY(A,w4) (viewed as holomorphic 1-forms on A(C)), where « is the
Euler-Mascheroni constant. The resulting metrized line bundles for || —||, ¢, | —|lpet, and [[—|| will
be denoted, W 4 nat, WA pet, and & 4, respectively, with the only difference being the normalization of
the metric.

Define M := £ll xz Ell. Denote by p; (resp. p2) the first (resp. second) projection morphism
from M to £ll. We define the metrized tautological bundle on M to be £ = PiwAXIps4. We also
set Wj = p;‘@ 4 for 7 =1,2. We also write éA’nat and é\pet as helpful, to indicate the same line bundle
but with metric defined using ||—||,..; or ||—=lpet-

We write EII for the Deligne-Rapoport compactification of £l as in [DR73, §I1I, Remarque 2.6],
i.e. £Il parameterizes families of generalized elliptic curves whose geometric fibers are irreducible.
Here EIl — SpecZ is a smooth proper Deligne-Mumford stack. Define M = EIl xz &I, which has
dimension 3, is also a smooth proper Deligne-Mumford over Spec Z, and contains M < M naturally
as a dense open substack. Via the classical j-invariant, the coarse moduli scheme associated to M
(resp. M) is M ~ PL xz PL (resp. M ~ AL xz Al ~ AZ) as follows from the corresponding
statements for £11 and £ll, given in [DR73, §VI|, and e.g. compatibility of coarse moduli maps with
flat base change.

8.2. Special cycles on M. In the coming sections, we discuss special cycles and associated Green

currents on the Deligne-Mumford stack M.

Definition 8.2.1. For 1 <r < 3, let T' = (T};) € Sym,.(Q) be a symmetric matrix. Denote by Z(T')
a stack whose fiber category over a scheme S consists of the following objects,

((E,E/),ZIJ = (xla e 71.7“)) )
where (E, E') is an object in M(S) and z; € Hom(E, E') satisfy T = (z, z), ie.

1 1 v v
T;j = 3 (deg(x; + ;) — deg(x;) — deg(z;)) = B (gr:Z oz +zjou; ) .

There is a natural finite, unramified, and relatively representable (see the works of Howard and
Madapusi [HM22, Definition 2.2.11]) morphism 4, : Z(T') — M given by forgetting the morphisms
x of an object ((E, E"),x) of Z(T). In particular, we know that Z(7T) is a Deligne-Mumford stack.
We call Z(T') — M a “special cycle”. Etale locally on the target, the morphism Z (1) — M becomes
a disjoint union of finitely many closed immersions (equivalent to the finite unramified and relatively

representable property).
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Since the quadratic space Hom(E, E’) is positive-definite (positivity of the Rosati involution), the
stack Z(7T) is non-empty only if 7" is positive semi-definite. We also see that Z(7T') is empty unless T’
is the normalized Gram matrix for an integral quadratic form. By the above definition, the special
cycle is GL,(Z)-invariant, i.e., for an element v € GL,(Z), we have a natural isomorphism:

(8.2.1) Z(T) = Z('Tw)
(E,E'),xz) —» (E,E'),z-7).

If T is of the form diag{0, (1), T’} for a nonsingular matrix 77, then we have Z(T) = Z(1”)
(by positivity of Hom(F, E') again). For general T, it is always possible to find a matrix v € GL,.(Z)
such that YTy is of the form diag{0, _i(7), T’} for a nonsingular matrix 77 € Symy(7)(Q). In this
situation, we set det’(T") := det(7”). This is independent of the choice of v. We caution the reader
that this notation det’ differs from e.g. [GS19, Page 929].

Lemma 8.2.2. For 1 <r <3, let T = (Tj;) € Sym,(Q) be a nonzero matrizx.

(a). The morphism Z(T) — M is a local complete intersection morphism. The generic fiber
Z(T)g — SpecQ is smooth. If Z(T) is nonempty, then it is equidimensional with dim Z(T') =
dim M —rk(T).

(b). If tk(T) = 1, then Z(T) — M 1is a generalized Cartier divisor in the sense of [HM22,
Definition 2.4.1].

(c). If tk(T) = 2, then Z(T) — SpecZ is proper quasi-finite and flat with étale generic fiber. For
any field k and any object ((E,E"),x) in Z(T)(k), the elliptic curves E and E' both admit
an action by Q(\/m) In particular, if k has characteristic p > 0, then E and E' are
both supersingular (resp. ordinary) if p is nonsplit (resp. split) in Q(m).

(d). If vk(T) = 3, if Z(T) is nonempty, it is supported on the supersingular locus over a unique
prime p determined by T in the following way:

(8.2.2) {p} = Diff(T") := {p : T cannot be represented in Ma(Q,)}.

Proof. By the remarks preceding the lemma, it suffices to prove the case when T is nonsingular by
choosing some v € GL,(Z) such that !yT"y is of the form diag{0, _,(7), S} for a nonsingular matrix
S € Symyy 1) (Q). Therefore we assume 7' is nonsingular for the rest of the proof.

(b) We first consider the case r = 1. Let T' = (¢) where t € Q*, the special cycle Z(T) is
nonempty if and only if ¢t € Z~(, and it parametrizes degree t isogenies between elliptic curves. This
is exactly the notion of [t —Isog] moduli problem introduced by Katz and Mazur [KM85, §6.5]. That
the special cycle Z(T') is a generalized Cartier divisor is essentially proved in [KM85, Proposition
6.8.6]. The flatness over Z(T') over Z is proved in Theorem 6.8.1 of [KM85]. The projection map
pri: Z(T)g — Ellg is étale, so Z(T)g — SpecQ is smooth.

For general r, there is a finite unramified morphism from Z(7") to an open and closed substack of
Z(T11) Xpm -+ Xpm Z(Thr). If Z(T) is nonempty, then T is positive definite, so each Tj; is positive.
Since M is regular and each Z(T;;) — M is a generalized Cartier divisor, the local complete
intersection and dimension claims will follow as soon as we show dim Z(7") < dim M — rk(T") (see
also [HM22, Proposition 2.4.4]).
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(c) We next consider the case r = 2. Suppose v € GL2(Q) is such that 'yTy = diag(t1,t2). Given
any field-valued point (E, E',x) of Z(T), consider (z),2}) := @ -~. If x := 2L’ oz, then ¥ = —x
and vV oz = detT - (detv)? = det T mod Q*2, so the Q-subalgebra of End°(E’) generated by x
is isomorphic to Q(v/—detT). Since E and E' are isogenous (via e.g. z}), we conclude that F
must also have CM by the same field. Since every CM elliptic curve may be defined over either Q
or F,,, we conclude that every point of Z(T)q is closed (in the generic fiber) and that every point
of Z(T) in positive characteristic is also closed. This implies that the generic fiber Z(T')g cannot
have any positive dimensional components, and that Z(7T") cannot have any positive dimensional
components supported in positive characteristic, i.e. dim Z(7") < 1. We now know that Z(T") - M
is a local complete intersection, and since M is regular, we also know that Z(7") is Cohen—-Macaulay,
so Z(T') — SpecZ is flat by miracle flatness.

Every Q-point of Z(T') descends to Spec Of, for some number field L, because CM elliptic curves
have potentially everywhere good reduction, and « extends by the Néron mapping property. Since
Z(T) — SpecZ is flat and 0-dimensional in the generic fiber, the generic points of the topological
space | Z(T)| are all (images of) Q-points and there are only finitely many of them. This implies
that Z(T) can be covered by finitely many schemes of the form Spec Oy, which is enough to imply
that Z(T) — SpecZ is proper and quasi-finite (we already know that Z(T') — SpecZ is separated
and finite type).

It remains to show that Z(T') — SpecZ has étale generic fiber. This can be shown in the style of
e.g. [How12, Theorem 2.2.1]: for all but finitely many primes p, the morphism Z(7T')sptz, — SpfZ,
is formally étale, because (for all but finitely many primes p) the associated deformation problem
can be identified (Serre-Tate) with the deformation problem for pairs (X, ¢) where X is a p-divisible
group of height 2 and dimension 1, and ¢ is an action on X by the mazimal order in @p(m).
One can show that this deformation problem is formally étale using Grothendieck—-Messing theory,
after further discarding the primes which ramify in Q(v/— det T)).

(d) For r = 3, let’s assume that Z(T) # @. Let k be an algebraically closed field such that
Z(T)(k) # @. We will show that char(k) is positive. Let ((E,E’),(x1,22,23)) be an object in
Z(T)(k). The nonsingularity of 7" implies that 1, 2 and z3 are three linearly independent vectors
in the quadratic space Hom(E, E')° := Hom(FE, E') ®z Q, therefore

dimg Hom(E, E')° = 3.

Since the dimension of the space Hom(E, E’)° can only be 1, 2 or 4, and it is 4 if and only if E and
E’ are two isogenous supersingular elliptic curves over k, we have char(k) = p for some finite prime
p, and ((E, E’), (z1,22,23)) lies on the supersingular locus of M over p. Moreover, the quadratic
space Hom(FE, E')° is isometric to the unique division quaternion algebra ramified at p and oo over
Q. Therefore Diff(T") = {p} by [Kud97, Proposition 1.3]. O

8.3. Special cycles in Chow groups. Let Z"(M) be the group of codimension r cycles on M,
i.e. formal Z-linear combinations of integral closed substacks of codimension r. As defined, Z(7T) is
not an actual cycle on M, and it only admits a finite unramified representable morphism 4, to M.
Define Zgu,(T) € Z™T (M) be the cycle given by the stack-theoretic image of i,.
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Example 8.3.1. For T' = (t) where t € Z~, we set Ty = Zg(T). Generically, the morphism
i1 : Z(T) — T; has degree 2 because over each object (E,E’) of Ty, there are two isogenies z and
—x with degree t. For later use, we denote by T; € M (resp. T, M) the image of T; (resp. T't)
under the coarse moduli map M — M (resp. M — M). Alternatively, T} is defined by the product
of all modular polynomials of degree t/d?> where d ranges over all positive integers such that d2|t.

8.4. Complex uniformization. Let H := GLg X, GLa. We write h = (hq, he) for elements of H.
By the standard open compact subgroup of H(Ay), we mean K° := H(Z) We are mostly interested
in the level group K°, but will make occasional use of general open compact K < K° for the purpose
of obtaining a scheme rather than a stack.

Let S be a (possibly infinite) set of primes, and write e.g. Z[1/8] for the localization of Z given by
inverting the multiplicative set generated by elements of S. We say that an open compact subgroup
K < K° is good away from S if K = Kg x K*® for open compact subgroups Ks € H(Ayg) and
K® ¢ H(A}) with K® = K°°. In particular, K° is good away from S = (.

Let L := Z®? be the Z-lattice of rank 2 with chosen basis, and equip L with the symplectic form

with Gram matrix

1) )

in this basis. Let L’ be another copy of L, with the same alternating pairing.

Given an open compact subgroup K < K° good away from S, we define a stack in groupoids
My — SpecZ[1/S] whose fiber category M (S) over a connected locally Noetherian scheme S
over SpecZ[1/8] is the groupoid of tuples (E, E',77,77') with

E F elliptic curves over S
m,7) a 11(S,5)-stable Kg-orbit of isomorphisms of Zs-modules
n: Ly, = [ [TuE) o' Ly = [ [ Tu(E)
les les

which preserve alternating pairings up to a common scalar

where E and E’ are equipped with their principal polarizations, which induce alternating pairings on
their Tate modules, and where 5 is any choice of geometric point on S; the choice of 5 does not matter
and is suppressed from notation. The isomorphisms in Mg (S) are pairs of isomorphisms of elliptic
curves which respect the orbits (77,7’). As usual, the alternating pairings on Tate modules depend
on trivializations of roots of unity, but the above definition does not depend on this trivialization as
we only require identification of alternating pairings up to common scalar.

There is a smooth separated Deligne-Mumford stack of finite type Mg — Spec Z[1/S] represent-
ing the above moduli problem (after restriction to connected locally Noetherian test objects) and the
forgetful map Mg — M|[1/8] is finite étale of degree [K° : K]. Indeed, one can show that the given
moduli description of Mg gives an étale local system on M (such a local system may be described
only on connected locally Noetherian test objects). The morphism Mg — M is determined by
its description on connected locally Noetherian test objects. We also have a (somewhat indirect)
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description of the groupoid Mg (.S) for an arbitrary scheme S over Spec Z[1/S] (not necessarily con-
nected or locally Noetherian): we can recover Mg — M from its “sheaf of sections”, i.e. we obtain
a “sheaf of K-level structures” Level on M such that M (S) parameterizes pairs (E, E') € M(S)
along with a section of Levelx over (E, E'), and after restricting to connected locally Noetherian S,
sections of Levelx may be functorially identified with data (77,77) as above.

The formation of Mg is compatible with enlargement of S: in the situation above, if 5 is a point
in characteristic p (possibly p = 0), then at any ¢ ¢ S with ¢ # p, we have a unique 71(.S,5)-stable
Ky-orbit of isomorphisms 7,: Lz, — Ty(E) and 7;: L/Zg — Ty(E") which preserve alternating pairings
up to the same scalar. When K = K°, we have M = M. For sufficiently small K, the stack
M is (representable by) a scheme. Whenever Mg is a scheme, it is also quasi-projective over
SpecZ[1/S]. Tt is enough for K to act trivially on L/NL and L'/N’L’ for some integers N, N' > 3.

For any T' € Sym,.(Q) with 1 < r < 3, recall that we have a “special cycle” Z(T) — M as defined
in Section 8.2. We write Z(T')x — M for the pullback over M.

We have complex uniformization of My and Z(T)x — Mg in the standard way, as we now
describe. In Section 8.4, we take the conventions of Section 7.2, except we slightly switch notation
and write W, W’ instead of Wi, Ws, etc. Take the canonical embeddings L — W and L' — W/,
using the given bases (i.e. Z%2 «— Q%2). Fix r, and consider the characteristic function ¢ =
1% e CP(V(Ay)"). Given any r-tuple ® € V(Ay)", we define the “away-from-oo special

Hom(L,L"®z7Z
cycle” (nonstandard terminology) to be the discrete set

(8.4.2) Z(x®)k = {he H(Ap)/K : p(h 'z®) = 1}.
Consider the setoid Z(T) x (C)framed, consisting of data

(8.4.3) i N
¢: H(FE,Q) —» W ¢ Hi(E',Q) = W'

where ¢ and ¢ are isomorphisms of Q vector spaces which preserve symplectic pairings up to a
common scalar, where the alternating pairings on Hi(F,Q) come from the principal polarizations
on E and E'. We call (¢, ¢’) a “framing”. Morphisms in this category are morphisms in Z(T") i (C)
which are compatible with (¢, ¢"). The group H(Q) acts on the isomorphism classes of Z(T') g (C)
by acting on framings via the formula h - (¢, ') = (h1¢, ha¢') for h = (hq, ha) € H(Q).

Hodge theory provides a canonical bijection

(844) Z(T)K(C)framed = H D% X Z(woo)K
zeV(Q)”

%(w,w):T

which is H(Q)-equivariant (after passing to isomorphism classes), described as follows. Given an
object as in (8.4.3), we obtain & € V(Q)" and h = (hy, h2) € Z(x*)k defined by the commutative
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diagram
(8.4.5)
hi
Wa, &— W «*— H\(E,Q) «— H\(E,Z) — [[,T(E) «"— L, Wa,
F =
Wéf . W' < " H((E',Q) «+— H\(E,Z) — |, Tu(E') «—— L. > WAf.
ha

A datum as in (8.4.3) also gives a point of DE, as the Hodge structures on H;(E, Q) and Hy(E',Q)
induce Hodge structures on W and W’ respectively (using ¢ and ¢’). Here we are using the identi-
fication (H; x H;") u (H] x H}™) =~ D* from Section 7.2 and the description of local special cycles
from Section 7.3.

The canonical forgetful map Z(7") x (C)gamed — Z(T") k(C) now induces a canonical isomorphism

(equivalence) of orbifolds®

(5.4.6) | ( RINES 2@ ) | = 2

L(zx)=T

where Z(T')% ¢ means analytification of Z(T') g c. The case T' = 0, gives complex uniformization

(8.4.7) {H(Q)\(]D)Jr X H(Af)/K>] = MPc .

Outside of Section 8.4, we will typically be looser and just write Z(T)x(C) and Mg (C) instead of
Z(T)®c and M, ete..

The complex uniformization also gives an analytic description of the metrized tautological bundle
£ on M in the complex fiber. We spell this out, as some care is needed for the metrics to align. To
simplify slightly, we assume that K is chosen such that Mg is a scheme.

Given a point (E, E',7,7) € Mk(C), the analytification of @; nat has fiber over this point which
may be identified with the line FOH;(FE,C) < Hy(E,C). This identification is canonical up to
a sign convention (Footnote 3); pick either of the two conventions. The same holds for Wapnat
and FOH;(E',C). Given a lift (E,E".7,7,¢,¢") € Mk(C)gamed, the C-lines FOWe < W and
FOW{. < W(. are (by definition) the images ¢(F'H;(E,C)) and ¢/ (F°H;(E’,C)). Recall that the
maps ¢ and ¢ preserve alternating pairing only up to scalar. If “det ¢ € Q*” and “det ¢’ € Q*” are
the similitude factors (e.g. the alternating pairing on W pulls back to det ¢ times the alternating
pairing on H;(F,Q), then rescaling gives isomorphisms

|det ¢/|~1/2¢

ot G|—1/2
(8.4.8) Fowe L8970 pop ) FOWL FO(E',C)

S5For us, a (complex) orbifold is a stack over complex analytic spaces with the étale topology, which admits a repre-
sentable étale cover by complex manifolds.
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which preserve Hermitian pairings exactly. This pair of isomorphisms is H (Q)-equivariant (recall the
rescaled action from Section 7.2). In other words, we have written down an H (Q)-equivariant metric-
preserving isomorphism between (1) the analytification of Enat 00 M ¥, pulled back to D¥ x H(As)/K
and (2) the metrized tautological bundle on D* (from Section 7.2) pulled back to D* x H(Ay)/K.

We can form the first Chern form ¢;(€Y,,) = 1 (c‘j’get) = c1(EY) on M c. Since the (1,1)-form
¢1(Y) on D* is H(R)-invariant, it descends (uniquely) to a (1,1)-form € := ¢;(€¥) on the orbifold

K. even for possibly stacky level K.

8.5. Degrees of special cycles. For a matrix T' € Sym,.(Q), the generic fiber Z(T")g is nonempty
only if rk(7") < 2. Define the degree of Z(T') (resp. Z(T')) when rk(T") < 2 with respect to the line
bundle £ in the following way:

(8.5.1) deggy (Z(T)q) = f o1 (i 6V )2HT),

Z(T)(C)
8.5.1. The case of rank 0. Let T' = 0,. The special cycle is Z(T) = M. We have the usual
complex uniformizations M(C) = [SLy(Z)\H;]?> and M(C) =~ (SLy(Z)\H;)?, where [—] means
stacky quotient and (—) means non-stacky quotient. Using the quotient integral formula and the

trivial action of the size 4 group {+1} x {1} < SLy(Z) x SL2(Z) on H; x H;, we compute

R 1 1 dxldazgdmdyz 1
] .2 d v Z T — V2 = — 92 = - T o222 ’
(85.2)  deggy(2(T)q) f )" =7 J 1 J 8miyty; 288

M(C) M(C) (SL2(Z)\H1)?
8.5.2. The case of rank 1. Consider T' € Sym,.(Q) with rk(7") = 1. Let o € GL,(Z) be a matrix such
that (9.6.1) holds, i.e., ‘aTa = diag{0,_1,T” = (t)}. Clearly we have Z(T) = Z(T"). Generically,
the morphism i, : Z(T°) — Zeup(T?) = T; has degree 2, while the generic automorphism group of
T: has size 4,

1
(85.3) ety (2(T)g) = degey (2(1°)e) = 2degey (Tia) = 5 | Yoy

|7:(C)l
Lemma 8.5.1. For T € Sym, (Q) with tk(T) = 1 and all y* € Sym;(R)~o,
(8.5.4) deggy (Z(T)q) = (96m) 'L (v, 1).

Proof. If T” is not positive definite and integral, the special cycle Z(T) = Z(T”) = @. The Fourier
coefficient C’jl,b (y*,1) is 0 by Example 4.4.2. Hence both sides of (8.5.4) are 0. Now we consider the
case that T” is positive definite and integral. By [Kud03, Theorem 4.23|, there exists a number C
such that

(8.5.5) degg, (2(1°)g) = C - Cp (v, 1).

For T” = (1), the left hand side of (8.5.5) is given by (8.5.3) as

1 Q) 1 deady 1
9 IO = 5 27ry2 19
IT1(C) SLa(Z)\H1

However, the right hand side of (8.5.5) is C x —87. Hence C = (967) . O
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8.5.3. The case of rank 2. Consider T" € Sym,(Q) with rk(7") = 2. By Lemma 8.2.2, we know
that Z(T) — SpecZ is flat proper quasi-finite with étale generic fiber. We will need to compute
the (stacky) degree deg% (Z(T)q) € Q of the generic fiber Z(T')g — SpecQ (in the sense of e.g.
[Che24, (A.1.11)], which should largely go back to Vistoli).

Lemma 8.5.2. Let T € Symy(Q) be a positive definite matriz. For all y € Symy(R)~g,

(8.5.6) degs@ (Z(T)o) = deg% (2(T)g) = (167*)7'CF <y, ;> '

Proof. Denote by H(A) the Hurwitz class number, i.e. the weighted number of equivalence classes
of positive definite binary quadratic forms with discriminant —A. For half-integral positive definite
matrix T € Symy(Q), the following formula follows from [GK93, (2.19)] and [G&07b, Proposition
1.1] (see also [CY20, Theorem 7.3|),

1
degev (Z(T = _—
egSQ ( ( )Q) aez%)(c) #Aut(a)

Rtom(e,) (T)
| #Aut(F) - #Aut(E)

(EvE,)e|Zsub(T)(C
4 det(T
- ¥ dH(ZQ( )> :
d|cont(T)
where Ryomp,gr)(T) is the representation number of the quadratic form corresponding to 7" in the
quadratic space Hom(F, E'), and for T = (;72 tt/22>, the number cont(T) = ged(ty, to, t).
By [Nag92, Theorem 2.1.1],

1 4
Cr <y,2,<1>§> = 288 Z d-H<dedt2(T)>.

d|cont(T)
Hence
1 1
degg, (2(T)g) = 2887'Cr <y, 5 @3) = (167)"'C7 (y, 2> :
If T is positive definite but not half-integral, both sides of (8.5.6) are 0. Therefore (8.5.6) holds for
all positive definite matrices 7" € Sym,(Q). O

9. GREEN CURRENTS AND ARITHMETIC CYCLES

9.1. Hermitian vector bundles. We recall some basics on stacky degrees of Hermitian line bun-
dles, which is summarized and specialized from [Che24, §4.1].

Given a smooth algebraic stack X over Spec C, a Hermitian vector bundle L on X is the following
functorial assignment: for every morphism S — X with S a scheme smooth over SpecC, the
assignment gives a vector bundle on S with a smooth Hermitian metric on the analytification. We
sometimes write £ = (L,| —||) where £ is the underlying line bundle on X and | — || is the norm
associated with the smooth Hermitian metric (on the analytification), defined functorially.

Given an algebraic stack X which is flat and finite type over Spec Z with smooth generic fiber, a
Hermitian vector bundle on X is a vector bundle £ on & equipped with a smooth Hermitian metric

on &|x, which is complex conjugation invariant.
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Next, we discuss stacky degrees of Hermitian line bundles along the lines of [Che24, §4.1]. Assume
that Z is a reduced 1-dimensional Deligne-Mumford stack which is proper and flat over SpecZ. Let
L=(L, | =) be a Hermitian line bundle on Z. The Arakelov arithmetic degree (Te\g(/’j) of L on Z
is valued in R, and may be described as follows. If Z = Spec O for a number field F, we have the
standard definition

(9.1.1) deg(L) = — Y log|s]s with [s] := gz ) if v < o0,

where the sum runs over all places v of E, the quantity g, is the cardinality of the residue field at
v, and s is any rational section of the line bundle L.

If Z is integral (equivalently, reduced and irreducible by quasi-separatedness), there exists a finite
surjection Spec O — Z and set

(9.1.2) ge\g(f) : (TGT%(MSpecOE)

1

- deg(B/Zg)
where deg(E/Zg) denotes the degree of the finite étale morphism Spec E — Zk. This definition
does not depend on the choice of F or the morphism Spec O — Z, since any two such choices may
be covered by finite surjections from a third such choice Spec O (and these finite surjections can
be made compatible with the maps to Z). If Z is not necessarily irreducible, we define (T(;g,(z) by
summing over the irreducible components of Z. If X a Deligne-Mumford stack which is flat, finite
type, and quasi-separated over SpecZ, equipped with a Hermitian line bundle 27 and if Z is a cycle
on X whose components satisfy the conditions imposed on Z from above, then we define (T&g(f\ Z)
by summing over the components of Z.

9.2. Green currents on M. Now we are going to construct Green currents for Z(T') following
[GS19]. For a positive definite matrix y = a-'a € Sym,.(R) where a € GL,(R) and a complex number
p € C such that Re(p) > —1/2, consider the following summation of currents on D:

(9.2.1) o°(T,y,p) = > g (- a,p).
2eQr (V)nMa(Z)"
The goal of this section is to prove the convergence and the meromorphic continuation property of
the above summation. The summation (9.2.1) is closely related to another summation:
(9.2.2) v (T,y) = Z My, (- a),
zeQr (V) nM2(Z)"

the above summation (9.2.2) converges to a SLo(Z) x SLa(Z)-invariant smooth (r — 1,7 — 1)-form
on D since v, is a (r — 1,7 — 1) smooth form on D with coefficients in the polynomial Fock space.

We have the following convergence lemma, as in [GS19, Proposition 4.3]. For completeness, we
give a self-contained proof, with an explicit bound on Re(p), and also give the interchangeability of

the  sum and ¢ integral.

Lemma 9.2.1.  (a). The summation (9.2.1) converges for Re(p) > 0 to a SLo(Z) x SLa(Z)-
wnwvariant locally integrable form on D, and

] o dt
(9.2.3) g°(T.y, p) =L VAT tY) iy
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(b). The summation (9.2.1) extends meromorphically® to the right half-plane Re(p) > —1/2 as a
current on D, which is holomorphic except for a possible simple pole at p = 0.

Proof. Let U — D be an open subset whose closure U is compact. The following set is finite by
Lemma A.0.1:

={xeMy(Z) :T(x) =T and Dy " U # }.
Let S" = Qp(V) n Ma(Z)"\S, so that S 1 S” indexes the non-zero terms appearing on the right hand
side of (9.2.1). By Lemma A.0.1, there exists a number C' > 0 such that for all x = (z1,--- ,2,) € 5,

(9.2.4) R(z,z) = > R(zi,2) > C, zeT.
=1

Similar inequality also holds with @ replaced by @ - a and C' by another positive number C”.
Consider the following sums:
(9.2.5) A=Y g@-ap, B=Y gz ap)
xeS xeS’
For the summation A, it converges to a locally integrable form when Re(p) > 0 and extends
meromorphically to the right half-plane Re(p) > —1/2 as a current by the finiteness of the set S and
Lemma 7.6.3. Lemma 7.6.3 also implies that for Re(p) > 0,

A= ZJ Vix - at1+9 f Z (Vi - ath

xesS xesS
For the summation B, each term g;(x - a, p) is a smooth form over U (because x ¢ S) for all
p € C by Lemma 7.5.1. Let z € U be a point, and fix a basis of the vector space A" "' T*D. The
coordinates of the smooth forms g7 (x-a, p) under this basis are bounded by finite linear combinations
of integrals of the following type:

i k —2ntR(x-a,z) de
(9.2.6) fl <R(\ﬁw ca,z) +t- tr(Ty)) X e Rt k € Z~o.

Now we try to estimate these coordinates by estimating (9.2.6). Firstly, we have R(x,z) > 0 since
x € 5, then each integral (9.2.6) converges for all p € C.
Moreover, by the compactness of U, there exist positive numbers a;r and by such that

ay - HazH2 < R(x-a,z)+tr(Ty) < by - Ha:H2

Then except finitely many x, we have R(zx,z) > ay/2 - |z|? for all the other & € S’. For those x,
the integral (9.2.6) is bounded in the following way:

Tk k 2R de 2k ez dt
fl t"(R(x-a,z) +tr(Ty))" x e =" (m.a’Z)tlTp < L b x| x e~ U™ i Tk

+00
— 2 o o . 2
< Cp,kb5’|$|2kf e—aumt|z[*/2 9 — QCp,kbg(aUﬂ') 1HwH2k 2, —avur|z| /27
1
where C, . is a positive number such that

1
prEw— <Cpp- eaU”thuzp, for all t > 1.

6For the purpose of this paper, the notion of “meromorphic family of currents” is as in [GS19, Footnote 2].
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Then we can find a positive number C,, iy depending only on p and U, such that for all € S’, the
coordinates of gy (x - a, p) are bounded by the following function

= )? U
Cou-e 1 , forall zeU.

Therefore the sum B converges absolutely for all p € C to a smooth form on U by standard arguments
for the convergence of theta series. Hence the following identity holds for all p € C,

+00 d +00 d
B = Z L uo(\/iac-a)tl—fp =L Z UO(\/Em-a)tl—fp.

xeS’ xeS’

The summation (9.2.1) is independent of the choice of a € GL,(R) by the O, (R)-invariance of the
forms v, (x) (|GS19, Proposition 2.12(ii)]). It is also easy to verify that for v € GL,(Z),

(9.2.7) a°("vT,y, ) = 8°(T, 7", p).-

The current g°(7',y, p) descends to a current on M(C) by its invariance under SLo(Z) x SLa(Z).
This descended current will also be denoted g°(T,y,p), and can be calculated using the follow-
ing “quotient intgral” procedure: any compactly supported smooth form n € A2 "*""(M(C))
is specified by an (SL2(Z) x SL(Z))-invariant form 7 € A3~"37"(D), which can be written as
N = ZyeSLQ(Z)stQ(Z) ~*a for some av € Ao 3T (D) via a partition of unity argument. We then have

(9.2.8) J a°(T,y,p) A= f g’ (T,y, p) A .
M(C) D

Equivalently, if 7 € D is a fundamental domain (say, the self-product of the usual fundamental

domain for H), we have
[0} 1 [¢]
(9.2.9) f Q(T,y,p)/\n=4f 9°(Ty,p) A1
M(C) F

for Re(p) > 0, where g°(7,y, p) is represented by a locally L' form on . The factor i accounts for
the trivial action of {+1} x {£1} € SLy(Z) x SLo(Z) on D. For Re(p) > —1/2, the current g°(T,y, p)
can then be calculated from (9.2.9) via unique meromorphic continuation in p.

By Lemma 9.2.1 and its proof, the constant term in the Laurent expansion

(9:2.10) §°(T.y) = CTg"(T,y. )
descends to a current on M(C). The meaning of (9.2.10) is: for an element 1 € A2~ """ (M(C)),
the pairing § M(C) 9°(T,y, p) A n defines a meromorphic function in p for Re(p) > —1/2, and then

(9.2.11) J g’ (T,y) nn=CT f 0’ (T,y,p) A 7.
M(C) r=0 Jrm(c)

9.3. Extension to the compactification. We seek to extend the current g°(7y, p) on M(C) to a
current on the compactification M(C). At least for Re(p) > 0, where g°(T,y, p) is represented by a
locally L' form on M(C), one can attempt to define the value of g°(T,y, p) on € AZ~"*""(M(C))
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by the integral
(9-3.1) J 9°(T,y,p) A = f g°(T,y, p) A nlamc)-
M(C) M(C)
The convergence of this integral, however, is not automatic since the restriction 7| ) need not be
compactly supported.

For r = 3, Theorem C.1.1 shows that g°(7T,y,p) is in fact L' on M(C) at least if Re(p) > 2,
so that g°(T,y, p) defines a current on M(C) for such p. That theorem also explains the unique
meromorphic continuation of g°(7y, p) to a family of currents on M(C) for Re(p) > —1/2, with at
most a simple pole at p = 0. The constant term at p = 0 is then a current on M(C) which extends
the previously defined current g°(7,y) on M(C). We simplify notation and also write g°(7,y) for
this extension to M(C).

We expect an analogue of Theorem C.1.1 to hold for » = 1 and r = 2 as well. In particular, we
expect a meromorphic extension of g(7T,y,p) on M(C) to Re(p) > —1/2, with a possible pole at
p = 0. Since these cases are not needed for the present paper, we do not pursue them here.

However, in the special case where r = 1 and T' = (¢) # 01, the proof of [GS19, Proposition
4.3| and the calculation [GS19, Example 2.10| shows that g°(7T,y) = g°(T,y,0) is represented by a
locally L! function on M(C). In this case, the pairing (9.3.1) already converges absolutely at p = 0,
as follows from [BK12b, Theorem 4.2|. Indeed, the function g°(T,y) is two times the Kudla’s Green
function studied by Berndt and Kiihn. This function is nonnegative, since each summand in its

defining series is an integral of a nonnegative Gaussian. Hence [BK12b, Theorem 4.2] implies
(9.3.2) f 1g°(T,y)| Q* < 0.
M(C)

The absolute convergence of §, , © 9 (T,y) Ann for any continuous (2, 2)-form 1 on M(C) then follows

from the following lemma.

Lemma 9.3.1. Let 1 be a continuous (2,2)-form on M(C). Write nyc) = f - Q* for some
continuous function f on M(C). Then f is bounded.

Proof. Points on the boundary M(C)\M(C) are of the form (o0, 29) or (21,0) or (00, 0) for 21, 22
in £11(C). By compactness of M(C), it suffices to show that the coefficients of 22 are bounded away
from 0 on any orbifold chart near any given boundary point. For points on ElI(C), we use the usual
orbifold chart H; — £II(C) with the upper half-plane H;. Near oo, we use the usual coordinate
q = ¥ for |g| « 1, which gives an orbifold chart near oo for ¢ in a complex disc of radius « 1
equippped with the trivial action by Z/2Z. See for instance [Hail4, §4] for this orbifold description
near the cusp co.

On the above orbifold chart near a boundary point (o0, 29) for 29 # o0, the form Q2 is a constant
multiple of (|¢1|log |q1|)_2y272 dgi A dgi A dza A dys, where g = €2™#1 is the usual local coordinate
near o0, and where 3 + iy are coordinates in the upper-half plane. This expression for Q2 is clearly
bounded away from 0 near ¢; = 0 and near (a lift in Hj of) a fixed z5. A similar argument applies
near a boundary point (z1,00). For the boundary point (00, ), the form Q2 is a constant multiple
of (|g1]1og|q1])~2(|q1|log |q1|) "2 dg1 A Ay A dga A dy, which is also bounded away from 0 for small

q1, q2- O



44 RYAN C. CHEN AND BAIQING ZHU

9.4. Theta series associated to currents. Let 1 < r < 3 be an integer. Consider the theta series
associated to a Schwartz function ¢ € .7 (V"), with w the Weil representation from

0(g,h.0) = Y, (wg)e) (h '),

xeVT

For T € Sym,(Q), define 67 (g,h,) = > (w(g)p) (b 'x).

EEQT (V)

Now assume that ¢ is O,(R)-invariant, where O,(R) < K, o is the diagonally embedded or-
thogonal group for the Gram matrix 1,, with K, o < Sp,,.(R) the standard maximal compact as
in (3.1.3). For g, € Sp(W,)(A) as in (3.1.4) where z = x + iy € H, and y = a - ‘a, we define
0 (z,h, ) == det(y)~' - 0 (gs, h, ) and for all T € Sym,.(Q), set

Cor(y,hyp) == det(y) ™ - 0r (g2, h,p) - ¢~ T, g7 = *r(T2),

The O,(R)-invariance ensures that this does not depend on the choice of g,. In particular, if ¢ is
moreover factorizable as ¢ = 0o ® 1yf, 7 € Z(V"), then for h = (hy, ef), we have

(9.4.1) Cor (y,h, @) = > ™ Mg (h'a - a) .
zeQr (V)nMa(Z)"
For a matrix 7" € Sym,(Q), a matrix y € Sym,.(R)~0, a point z € D, and p € C with Re(p) > 0,
using the formula (9.2.3), definitions (9.2.2) and (7.6.3), and the O(V)(R)-invariance of v, from
|GS19, Proposition 2.6(d)]| gives

3 +00 3 dt
(942) (0" (Toyp) A 07), = [ 0 (Tty). 02
+00 ~ dt 5
=] Cor (ty,hz, P ® 1M2(Z)T> s 02
for any h, € O(V)(R) with h, - (i,7) = z. Note that the Schwartz function 7, € #(V}) is O,(R)-
invariant by [GS19, Proposition 2.6(f)], and is Stabo(y)m)(4,)-invariant by [GS19, Proposition

2.6(d)].
9.5. Green current equation. Define

(9.5.1) i (T,y) = eIy > prum(T - a).
xeQp (V)M (Z)"
If T'= (t) is a 1 x 1 matrix where ¢t € Q*, it is proved that we have the following identity of
currents on M (C) [BK12a, Proposition 2.4]:
Loe o L,
(9-5-2) ~ddg (T7 Y)coarse +or, = 7SOKM(T7 Y)coarsey
2 2
Where ¢ (T, Y)coarse is the current on the M (C) defined by (9.2.9) without the 1/4 factor. Similarly,
ddg°(T, ¥)coarse is defined on invariant forms on D with compact support modulo SLo(Z) x SLy(Z)
as 4 times the stacky count defined in loc. cit. Recall that T; € M denotes the (reduced, scheme-
theoretic) image of 7y £ M under the coarse moduli map M — M. This T} is nonempty if and only
if t € Z>o. Acting on invariant forms on D, we have o7, = 4d7; = 26z(y).
The formula (9.5.2) thus implies the following current identity on M(C):

(9.5.3) dd“g*(T,y) + 6z(1) = erm(T,y)-
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Garcia and Sankaran give a much more general form of (9.5.3). We record the case relevant for
this paper.

Lemma 9.5.1. For 1 <r <3, let T € Sym,(Q) be any matriz. The following equality of currents
holds on M(C):

(9.5.4) dd®g®(T,y) + dz(1y A Q7 = ppn(Ty).

Proof. The claimed equality of currents on M(C) can be checked locally on the orbifold chart
D — M(C), via partitions of unity. Using the complex uniformization of Z(T') from (8.4.6), the
claimed current identity now follows from the corresponding Green current identity on D, which
appears in (7.6.8). See also the proof of [GS19, Proposition 4.4].

O

9.6. Arithmetic special cycle classes. For 1 < r < 3, let T' € Sym,(Q) be a matrix and y €
Sym, (R) be a positive definite matrix. Given such a pair (7', y), we define a number det(y;) € R~
as follows. Let o € GL,(Z) be a matrix such that

Or—r
(9.6.1) taTa:< k(D) T")

is block diagonal, where T” € Symyi(r) (Q) is a nonsingular matrix. Such « are unique up to right

multiplication by elements of the form

(9.6.2) <; :)

with block diagonal entries in GL,_(1)(Z) and GLyy1)(Z), respectively. Therefore the following
number is well-defined:

(9.6.3) det' T = det T”.
As elements in Z™(T) (M), we also have
(9.6.4) Z(T) = Z(T°)

By Gram—Schmidt, we may decompose

_ 1 0 1 0
(9.6.5) alyla™ = ) (0 T,
01 0 vy c 1

for ¢ € M, _yi(7) () (R), and where y1 € Sym,_ ) (R) and y’ € Symyy(7y(R). The matrix c
is uniquely determined by oflyta_l, and both y; and y* must be positive definite. The above
discussion on uniqueness of « up to right translation by block upper triangular matrices shows that
det(y;) and det(y”) are both independent of the choice of a.. Given (T,y), the GLyk(1)(Z)-orbit of the
pair (T°,y") is also well-defined, where ~ € GLyx(1)(Z) acts as v - (T°,y") = (ty_lTby_l,’yyb (ty)).
By construction, we find that the quantities det(y;) and det(y”) do not change if the pair (7T,y)
is replaced by (‘aTa, o 'y'a™") for any a € GL,(Z). The GLy7)(Z)-orbit of (T”,y’) also does not

change. Moreover, the Fourier coefficient is also unchanged under the above operations.



46 RYAN C. CHEN AND BAIQING ZHU

Lemma 9.6.1. Let T € Sym,.(Q) be a matriz and y € Sym, (R) be a positive definite matriz. Let T
be the right hand side of (9.6.1). Let § = diag{y1,y’} be the middle matriz on the right hand side of
(9.6.5),

(9.6.6) Cr(y,s) = Cz(y,5)
Proof. It’s easy to show that C7(y,s) = C%(a_lytofl, s), so it suffices to prove
ro o —1t —1 TS
Cila™ya ~,s) =CL(Y,s).

By (9.6.5), an easy calculation implies that for the matrix ¢ € M, _ (1) si(7)(R),
1 c
Jia—lyta—1 = m(e)gi)?a 0= 0 1 € GLT(A)'

By [GS19, (5.56)], for all ® € I,(s),

Ez(m(0)g,s,®) = Ez(g,s, ).

By the definition of the coefficient C, we have

C’,}(aflyta—lj 8)672ﬂ'tr(7~10ﬁ1ytoﬁl) = CL(9, S)e—%tr(fy)_
It’s easy to verify that tr(Ta—lyta—l) = tr(f’y). Then (9.6.6) follows. =

Definition 9.6.2. For 1 < r < 3, let T € Sym,(Q) be a matrix and y € Sym,(R) be a positive
definite matrix. Define the following current on M(C)

a°(T,y), if det(7") # 0;

0
(9.6.7) o(T,y) = o
9°(T,y) —log(dety1)dz) A Q7" (D=1 if det(T") = 0.

where det(y;) € R-g is associated to the pair (T,y) as in (9.6.5).

Remark 9.6.3. There is a similar modification of g°(7,y) which appears in [GS19, Definition 4.5],
but our definition is not identical to theirs. Our modification of g°(7',y) is closer to the construction
of [Che24, §12.4], but without the complications of loc. cit. involving class number issues.

Remark 9.6.4. The current 0z A Qr—k(T)—1 extends naturally to the compactification as follows.
For e A2""*""(M(C)), define

5 A Qrfrk(T)fl A= J A Qrfrk(T)fl )
JM((C) < 210 ) ! Z(T)(C) ( ) Z(T)(C)

The integral on the right is finite. Indeed, if T is positive semidefinite of rank 1, it is an integral over
a finite union of modular curves, and convergence follows from their finite volume. If T is positive
semidefinite of rank 2, it is a finite sum of values of the function 1 at CM point.

Therefore for r = 3, the current g(T,y) extends to a current on M(C) by our discussion in §9.3.

In the situation of Definition 9.6.2, the above discussion shows that we also have g(*yT7,y) =
o(T,~yy'y) for any v € GL,(Z). Note that g(T,y) = g°(T,y) if det T' # 0. Moreover, the following
green current equation holds on M(C),

(9.6.8) ddg(T,y) + dz¢ry A V) = R (T y).
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~ —~ 3
With notation as in Section 9.2, we define an arithmetic special cycle class [Z(T,y)] € Ch (M)
by
(9.6.9)

[Z(T.y)] =

~

(5) (0,9(0-,y)) if T = 0y,

for the pair (7,y). This construction (9.6.9) is essentially [GS19, (5.158)|, except we have the
additional complication that M is not proper, and also an additional complication from stackiness

(Z(1%), g(T,y")) - &1(EY) D) 4 (0,9(T,y) — g(T7°,y") A Q" D) | if T 2 0,
c1

of M. There is also the discrepancy from Remark 9.6.3. Due to the local complete intersection
property for the special cycles Z(T') as explained in Lemma 8.2.2 and its proof, we do not make the
additional derived modifications discussed in [Che24, §4.4].

To remedy the non-properness, it should be preferable to work with M instead of M, and to
replace the Gillet-Soulé arithmetic intersection theory with a version of the theory from [BGKKO07].
On the other hand, one can formulate the arithmetic intersection numbers more directly, as we
explain next. We take this simpler approach, as the technical issues in defining the arithmetic cycle
classes on the compactified stack M are largely separate from the main ideas of this paper.

9.7. Arithmetic degrees of special cycles. For regular proper Deligne-Mumford stacks, there
is a well-defined notion of arithmetic degree on the top-codimension arithmetic Chow group [Gil09].
However, the stack M is not proper over Z. Although the line bundle underlying the Hermitian
line bundle £V extends to M, its metric has logarithmic singularities along the boundary M\M,
while its first Chern form has log-log growth [BGKKO07, (7.60)]. Thus it seems natural to expect
that the arithmetic special cycles should define classes in arithmetic Chow groups allowing log-log
singularities along the boundary M\M, though there is a technical complication due to stackiness.
Moreover, by the analysis in [BK12a, Proposition 2.16], Kudla’s Green function g°(7',y) also fails to
be a Green function with log-log singularities in the sense of Burgos-Kramer—Kiihn [BGKKO07|.

Nonetheless, one can make a precise definition for the expected arithmetic degrees of the cycles
Z(T,y), for example as in [Che24, §4.7].

If rk(T") = 3, the special cycle Z(T') is an Artinian Deligne-Mumford stack supported over at
most one prime. Let’s say Z(T) is supported over p, define

AN
deg <(5V> |Z(T)) = log p - (the stacky length of the Artinian Deligne-Mumford stack Z(7T'))

More precisely, choose a finite étale cover Z — Z(T') of constant degree d, where Z is a scheme. The
stacky length is the Z-length of Z divided by d, and the arithmetic degree is obtained by multiplying
this quantity by logp.

Next consider the case rk(7T) = 2. By Lemma 8.2.2, we know that Z(7T") — SpecZ is proper
quasi-finite flat with étale generic fiber. The number (TeTg((éA' )| z(r)) was defined in Section 9.1.

If rk(T) = 1, let T° = (t) be the matrix obtained in (9.6.1). In [BGKKO7, §7.8], the authors
showed that the metrized tautological bundle on the coarse space M (in the sense of loc. cit.)
extends to a Hermitian Q-line bundle with good metric (we refer to [BGKKO07, Definition 7.4] for
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the notion of good metric) along M\M. Denote by E‘ﬁ this metrized Q-line bundle on M. Define

(9.7.1) deg ((§V)2 |Z(T)> — 2. dog ((5&)2 |n> .

The factor 27! is inserted because we divide by 4 for stacky considerations, and then multiply by 2
since Z(T') — T; has degree 2 as in Example 8.3.1.
Finally if rk(7") = 0, we have Z(T") = M. Define

(9.7.2) deg <<5V)3 \z(m)) = 47" deg ((Aj\vﬁg !M> :

The factor 471 is inserted for stacky considerations.
Motivated by the (9.6.9) on the expected arithmetic special cycle class Z (T,y), define

-~ — o~ 3—rk(T) 1 3—p
(9.7.3) deg[Z(T,y)] = deg (6) 2 ) + 3 M(@)Q(T’Y)AQ :

Since M(C) is noncompact, convergence of the integral is not automatic. For r = 3, however,
convergence follows from the estimates in Appendix C, as discussed in §9.3. Thus the arithmetic
degree in (9.7.3) is well defined in this case. Our main theorem explains that these arithmetic degrees
appear in the Fourier coefficients of the classical genus 3 Siegel Eisenstein series.

Theorem 9.7.1. For every T € Syms(Q) and y € Syms(R)~q, we have
(9.7.4) deg[2(T,y)] = —(327%) 7 (CF)' (v,0).

The proof will be completed in Section 14.

10. FALTINGS HEIGHTS OF CORANK 1 CYCLES

For a matrix T of rank 1 or 3, the height of the corresponding cycle Z(7T) is more or less known
by [BGKKO07, Theorem 7.61] (rank 1) and [GK93| (rank 3). In this paper, we handle the rank 2
case, i.e. when Z(T) is a 1-cycle.

10.1. Faltings heights of CM elliptic curves. For a rank 2 matrix 7', recall (Lemma 8.2.2) that
every object in Z(T)(Q) consists of a pair of CM elliptic curves (and additional data). The right-
hand side of (9.7.3) involves the Faltings heights of these two elliptic curves, which have CM by
possibly non-maximal orders. This section contains some preparatory material for describing these
heights. The procedure from |[Che24, Part 3] for studying “height differences” can be simplified for
the case of Faltings heights of elliptic curves, as we explain below.

If F is any elliptic curve over a number field K, and if F has everywhere semi-abelian reduction,
recall that the stable Faltings height

1 —
10.1.1 hpa(E) := ———=deg(® R
( ) Fal( ) [K . @] eg(wE,Pet) €
is a normalized arithmetic degree of the Hodge bundle &g pet = e*QL for the Néron model E

E/O
of E over Spec Ok, with e being the identity section. Here we normalize our Archimedean metrics

using the ||—||p., normalization from (8.1.1) The quantity hg,(F) does not change if we extend the
base field K. We always consider stable Faltings height.
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Remark 10.1.1. It will be convenient notation to define the (stable) Faltings height hg,(E) for
elliptic curves E over arbitrary fields x of characteristic zero, subject to the condition that Fx
descends to Q. Indeed, we can pick any descent of Fx to a number field (sufficiently large to ensure
everywhere semi-abelian reduction) and take its Faltings height. This will not depend on the choice
of descent. In particular, this applies to any CM elliptic curve in characteristic zero, which always

descends to Q in the sense above.

Next, let F'/Q be an arbitrary imaginary quadratic field. If F is an elliptic curve with CM by the
maximal order Op, then we have

o . 1L(Lnp)  11'(1)
FalE " 9 L(1,pp)  2T(1)

1 1
(10.1.2) hpa(E) = h + 7 log | D| — 5 log(2n)

from the Chowla—Selberg formula (compare [KRY04, Proposition 10.10]), where g is the quadratic
character associated to F'/Q, and D is the discriminant of Op.

If E instead has CM by a possibly non-maximal order, the Faltings height was largely computed
in the work of Nakkajima and Taguchi [NT91]. We give a reformulation of their result in a more
convenient form for us. The height will be given in terms of (10.1.2) and some explicit local quantities
as in Lemma 10.1.4.

We first recall the following “height difference” formula, which is a (not difficult) reformulation
of |Fal83, Lemma 5|. Given any isogeny ¢: E1 — Eo of arbitrary elliptic curves with semi-abelian

reduction over a number field K, we have

1 - -
(10.1.3) hpa (F2) — hpa(E1) = B log deg ¢ — log | coker(¢y: Lie By — Lie E»)|

1
[K : Q]
where E; are the respective Néron models over Spec O, and where | — | means cardinality of the
finite Ox-module (and this is also valid for abelian varieties).

In particular, if E' is any elliptic curve with CM by a (possibly non-maximal) order in F', we have
(10.1.4) hpa(E) —higfpe Y, Q-logp

primes p
because any two elliptic curves with CM by F' are isogenous over an algebraic closure. Note also
that End(E) does not change with extension of the base field, if E has CM.

Although the quantity deg ¢ appears as a measure of “Archimedean ramification”, we will eventu-
ally view the quantities log deg ¢ as contributing to “non-Archimedean terms” which can be calculated
by p-divisible groups as p varies.

In light of (10.1.4), we work locally, one prime at a time. We set O, := O ®y Z,, for orders
O < Op, and also set F}, := F ®q Q).

Lemma 10.1.2. Let E and E' be elliptic curves in characteristic zero, with CM by orders O and
O" in the same imaginary quadratic field F. If p is a prime such that O, = O, then we have
(10.1.5) hpal(E) — hpa(E') € ) Q- log .

t#p
In particular, if O = O, we have hpy(F) = hpa(E').
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Proof. By (10.1.3), it is enough to show the existence of a prime-to-p isogeny E — E’. Without loss
of generality, we may assume that F and E’ are given over C, as any isogeny over C will descend to
Q (for any descents of E and E').”

After picking appropriate embeddings F' — End°(E) and F — End°(E’), we may assume that F
and E’ have the same CM type. We can assume E =~ C/a and E’ =~ C/a’ as complex tori, where
a,a’ € F are Z-lattices of rank 2 which satisfy Endp(a) = O and Endp(a’) = O'. Here we set e.g.
Endp(a) := Endz(a) n Endp(a ®z Q).

Set a, = a®z Zp and a), := a’ ®z Zp. One can show that both a, and a;, are free of rank one as
Op-modules. Briefly, one can find an element u € pr such that u-a, € Op)p and 1 € u-a,, and then
if s € Zx is the integer such that [Op, : O,] = p®, we must have u - a, = Z, + p*OF,, being equal
to the unique order of index p® (and the same applies to a;,).

In other words, we can find some b € F such that b-a, = a,

F* is dense in F), we can moreover assume b € F'*. Then multiplication by b gives a prime-to-p

quasi-isogeny F — E’ (which can be assumed an isogeny if one prefers, by clearing denominators

as submodules of F),. Since

away from p). O

Remark 10.1.3. For the reader’s convenience, we remark that the condition O ®z Z, =~ O’ ®z Z,
from Lemma 10.1.2 is equivalent to the condition v,([OF : O]) = v,([OF : O']), because there is a
unique order of index p*® inside OF,, for each integer s > 0, namely Z, + p*OF,,, and these are all of
the orders.

Next, we use the notation

1 if p is split in Op
(10.1.6) ng(p) =40 if pis ramified in Op
—1 if pisinert in Op
and set
1 (1-p~)@ —nfv(p)))
10.1.7 o §) == (s —
(101D N N R D)

for integers s > 0. Note that this only depends on the isomorphism class of the Q,-algebra F), :=
F ®q Qp.

Lemma 10.1.4. Let E and Eqy be elliptic curves in characteristic zero, with CM by the same imag-
mary quadratic field F. Write O for the endomorphism ring of E, and assume Eg has CM by the
maximal order Op.

Fiz any prime p, and let s € Zx=q be the integer such that O, is the unique order of index p* inside
Oryp. We then have

(10.1.8) hgal(E) — hpal(Eo) = 0palr, (s) -logp  (mod )’ Q- log¥).
tp

"This type of argument also shows that any characteristic zero abelian varieties A and A’ with CM by the same
maximal order in a finite étale Q-algebra F (not necessarily a product of CM fields, but necessarily totally complex)
and the same CM type (for fixed embeddings F — End®(A) and F — End®(A’)) must have the same (stable) Faltings
height, i.e. there exist prime-to-p isogenies (which can be chosen to be F-linear) between A and A’ for every prime p.
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Proof. By Lemma 10.1.2, we may assume that E and Fj are the complex elliptic curves C/O and
C/Op respectively, for some embedding F' — C. The inclusion O — Op gives an isogeny E — Ej
whose degree has p-part being p®. Its dual Fy — FE is an isogeny degree whose p-part is p®. Descend
the data of Fy — E and the actions Op C Ey and O C E to some number field K, and we may
assume that Ey and E have everywhere good reduction over K.

The computation of Nakkajima and Taguchi [NT91]| (see also [KRY04, Proposition 10.3] and its
proof) can be formulated as follows: for any isogeny ¢: E07 v — Ej over a finite extension K of @p,
if the degree of ¢ has p-part p°, then

1 = = 1(1—p )1 —npp)
10.1.9)  ———=—lengthy (coker(¢s: Lie Eyspeco, — Lie Especo,.)) = =
( ) (K : Q) oy (coker(@s peeti pec0g)) = 3 (1=p=1)(p —n}(p))
for the Néron models Ey and E over O. See also [Che24, (7.2.6)], stated in terms of p-divisible
groups. Upon summing over the p-adic places of K, it follows that any isogeny ¢: Ey — E (over K)
1

with deg ¢ having p-part p*® has mvp(] coker(¢y: Lie Ey — Lie E)|) equal to the right-hand side

of (10.1.9); then apply (10.1.3). O

The following lemma will help detect CM orders using p-divisible groups (after using the equiva-
lence between étale p-divisible groups and Tate modules). The point is that we will apply the lemma

in situations where the base field is not a number field.

Lemma 10.1.5. Let E be an elliptic curve over a field of characteristic 0. Assume E has CM by
an imaginary quadratic field F', and set O := End(E).

Fiz a prime p. Suppose we have dimz, End(T,(E)) = 2, where End(T,(E)) denotes Galois equi-
variant endomorphisms of the p-adic Tate module.

Then we have O, = End(T,(E)).

Proof. Recall that the canonical map End(E)®zZ, — End(T},(E)) is injective [Mum85, Theorem 3,
page 176]. Dimension considerations then show that the map End(E) ®z Qp, — End(T,(F)) ®z, Qp
is an isomorphism. We find that an element ¢ € End(E) ®z Q maps to End(7,(F)) (equivalently,
preserves the p-adic Tate module) if and only if ¢ € End(E) ®z Z(,), as can be shown by clearing
denominators away from p. Since End(E)®z Q has dense image in End(7,(E)) ®z, Q,, we conclude
that End(F) ®z Z,) — End(T)(F)) also has dense image, so End(E) ®z Z, < End(T,(E)) is closed
(by compactness) and dense and hence the inclusion is an equality. U

10.2. Decomposition of heights. In Section 10.2, we consider 7" € Sym,.(Q) with rk(7") = 2 (so
either r = 2 or r = 3). We decompose the term deg(é Y|z(ry) over the prime numbers. For the

reader’s convenience, we recall that the metric || - | on €Y defined in Section 8.1 is different from
Petersson metric | - ||pet also defined in loc. cit.: the two metrics on £V are related by

2 2
(10.2.1) |- 17 = dme] - [pes-

Recall the definition gpet = PiW.A pet ® P50 A pet from Section 8.1. The (stacky) arithmetic degree
deg(gget]Z(T)) of the Hermitian line bundle £¥ on Z(T) (as defined in [Che24, Section 4.1]) may be
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calculated by the formula

— A hFal(E) + hFal(E/)
(10.2.2) deg(Epelzr) = = D]
wclZ@yo) AU
a=(E,E")

for any algebraically closed field k of characteristic zero, where the sum runs over the set of isomor-
phism classes in the groupoid Z(7T')(x). The formula (10.2.2) may be verified by covering Z(T") by
a disjoint union of finite morphisms from schemes of the form Spec O for various number fields
K. The well-definedness of the heights hp, (E) and hp, (E’) even if x # Q follows because Lemma
8.2.2 states that the condition (F, E’',x) € Z(T)(x) implies that F and E’ both have CM by the
imaginary quadratic field Q(\/m ); then recall that any CM elliptic curve descends to Q and
apply the discussion of Remark 10.1.1. The use of x # Q will largely be a matter of convenient
bookkeeping later. For the rest of Section 10.2, we set F' := Q(+v/— det' T").

Recall that we consider the stacky degree deg% (Z(T)q) of the generic fiber Z(T)g — SpecQ,

then we must have

(10.2.3) deg (&8l z(r)) + 2(degey (Z(T)g)) (bip) € D) Q-logp

primes p

via (10.1.4). We define

(10.2.4) degz, (2(T)), € Q- logp

to be the “p-part” of (10.2.3), defined by linear independence of log p for varying primes p. Given
a€ Z(T)(k) as in (10.2.2), we define (5Falp(a) € Q- logp by the formulas

(10.2.5) hFal(E) + hFal(E Fal F= Z(SFalp with 5Fal,p(a> € Q . logp

and linear independence of log p for varying p. We then have

— OFalp ()
(10.2.6) degz, (Z(D))p=— D, o=
¢ ! aclZ(T)() # Aut(a)’
—(B.E')

The point is that (Te%gv (Z(T'))p will be calculated via a local analogue (Definition 11.6.1) in combi-
nation with Rapoport—Zink uniformization (Section 12).

11. LOCAL SPECIAL CYCLES

We fix an arbitrary prime p throughout this section, allowing p = 2. Let X® (resp. X°) be a
supersingular (resp. ordinary) p-divisible group of dimension 1 and height 2 over F. Given a choice
of * € {s, 0}, the object X* is unique up to isomorphism.

We set

(11.0.1) B* := Hom"(X*, X*).

Fix any principal polarization A on X* (such A is unique up to Z;-scalar). There is an induced
Rosati involution f on B* given by z' := A™'zV A (which does not depend on the choice of \). This
induces a quadratic form ¢: B* — Q, given by ¢(z) = zTz, with associated Qp-bilinear pairing
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(—,—) on B* given by the formulas
(11.0.2) (z,y) = tr°(z o y) tr(a) == a' + a

for x,y,a € B*. More explicitly, the pair (B*, ) is isomorphic (as a Q,-algebra with involution) to
the unique (4-dimensional) quaternion division algebra over Q, with its unique standard involution
if + = s, and is isomorphic to Q, x Q, with its unique nontrivial involution if * = o.

For each * € {s, 0}, we have a canonical full rank Z,-lattice
(11.0.3) Hom(X*, X*) € Hom"(X*, X*)

which we denote L* < B*.

We find it useful to consider “schemification” of locally Noetherian formal schemes which are finite
relative schemes over e.g. Spf Zp (compare [Che24, Appendix B]), where Zp is the discrete valuation
ring given by the ring of integers of the completion of the maximal unramified extension of Q,. That
is, the association Spec B — Spf B gives an equivalence of categories of finite relative schemes over
Spec Zp and Spf Zp; we write (Spf B)*" := Spec B and call this the “schemification” of Spf B.

11.1. Rapoport—Zink spaces. For * € {s, 0}, we first consider the functor N : (Sch/Spf Zp)OP —
Set defined as follows: given a scheme S over Spf Zp, the set N (S) parameterizes data (X, p) where
X /8 is a p-divisible group and p: X xg S — X* xp S is a quasi-isogeny which is an isomorphism in
geometric fibers, with S = S x SptZ, F. It is a standard fact that N is (non-canonically) represented
by Spf Zy[[t]] (take any lift to SpfZ,, e.g. a suitable canonical lifting in the sense of Gross, and
then apply Grothendieck—Messing theory).

We next consider some Rapoport—Zink spaces
(11.1.1) N*0C N* C N*

which are slight variants of one another, and whose uses will be explained shortly. Each of the spaces
in (11.1.1) will be (non-canonically) a countable disjoint union of copies of Spf Z,[[t, t']].

We first define N*: (Sch/Spf Z,)°° — Set to parameterize tuples (X, p, X', /) with (X, p) and
(X', p') data as above, but where p and p’ are no longer required to be isomorphisms in geometric
fibers, and we instead require deg(p) = deg(p’).

We let N* € N* be the open and closed subfunctor consisting of tuples (X, p, X', p/) with p being
an isomorphism in geometric fibers.

We let N*0 < N* be the open and closed subfunctor consisting of tuples (X, p, X’,p') with
both p and p’ being isomorphisms in geometric fibers. There is a canonical isomorphism A*° —
NG X Spf 7, NG )

We find that the (disconnected) space N* arises naturally in Rapoport-Zink uniformization. On
the other hand, the natural local special cycles on N* (Definition 11.2.1) are not quasi-compact in
general, so we find it convenient to restrict to N'* for counting purposes. We have N'*? = A/* in the
supersingular case, but not in the ordinary case. The connected space N9 seems to be “too small”

for our counting purposes in the ordinary case, though we still find it useful in some arguments.
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Consider groups

(11.1.2) H'(Q,) == {(h, ) € End®(X*)* x End®(X*)* : deg(h) = deg(l')}
(11.1.3) HY(Qp) = {(h, /) € H'(Q,) : h € End(X*)*}
(11.1.4) H'(Z,) = {(h,})) € H'(Q,) : h € End(X*)* and } € End(X*)*}

depending on the choice of * € {s, 0}, which we suppress from notation.

There is an action H'(Q)) G N*, where (h,h) € H'(Q,) acts as (X, p, X', p/) — (X, hp, X', 1 p).
The subgroups H'(Z,) < H'(Q,) and H)(Q,) < H'(Q,) are normal, and the action H'(Q,) G N* in-
duces a simply transitive action H'(Q,)/H'(Z,) GN*(F). We pick the identification H'(Q,)/H'(Z,)
N*(F) sending 1 € H'(Q,)/H"(Z,) to N*O(F).

We have an open and closed disjoint union decomposition
(11.1.5) N* = 11 N

i€H’(Qp)/Hg(Qp)

where V¥ € N* is the open and closed subfunctor with N*(F) € N*(F) =~ H'(Q,)/H'(Z,) given
by the H}(Qj)-orbit corresponding to i. When i = 1, we have N* = N*.

Il

We have
Z  in the supersingular case
H'(Qp)/H'(Zp) = § _, , H'(Qp)/Hy(Qp) =
Z° in the ordinary case
(11.1.6)
{0} in the supersingular case
Hy(Qp)/H'(Zy) = . .
Z  in the ordinary case.
11.2. Cycles.

Definition 11.2.1. Given any subset H — B*, we define the special cycle Z*(H) < N* to be the

subfunctor cut out by the condition
(p) oz opeHom(X,X)

for all - € H, for tuples (X, p, X', o) € N*(S) for schemes S over Spf Z,. We then define Z*(H) =
Z*(H) " N* and Z*0(H) = Z*(H) n N*0 .

Several standard remarks apply to Definition 11.2.1, i.e. (p) oz op: X — X' is viewed as
a quasi-homomorphism by Drinfeld rigidity, and the subfunctor Z*(H) ¢ N* is represented by a
closed formal subscheme by (the proof of) [RZ96, Proposition 2.9]. The involution of N* given by
swapping (X, p) and (X', p/) takes Z*(H) isomorphically to Z*(HT). To see this, we use the fact
that given any (X, p) € NV§(S), the fixed principal polarization on X* lifts (uniquely) to a principal
polarization on X (e.g. [Che24, Lemma 5.6.1]).

Given a tuple @ = (x1,...,x,) of elements in B*, we can forget information to view x as a subset
of B*, so we abuse notation to write e.g. 2*( ) for the associated special cycle. Consider the
temporary notation @, := 1% € CX((B*)") for an understood r > 1. If z € (B*)" is an r-tuple, we
have

(11.2.1) Z*(@)(F) = {he H'(Q,)/H'(Z,) : h & supp(h — @,(h ')}
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as a subset N*(F) = H'(Q,)/H'(Z,). In particular, we have
N*(F) ifxcL*
(%) if x & LL*

in the supersingular case (because H'(Q)) preserves L* in the supersingular case).
There is an action H'(Q,) C B* where (h,h') € H'(Q,) acts as z — h/zh~!. This preserves
quadratic forms up to Z;-scalar. For heH (Qp) and any subset H < B*, we then have

(11.2.2) Z*(x)(F) =

(11.2.3) h-Z*(H) = Z*(h- H).

Considering the decomposition from (11.1.5) and defining Z*(x); := Z*(z) n N}* gives an open

and closed decomposition

(11.2.4) Z*(x) = 11 Z*(x);.
iceH'(Qp)/Hy(Qp)

11.3. Cycles and lattices of rank 2. The rest of Section 11 is largely devoted to studying the
cycles Z*(M) for Zy-lattices M < B* of rank 2. Note that any such M is automatically non-
degenerate: if * = s, then B* is anisotropic, and if * = o, then M spans all of B*.

Given any Zjp-lattice M of rank 2 equipped with a non-degenerate quadratic form, we consider
its Gross—Keating invariants GK(M) = (a,b) for integers a < b (compare [GK93, §4]), as recalled in
Section B. We set

(11.3.1) v(M)=a+b  d(M):=b-—a.

The lattice M is integral if and only if a > 0.

Given a rank 2 lattice M < B* which is not integral, we have ZN*(M) = . Indeed, by the
transitive action H'(Q,) G N*(F), it is enough to check Z*9(M) = . Then note that for any
(X, p, X', p') € Z%0(M)(F), and every x € M, we must have z'z € End(X), i.e. 2Tz € Z,.

We know that Q,[X]/(X? — disc(M)) is a ramified extension of Q, if and only if v(M) is odd
(e.g. follows from Lemma B.1.2). If M is integral, we define the type t(M) of M to be

0, ifa=b=0;
(11.3.2) t(M) =11, ifa=0andb>0;
2, ifa>0.

We then have v(M) = d(M) if and only if ¢(M) < 1.
Given a finite étale Qp-algebra F' of degree 2, and given an integer s > 0, we write O =

Zyp, + p*OF for the unique order of index p® inside Op.

Lemma 11.3.1. Two Z,-lattices M, M’ < B* of rank 2 lie in the same Hy(Q,)-orbit if and only
if GK(M) = GK(M') and disc(Mg,) = disc(M@p). This is also equivalent to lying in the same
H'(Qp)-orbit.

Proof. Since the H'(Qj)-action preserves quadratic forms up to Z,-scalar, it certainly preserves the

invariants in the lemma statement.
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Suppose instead that M and M’ have the same invariants as in the lemma statement. Set
D = disc(Mg,) = disc(Mg ) and F := Qp[X]/(X? — D) (we only use this Q,-algebra up to
isomorphism).

We first claim that the condition on discriminants implies that Mg, and M@p lie in the same
Hy(Qp)-orbit. In the ordinary case, there is nothing to show as Mg, = M(’@p = B°. In the supersingu-
lar case, Lemma B.1.1 implies that we can find nonzero € M and 2’ € M’ with v,(g(x)) = vp(g(2’)).
It is enough to show that 2~ !'Mg, and m’*lM@p lie in the same H'(Qp)-orbit. But Q, = 2~ ' Mg,
and Q, < x’_lM@p. This implies that ' Mg, = B® and x’_lM@p C B® are both @Q,-subalgebras,
not just Q,-submodules. These QQ)-subalgebras are both isomorphic to F'. Skolem-Noether then
implies that 2~ ' Mg, and 2’ _1M©p are both conjugate inside B®, but we would like to show that
they are conjugate by an element of Op,, i.e. a unit in the maximal order of B*. It suffices to note
the existence of u € B® with v,(g(u)) = 1 which normalizes the Q,-subalgebra z~*Mg,. If F/Q, is
ramified, we can take u € a:_lMQp. If F/Q, is inert, there exists u for which conjugation induces
the nontrivial Galois involution on x_lM@p. This finishes the proof that Mg, and M(’@p lie in the
same H{(Qp)-orbit.

To prove the lemma, it thus suffices to verify the following claim. View F' as the 2-dimensional
Qp quadratic space with quadratic form Ng /g, (—), and let M, M’ S F be Z-lattices of rank 2 with
the same Gross—Keating invariants. Then we claim that there exists b € I with v,(Ng/q, (b)) =0
such that bM = M.

First, select any a,a’ € F* such that M = a- Op, and M’ = a’ - Op ¢ for some integers s,s" > 0
(compare with the proof of Lemma 10.1.2, where we argued that a, and a;) were both free of rank 1
over an appropriate order).

If € == vy(Np/g,(a)) and €’ := v,(Np/g,(a’)), then we have

(11.3.3) GK(M) = (e,€ + 2s) if F/Q, is unramified
B (e,e+2s+1) if F/Q, is ramified
(11.3.4) GK(M') = (¢, ¢’ +25) if F/Qp is unramified

(¢/e + 25" +1) if F/Q, is ramified

(e.g. as in Lemma 11.4.1). In particular, GK(M) = GK(M’) if and only if ¢/ = e and s = ¢, in
which case we can take b := a'/a. O

Lemma 11.3.2. Let M < B* be an integral Zy-lattice of rank 2. Set F = Q,[X]/(X? — disc(M)).

The two Z,-subalgebras of End®(X*) generated by elements of the form yix (resp. zy') for z,y e M
are both (non-canonically) isomorphic to Op |,(aryj2)- Given any Zy-basis {x,y} for M, these Z,-
subalgebras are equal to Z,[y'z] and Zp[xyT], respectively. In particular, F is a field (resp. split) if
and only if X* is supersingular (resp. ordinary).

Proof. The supersingular case should be contained in the work of Gross—Keating (see [Rap07, Lemma
3.1]). We give a uniform explanation for the supersingular and ordinary cases.

The claim y'z € End(X*) follows because (y'x)'(y'z) € Z,, and y'z + 27y € Z,, using integrality
of M. Note that we also conclude z'y € End(X*). It suffices to prove the lemma for yT2: in the



ARITHMETIC SIEGEL-WEIL FORMULA ON THE PRODUCT OF MODULAR CURVES 57

supersingular case, we have zy! = z(y'2)2™! (and recall that End®(X*)* normalizes End(X*)), and
in the ordinary case, we can use commutativity of End®(X*).

We compute disc(M) = 3(yTz —2Ty)?. In particular, we find that the Q,-subalgebra of End®(X*)
generated by y'z is isomorphic to F. We must have y'z € Op (because y'z € End(X*)), and also
y'z ¢ Q, because disc(M) # 0.

Recall (Lemma B.1.2) that we have

| e@die@D) | _ 1 if p — 2 and F/Q, is ramified

(11.3.5) lv(M)/2] = | Poladisc(h)

else.

On the other hand, for any a € O with a ¢ Z,, some casework shows that the order Z,[a] < O
has index pl(vﬁ((a_ag)Q))/2J_l if p = 2 and F'/Q, is ramified, and has index ;191(1’1?((‘1_‘“7)2))/2J otherwise,
where o: F' — F'is the unique nontrivial involution. Since { induces o on Q, [yTz] = F, the lemma

now follows from the formulas in (11.3.5) and the expression disc(M) = 1 (y'z — zTy)2. O

Corollary 11.3.3. Let M and F be as in the statement of Lemma 11.5.2. Pick any Z,-basis {z,y}
for M, and let Fyy (resp. Fy;) be the Q,-subalgebras of End®(X*) given by Q,[y'z] and Qp[zy'],
respectively. Pick any isomorphisms vp: F — Fyr and Vp: F — Fj,.

Let S be any scheme over Spfzp, and consider any (X, p, X', p') € Z*(M)(S). Then the map
v Opury2) — End(X¥) lifts via p to an embedding O, (aryj2) = End(X), and similarly for iy,
o, and X'.

Proof. This follows from Lemma 11.3.2, i.e. y'z lifts via p to End(X), and zy' lifts via p’ to End(X").
We are using the standard lifting of principal polarizations, as explained after Definition 11.2.1. [

Lemma 11.3.4. Let M < B* be any Zy-lattice of rank 2. Then Z*(M) is a countable disjoint
unton of connected components, each of which is adic finite flat over Spf Zp, and with schemification

having étale generic fiber.

Proof. By the transitive action of H'(Q,) on the connected components of N*_ it is enough to check
that Z*9(M) — Spf Zp is adic finite flat over Spf Zp, with schemification having étale generic fiber.

The claim should then be standard in the supersingular case after [GK93, §5| and [Rap07, §3|.
We explain this in our language (treating the ordinary case at the same time), for the reader’s
convenience.

Given v € End®(X*), we obtain a local special cycle Z§(y) € N defined similarly as in Definition
11.2.1, but with (X', p’) replaced with (X, p) and H replaced by the singleton set {v}. For v ¢ Q,,
it is known that Zj(vy) < N is an effective Cartier divisor which is adic finite flat over Spf Zp
with schemification having étale generic fiber; this is explained e.g. in [CLZ| (both ordinary and
supersingular cases are needed).

Pick any Z,-basis {1,229} for M. Set v1 = x£x1 and yo = xlx; Then the closed immersion
Z¥9(M) — N*9 factors through Z(y1) XS, Z5(72), by Corollary 11.3.3. From this, it imme-
diately follows that Z*°(M) — Spf Zp is adic finite and with schemification having étale generic
fiber.

It remains to show that Z*9(M) — SpfZ, is flat. For this, first note Z*9(M) = 2*%(z;) N
Z*0(x3). For each i = 1,2, we also know that Z*9(z;) € N*0 is either an effective Cartier divisor
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or equal to all of N*9 by a standard method® which can be explained as follows: a deformation
theory argument (e.g. Grothendieck—Messing deformation theory) shows that on the square-zero
thickening of Z*9(x;), the closed formal subscheme Z*9(z;) is the zero locus of a canonical section
(depending on z;) of a certain line bundle coming from Hodge filtrations; then apply Nakayama’s
lemma. We already know that Z*0(M) — Spf Z, is finite adic with dim Z*0(M)*®* < 1, so it follows
that Z*9(M)>® is Cohen-Macaulay, i.e. because after fixing an identification N*© = Spf Z,[[t, ]],
the equations defining Z*°(z;) and Z*°(x;) must give a regular sequence in Spf Z,[[t,']] at all
points in the image of Z*0(M)*h — SpecZ,|[[t,#']]. This reasoning also shows that Z*0 (M) is
of pure dimension 1, so we conclude that Z*9(M)*" — Spec Zp is flat by miracle flatness. U

11.4. Quasi-canonical liftings. Let F' be a finite étale Q,-algebra of degree 2. Then either F' is a
quadratic field extension of Q,, or we have F' ~ Q, x Q,. We say that F' is non-split if F//Q, is a
quadratic field extension, and that F'is split if F' ~ Q, x Q,. We let O < F' be the integral closure
of Zp, i.e. O is the ring of integers of F'if F'is a field, while we have O = Z, x Z, in the split
case. Given any integer s > 0, we set

(11.4.1) OFs =Zy+p* - OF.

for the unique order of index p® inside Op.

Denote by F the field @p when F is split (equipped with a morphism F' — @p), and otherwise
write F for the completion of the maximal unramified extension of F', equipped with a canonical
map F — F.

Consider an embedding tp: F — End®(X*). This necessarily means * = s if F' is nonsplit and
x = o if F' is split.

We recall the notion of quasi-canonical lifting from |Gro86] (when F' is non-split) and [Meu07]
(when F is split), slightly modified to suit our current purposes. For s = 0 and * € {s, o0}, a quasi-
canonical lifting (and canonical lifting when s = 0) for the pair (X*,.r) is an object (X%, p) €
NG (Spf Oy) for some finite extension K /Q,, with the property that the action tp: Of , — End(X*)
lifts to %}‘; <> and that moreover End(.’{}",ﬂ, s) = Op,. Quasi-canonical liftings are unique up to isomor-
phism after forgetting the framing p.

In the non-split case (resp. the split case), the subgroup (9;’5 < Op (vesp. (1+p°Zy)* < Z;) has
an associated finite totally ramified abelian extension F, of F with ring of integers OF,s? by local

class field theory. The extension degree is

o . S(1—n*(p)p~Y), ifs=>1;
(11.4.2) £ p = PP
17 lf S = 0
where n*(p) :== —1,0, 1 in the inert, ramified, and split cases respectively. In the split case, we have

F, = F[(ps] where (ps is a primitive p*~th root of unity. By [Gro86, Proposition 5.3] (the non-split
case) and [Meu07, Proposition 3.5] (the split case), the ring of definition of Xh s O -
If (%}‘} < P) is a level s quasi-canonical lifting for (X*, .p) over Spf O . then the induced morphism

Spf Op — N is a closed immersion. Any quasi-canonical lifting of level s for (X*,tp) over some

8This method at least goes back to Katz—Mazur in [KM85, Proposition 6.8.6]; see also e.g. [Wew07b, Proposition
5.1].
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Spf Oy is the pullback of (f{} s»p) from the previous sentence along a unique morphism Spf O —
Spf @ Jon

Lemma 11.4.1. Let r, s be nonnegative integers. Fixz embeddings vp: F — End®(X*) and Jp: F —
End®(X*). Let K/F be any finite degree field extension, and (X%, p) and (X%, p') be quasi-canonical
liftings over Spf O of level v and s, for the pairs (X*,1r) and (X*, 1) respectively. Form the Z-
submodule

11.4.3 M = Hom(X%.,., X% ) € Hom®(X*, X*) = B*.
Fr Fs

If r < s, then the following conclusions hold.

(1) The space M is a free Op,-module of rank one by pre-composition, and any generator 1
satisfies q(v) = degtp = pl*~"|. The quadratic form on M is given by q(1p-a) = Np g, (a)q(1).
In the ordinary case, any such 1 € Hom(X*,X*) is an isomorphism on the connected part.
(2) We have F =~ Q,[X]/(X? — disc(M)) (non-canonically).

(8) The lattice M has Gross-Keating invariants (a,b) which are characterized by the expression
(11.4.4) (rys) = (|d(M)/2],|v(M)/2]). d(M)=b—a v(M):=a+b
and the additional data of whether F/Q,, is ramified, i.e.
(11.4.5) (a,b) = (|s—r|,r +s) if F/Qy is unramified
(11.4.6) (a,b) =(|]s—rl,r+s+1) if F/Qy is ramified.

(4) Given f e End®(X*), we have M - f < M if and only if f € tp(OF,).
If r = s, the above claims hold with the following modifications. Conclusion (1) holds but with
Hom(f{},r,:{j‘?s) instead being free of rank one over O by post-composition, and any generator 1
is instead an isomorphism on the étale part in the ordinary case. Conclusion (2) holds verbatim.

Conclusion (3) also holds after swapping r and s in (11.4.4). Conclusion (4) holds upon considering
[+ M instead of M - f, and replacing 1p(OF,) with /m(OF).

Proof. Note that the r < s and r > s cases are equivalent upon applying the Rosati involution (with
respect to the principal polarizations lifting the fixed principal polarization on X*). Recall also that
v(M) is odd if and only if Q,[X]/(X? — disc(M)) is a ramified extension of Q,, as follows from
Lemma B.1.2. Also note that claim (2) follows from claim (1), e.g. as in the proof of Lemma 11.3.2.
Note that claim (1) implies that the quadratic form on M is integral.

We now explain how claim (4) follows from claims (1) and (2). It is enough to check the r < s
case. The embedding ¢} induces an embedding F' — End, . r)(Mg,), where tp(F) C Mg, is given
by pre-composition and ¢ (F') C Mg, is given by post-composition. But since Mg, is free of rank
one as a ¢p(F)-module, we conclude that it is also free of rank one as a ¢m(F)-module, and that
End, . (r)(Mg,) = End, (r)(Mg,). In particular, if f € End®(X*) satisfies M - f < M, then we
have f € End,, (r)(Mg,) = tp(F). But since M is free of rank one as an ¢p(Op,)-module, we must
moreover have f € tp(Op,).

Given the above remarks, the supersingular case of the lemma is proved in [Wew(07a, Proposition

1.1]. We thus restrict to the ordinary case. We fix an identification X° = pyo x Qp/Z,, which fixes

an identification B® =~ Q) x Qp. Given this fixed data, the lifts (X%, p) and (X%, p') correspond to
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choices of primitive p"-th and p°-th roots of unity (,r, (s € O, respectively (see the discussion on
lifting theory for ordinary p-divisible groups in [Che24, §6.1]). By e.g. [Che24, (6.1.5)], an element
(f1, f2) € B° lies in M if and only if

(11.4.7) (Cpr)fl = (Cps)h-

Without loss of generality, we may assume r < s. Select a € Z, satisfying ((ps)* = (pr, and note
vp(a) = |s —r|. Then (fi, f2) lies in M if and only if fo —afi =0 (mod p*). In other words, every
element of M can be written in the form

(11.4.8) a-(1,a)+ Bp"(0,1) - (1,a)

for unique values o, € Zp, i.e. M is free of rank one over Op, with generator (1,a). This
proves claims (1) and (2). It remains to prove (3) in the ordinary case, i.e. to show that M has
Gross—Keating invariants (|s — r|, s + r). It is enough to show that the O, viewed as a Z,-lattice
(of rank 2) with quadratic form Np g, (—) has Gross-Keating invariants (0,2r). For the Z,-basis
{(1,1),(0,p")} of OF,, the associated quadratic form is given by x2 + p"zy. Inspecting the definition
of Gross—Keating invariants from (B.1.2) shows that the invariants are indeed (0, 2r) in this case. [0

Remark 11.4.2. The isomorphism class of the quadratic lattice M from Lemma 11.4.1 can in
general depend on the other data, and not just r,s. In both the supersingular and ordinary cases,
we can rescale the quadratic form on M by an arbitrary element of Z; by changing the pair (Upsp),
and this can even change the isomorphism class of the rational quadratic space Mg, (consider the

Hasse invariant).
11.5. Primitive cycles. Consider any Z,-lattice M < B* of rank 2.

Definition 11.5.1. The primitive cycle Z*(M)° < Z*(M) is the closed formal subscheme given by
the (scheme-theoretic) union of the components which are not contained in Z*(M’) for any rank 2
lattice M’ 2 M.

Lemma 11.3.4 implies that Z*(M) — Spf Zp is a countable disjoint union of formal schemes which
are adic finite flat over Spf Zp, and where the schemification of Z*(M) has étale generic fiber. The
“components” in Definition 11.5.1 mean the closed formal subschemes associated to the irreducible
components of the schemification. Note that Z*(M)° = ¢ if M is not integral (because Z*(M) =
if M is not integral).

Lemma 11.5.2. For any Zy-lattice L = B* of rank 2, we have a scheme-theoretic union® decompo-

sition

(11.5.1) zv)= |J zfmy
LcM
M integral

of closed formal subschemes of N*, where the union runs over Zy-lattices M < Lg,, of rank 2.

Proof. This follows from the definition of Z*(M)°. For fixed L, there are only finitely many integral
Zy-lattices M < L, satisfying M 2 L. O

9We mean to intersect ideal sheaves.
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Lemma 11.5.3. Let K be any finite degree field extension of Qp. Given any object (X, p, X', p') €
N*(Spf O), the corresponding morphism Spf Oy — N* factors through Z*(M)° if and only if

(11.5.2) Hom(X, X') = M
as Zy-submodules of B*.

Proof. We are using the usual Drinfeld rigidity to view Hom (X, X’) as a submodule of B* (using p
and p'). If Hom(X, X') = M, then the morphism Spf O — N* certainly factors through Z*(M),
and it also cannot factor through Z*(M’) for any rank 2 lattice M’ 2 M, i.e. Spf O — N™* factors
through Z*(M)°.

Conversely, consider (X, p, X', p') € Z*(M)°(Spf O ). Set F := Q,[X]/(X*—disc(M)). Corollary
11.3.3 implies that both X and X’ admit faithful actions by Op),(ar)/2). We claim that End®(X) =
End°(X’) >~ F (non-canonically). It is enough to check that End®(X) and End°(X’) are both
commutative, since any embedding F' — End°(X*) has image which is self-centralizing. In the
ordinary case, this follows because End®(X*) =~ Q, x Q, is commutative. In the supersingular
case, this follows because there exists a morphism End®(X’) — K given by the action End(X’) —
End(Lie X') = O} (then use the fact that any Q,-subalgebra of End®(X*) is simple). It now follows
that there exists (h, h’) € H{(Qp) such that (X, hp) and (X', h'p’) are both quasi-canonical liftings
of levels s, s’ < |v(M)/2], with respect to certain embeddings ¢p, t>: F' — End®(X*), which we will
not need to describe explicitly. It suffices to take any (h,h') € H|(Q)p) such that hp and h'p’ are
both isomorphisms in geometric fibers; this is automatic in the supersingular case.

Then Lemma 11.4.1 implies that M’ := Hom(X, X’) € B* is a Z,-sublattice of rank 2, where we
make the identification Hom(X, X’) < B* using (p, p’). We must have M’ 2 M, by construction.
The morphism Spf Oy — N* associated to (X, p, X', p’) factors through Z*(M’). The construction
of Z*(M)° now implies M’ = M. O

Corollary 11.5.4. Given distinct Zy-lattices M, M’ < B* of rank 2, the closed formal subschemes
Z¥(M)° < N* and Z*(M'")° < N* do not share any components.

Proof. This follows immediately from Lemma 11.5.3, i.e. the existence of such a common component
implies the existence of (X, p, X', p’) € N*(Spf O}) for some finite degree field extension K /@p such
that Hom (X, X’) = M and Hom(X, X’) = M’. We are again implicitly using the fact that Z*(M)°
and Z*(M')° are disjoint unions of formal schemes which are adic finite flat over Spf Zp with étale

generic fiber, in order to work with components. O
In the next lemma, we again set F := Q,[X]/(X? — disc(M)).

Lemma 11.5.5. Let M < B* be any integral Zy-lattice of rank 2. There exists a scheme-theoretic

union decomposition

(11.5.3) Z¥(M)° = Z* (M) v Z¥(M)2
of closed formal subschemes, characterized by the following requirements.
* o~ o * ° ~ o
(1) We have Z*(M)S. =~ Spf OF[J/(M)/ZJ and Z*(M)2 =~ Spf OF[V<M)/2J as formal schemes over

Spf Zp.
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(2) The universal pairs of p-divisible groups over Z*(M)S. and Z*(M)° (after forgetting fram-
ings p and p') are of the form

(11.5.4) (X vy 2p X (v 2)) and (X% )2 X a()2))

respectively, where each X}, denotes any p-divisible group'® of height 2 dimension 1 such

that End(X%,) = OF,.

If t(M) < 1, then we have Z*(M)S. = Z*(M)%. If t(M) = 2, then we have Z*(M)S # Z*(M).
The formal scheme Z*(M)° is disconnected in the ordinary case if t(M) = 2, and is connected in
all other cases.

Proof. Let Z{El d(M))2] and x*Fle( M))2] be p-divisible groups over Spf O By 28 in the lemma state-
ment. Recall that these p-divisible groups are unique up to isomorphism (from the theory of quasi-
canonical liftings, as recalled in Section 11.4).

Select framings p and p’ to obtain (:{;7[d(M)/2J’p’%;‘,LI/(M)/QPP/) e N*O(Spf OFMMWJ)' Any
p and p’ which are isomorphisms in geometric fibers will suffice. We claim that the associated
morphism Spf O Foanys N*Yis a closed immersion. Indeed, the theory of quasi-canonical liftings
(recalled in Section 11.4) implies that it is a closed immersion after projection to the second factor
in N0 >~ N x N§, so Spf O Foanys N#0 being a closed immersion follows from separatedness
of that projection morphism (and the usual graph argument).

By Lemma 11.4.1, the data (p, p’) identifies Hom(%;[d(M)/QJ,.’f}?ly(M)/QJ) with a Zy-lattice M’ <
B* of rank 2, with disc(M’) = disc(M) modulo (Q)? and with GK(M’) = GK(M). By Lemma
11.3.1, we conclude that M and M’ lie in the same H{(Q,)-orbit. That is, we can find (h,h’) €

H{(Q,) such that
(11.5.5) (X% a(ar) /202 B Xy ) 1'PT) € N (SpE O )

is such that the pair (hp, h'p’) induces Hom(x}k?,[d(M)/m’%;,LV(M)/QJ) = M as sublattices of B*. Fix

v(M)/2]

one such choice of (h,h’). The morphism Spf O Foanys N* associated to (11.5.5) is also a closed
immersion, because it is a H)(Q,)-translate of the previous morphism. We define Z*(M)35 < N*
to be the closed subfunctor defined by the closed immersion corresponding to (11.5.5). We define
Z*(M)°. < N* by a similar procedure, where we swap X5 any2) and Xy gy o) I t(M) =2, we
must have Z*(M) # Z*(M)2 as the two universal pairs of p-divisible groups over Z*(M)S and

Z*(M)° are non-isomorphic even after forgetting the framings.
Next, consider any finite degree field extension K /@p, and consider any object

(11.5.6) (X, p, X', p') € 2*(M)°(Spf Op)

corresponding to a morphism Spf Oy — Z*(M)°. As in the proof of Lemma 11.5.3, we have
End(X) = Ops and End(X’) = Opy for some integers 0 < s,s' < |[v(M)/2]. The pair (p,p')
identifies Hom(X, X’) = M as sublattices of B*. Inspecting the formulas for Gross-Keating in-

variants in Lemma 11.4.1(3) (and also the H{(Q,)-invariance of Gross-Keating invariants from

ONote that the condition End(X%,) = Or,s forces X}, to be supersingular (resp. ordinary) if F' is nonsplit (resp.
split).
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Lemma 11.3.1) implies that the only possibilities are (s,s’) = (|d(M)/2],|v(M)/2]) or (s,s") =
(lv(M)/2], [d(M)/2]).

It suffices to show that Spf O — Z*(M)° factors through Z*(M)? in the first case, and through
Z*(M)2 in the second case. Note that this will also show that Z*(M)] = Z*(M)2 if t(M) < 1,
which is equivalent to the condition v(M) = d(M) (also recall that d(M) = v(M) (mod 2)).

Suppose (s,s') = (|d(M)/2],|v(M)/2]). As X any2) @04 X%, (apy o) are characterized up to
isomorphism by their endomorphism rings (and this holds also over Spf O ;; see Section 11.4 again),

we may write

(11.5.7) (X,p, X', p) = (x}kr,[d(M)/QJ » 9P, %;‘7LV(M)/2J ,9P)

for an element (g,¢') € H)(Qp), and where %;,[d(M)/QJ and x}k?,[u(M)/ZJ are defined by pullback of
the p-divisible groups fixed above (abusing notation and recycling the same symbols) along some
morphism ¢g: Spf O — Spf Oﬁ[u(M)/zj'

We first claim that (g,¢") = (h,h’) modulo H'(Z,) with (h,h’) as in the above construction of
Z*(M)S.. This is automatic in the supersingular case, since Hy(Qp,)/H'(Z,) = {0} in that case.
Assume instead that X and X’ are ordinary. By Lemma 11.4.1, (and the above construction of
Z*(M)S.) we know that the action Op, C X a(r) 2] gives M the structure of a free Op -module
of rank one. Pick any generator ¢» € M. Fix an identification X° =~ p,» x Q,/Z, as in the proof
of Lemma 11.4.1. By part (1) of that lemma, we must have ¢’ l4g = K'~19h = (1,p* ~*) modulo
Z, x Z, . This is enough to show (g,g') = (h,h’) modulo H'(Zy), since ¢’ = h' = ¢ - (1,p*=)
modulo Z; x Z, .

Pick any Zy-basis {x,y} for M. Let Fys, F}; < End®(X*) be the Qp-subalgebras generated by ylz
and zy', respectively. Fix any isomorphisms tp: F — Fy; and Up: F'— F}, (which exist by Lemma
11.3.2).

We claim that the pair (%}kj’ll’( M2’ g'p’) over Spf O is (up to isomorphism compatible with
framings) the pullback of (%}‘,’ly( M)/2) h'p') along a unique morphism ¢: Spf Oy — Spf OF[V(M)/2J
(which need not coincide with ¢p). Indeed, first note that (X% (M) /2J,h’*lg’ p') over Spf O is
a quasi-canonical lifting (of level |v(M)/2]) for the pair (X*,a — K ~'(a)h') over SpfOp, ie.
Corollary 11.3.3 implies that ¢ (Op |, (ar)2) lifts to End(%;,LU(M)ﬂJ) with respect to the framing
(9'p'). We are also using h'~'¢’ € End(X*) here. We similarly know that (X% (M) /QJ,p’ ) over
Spf O Foanys) is a quasi-canonical lifting for the pair (X*, a — h'~1/.(a)l’). The discussion preceding
Lemma 11.4.1 now shows that (%;,LV(M)QJ’ h'~lg'p') arises as pullback of (%}k:‘,lV(M)/QJ’p/) along a
unique morphism ¢: Spf O — Spf O i )

V(M)/2]
Pulling back the entire tuple (11.5.5) along ¢ yields a tuple
* * ! % o .
(11.5.8) (XF () /20 T99 X uanyj2)p 9 P) € 25 (M) (Spf O )

for some f € End(X*)*. Our task is to show that the pairs (x;7ld(M)/2J’ fgp) and (%}id(M)/QJ,gp)
are isomorphic.

By construction, we have Hom(x;,[d(M)/QJ’%;‘,LI/(M)/QJ) = M as sublattices of B* with respect
to both framings (gp, ¢'p’) and (fgp,g'p’). This implies M - f = M. Applying Lemma 11.4.1(4),
we conclude f € LF(O}X’,ld(M)/?J)' But by construction, the embedding tr: Op4(ar)2) — End(X*)
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lifts via gp to an action Op g /2 | C f{ M)2) which shows that the pairs (X7, ld(M)/2) fgp) and
(X% Fld(M)2)" gp) are 1som0rphlc

It remains to consider the case (s,s") = (|v(M)/2],|d(M)/2]). This is largely similar to the case
considered above, but we briefly indicate the argument. First write

(11.5.9) (X, 0. X", 0') = (X puany2p 9P X aqany j2) 9 P)

for some (g,¢") € H)(Qp). Let (h,h') € Hj(Qp) be as in the construction for Z*(M)° (analogously
to the construction of Z*(M)3). We can skip the step of showmg (9,9") = (h,h') modulo H'(Zj),
though it will also be true, upon replacing (1, p* ~*) with (p*~*,1). Take the same ¢p and Uy as
above. Arguing as above shows that the pair (X7 Flv(M)/2)> ,gp) is the pullback of (X7, Fl(M)/2)> ,hp)
along a unique morphism ¢: Spf O — Spf O . We then obtain a point

[v(M)/2]
(11.5.10) (a2 99 X aany g F99) € Z* ()2 (501 Op)

for some f € End°(X*), and would like to show f € LF(OXl (M )/2J)' Again, we find f- M = M,
which implies the claim via Lemma 11.4.1(4). This then shows that the pairs (%}[ d(M))2)> fg'p)
and (X7, Fld(M)2)" ,g'p’) are isomorphic.

The last remaining claim of the lemma statement is to show that Z*(M)° is disconnected if
t(M) = 2 in the ordinary case (as Z*(M)° is certainly connected in the other cases; recall that
N*(F) is a singleton in the supersingular case). Recall that we have a canonical identification
N*(F) = Hy(Qp)/H'(Zp) (Section 11.1). In the above notation, let ¢» € M be generator for M as a
free tr(Op,a(ar)/2))-module (the element ¢ will also be a generator for M as a free v-(Op g /2))-
module). Then we have

(11.5.11)

22 (M) (F) = {(h, ) € HY(Qy)/H'(Zy) - W = - (1, pliD2I=LODL21) modulo 77 x 7}
(11.5.12)

22 (M. (F) = {(h, ) € BY(Qy)/H'(Zy) - W = - GO0 1) modulo 27 x 7}
(using the identification End®(X*) = Q, x Q, induced by the identification X* = ppe x Q,/Z,
from above). In particular, we have |d(M)/2| # |v(M)/2] if t(M) = 2, and thus Z*(M)3.(F) #
Z*(M)2(F) in this case. O

Corollary 11.5.6. For Zy,-lattices M < B* of rank 2, the quantities

(11.5.13) deg(Z*(M) — SpfZ,)  deg(Z*(M)° — SpfZ,)

depend only on the data of GK(M) and disc Mg,

Proof. For Z*(M)®, this follows immediately from Lemma 11.5.5. For Z*(M), this follows from the
fact that the H'(Qj)-orbit of M determines and is determined by GK(M) and disc Mg, as an element

of QX/Q><2 (Lemma 11.3.1); one can then apply the claim for Z*(M)° in combination with Lemmas
11.5.2 and Corollary 11.5.4, as H'(Q,) C B* preserves the quadratic form up to Z, -scalar. O

11y more detail: Corollary 11.3.3 shows that ¢ lifts via gp to an embedding Op |, (ar)/2) — End(% d(M) /2J) but
since End(S‘C F.1d(M))2] ) Or,a(nr)/2), this lift of . must extend to the possibly larger ring OF |a(ar)/2|-
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11.6. Local “height defect” of special cycles. We conclude this section with a key definition
needed to formulate our main non-Archimedean local theorem (Theorem 13.0.1). Let L be a non-
degenerate quadratic Z,-lattice of rank 2, and set F' = Q,[X]/(X? — disc L). Pick an embedding
of quadratic spaces L. — B*: this always exists, and we necessarily have * = s if F' is nonsplit and
x = o if F' is split.

Pick any embedding @p — Cp. Given z € Z*(L)**}(C,), pick any descent of z to a morphism
Spf Oy — Z(L) for some finite degree field extension L of Qp. By Lemmas 11.5.5 and 11.5.2, pulling
back the universal pair of p-divisible groups from Z*(L) to Spf O; (forgetting the extra data such
as framings, etc.) gives a pair of p-divisible groups X and X’ whose endomorphism rings are (up to

isomorphism) the unique orders in Op of index p*s and p%=, for some s, s, € L>o.
Definition 11.6.1. With notation as above, we set

(11.6.1) Opal (L) = > Oral(2)  OFal(2) = OralF(s2) + Opal, P (S)
2€Z%(L)3h(Cyp)

with 0pa1, 7 (s) € Q as defined in (10.1.7).

By Lemmas 11.5.5 and 11.5.2 and Corollary 11.5.4, we equivalently have

(11.6.2) Ora(L) Y, deg Z¥(M)°- <5Fa1 <V(2M)J> + O (ly(]y)J))

LcM
M integral

where the sum runs over lattices M < Lg,. Using Lemma 11.3.1, we see that dral(L) depends
only on GK(L) and disc(Lg,), and is independent of the choice of embedding L — B*. We also
see that the right-hand side of (11.6.1) does not change if Z*(L)*® is replaced by Z*(L)", upon
using the action H'(Q,) G N*, which is transitive on the decomposition in (11.1.5) since the action
H'(Qp,) C B* which preserves the quadratic form up to scalar, and hence preserves discriminants
and Gross—Keating invariants of rank 2 lattices (Lemma 11.3.1).

Next, consider T' € Sym,(Q,) of rank 2. Let L be the unique non-degenerate quadratic Z,-
lattice of rank 2 which admits a tuple € L" with span(¢) = L and with normalized Gram matrix
%(w, ) = T. For any choice of embedding L — B*, with “*” uniquely determined by L, we set

(11.6.3) Opalp(T) = Opar(L) deg,(T) = deg Z*(L).

Again the choice of embedding . — B* does not matter, and the right-hand sides moreover depend
only GK(L) and disc(Lg,).

12. HEIGHTS AND RAPOPORT—ZINK UNIFORMIZATION

Fix a prime p and write F := Fp. In this section, we study ordinary and supersingular Rapoport—
Zink uniformization. We treat the ordinary and supersingular cases in parallel. We use the notation

% € {s,0} where “s” and “0” mean “supersingular” and “ordinary”, respectively.

12.1. Base points. The Rapoport—Zink uniformization morphisms depend on a choice of base point,
which plays a larger role in the ordinary case.

In the notation of Section 8.4, we take S to be all primes but p, and let K < H'(A¢) be any open
compact subgroup contained in K° and good away from S, i.e. “good at p”. We are mostly interested
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in K = K°, but this does not play much of a role in Section 12. We will abuse notation and suppress
K from notation in Section 12, e.g. writing M instead of Mg . Recall that if S is a connected locally
Noetherian scheme over Spec Z,, we can express objects in M(S) as tuples (E, E',7,7’) where the
pair (77,7') is a KP-orbit of trivializations of away-from-p Tate modules which preserve alternating
pairings up to a common scalar (more precisely, see loc. cit.).

By a supersingular (resp. ordinary) base point, we mean an object
(12.1.1) (E,E',n,1') € M(F)
with E and E’ both supersingular (resp. ordinary), equipped with two additional pieces of data.
(1) A pair of isomorphisms
(12.1.2) p: X* > EPp”*]  p: X" - E'p”]

for X* the framing p-divisible group used to define Rapoport—Zink spaces in Section 11 (with
#* = g and * = o in the supersingular and ordinary cases, respectively).

(2) A fixed representative (n,n’) for (77,7'), (not just a KP-orbit).
Given two base points
(12.1.3) (E1,E}) (E2, ES)

(additional data suppressed), a quasi-isogeny from the first to the second will mean a pair of quasi-
isogenies E; — Eg and E] — Ef, of the same degree. In this case, we say that the two base points
are isogenous (and this is an equivalence relation). Note that the notion of isogenous base points
does not depend on the additional data (p, p’,n,n’).

In the supersingular case, there is a unique base point up to isogeny. As in the proof of [RZ96,
Theorem 6.30], this can be viewed as largely a consequence of the group H = GLa xg,, GL2 satisfying
the Hasse principle. For our purposes, we can also explain this phenomenon as follows. If E is any
supersingular elliptic curve over F, then End”(E) is the quaternion algebra over Q which is nonsplit
only at p and 00, and so End”(E)* (viewed as an algebraic group over Q) is a form of GLg and hence
satisfies the Hasse principle. From this, it follows that every positive rational number is a norm of
an element in this quaternion algebra, i.e. there is a quasi-endomorphism of E of degree n for any
positive integer n. An explanation of this Hasse principle for quaternion algebras is given in [Voi21,
Theorem 14.7.4] and attributed to Hasse—Schilling.

In the ordinary case, base points exist but are no longer unique up to isogeny. This failure of
uniqueness persists even if we consider only elliptic curves with CM by the same maximal order O
in some imaginary quadratic field F. For example, let F' = Q(4/—6) and choose p to be split in
Op. Let a € Op be the unique prime ideal lying over the prime 3. Consider the complex elliptic
curves E = C/Op and E’ = C/a (pick an embedding F' — C). Descend F and E’ to any number
field, assume E and E’ have good (ordinary) reduction at all primes over p, and form E and E’ by
base-change to ' (pick any p-adic place of the number field and pick an embedding of the residue
field into ). We claim that the base points (E, E) and (E, E’) are not isogenous. Indeed, first note
that Hom°(E, E) and Hom°(E, E’) are both free F-modules of rank one, but generated by isogenies
of degree 1 and 3 respectively. Then note that the number 3 is not the norm of any element of F

(since 6 is a norm but 2 is not a norm 3-adically, e.g. by local class field theory).



ARITHMETIC SIEGEL-WEIL FORMULA ON THE PRODUCT OF MODULAR CURVES 67

12.2. Uniformization. We use our usual notation H = GLy xg,, GL2 from Section 8.4. Consider
the special cycle Z(T) — M from Section 8.2, and assume rk(7T") = 2 or rk(7") = 3. This means
r =2 orr =3 (we also allow the case of singular 7" with rk(7") = 2 and r = 3). In these cases, recall
(Lemma 8.2.2) that Z(T) — SpecZ is proper quasi-finite. If tk(T") = 2, we set F = Q(v/— det’ T),
with notation as in loc. cit..

Consider the base change Z(T')g . %,

Z (T)SpeC % along its supersingular or ordinary locus,'? depending on whether * = s or * = 0. Note

. For # € {s,0}, we write Z*(T'),, for the formal completion of

that Lemma 8.2.2 implies that the supersingular and ordinary loci are always closed on Z(T )SpeC 7,
and either empty or the entire special fiber.

If rk(T) = 2, Lemma 8.2.2 implies that we simply have

Z(T)Spf %, if p is nonsplit in F' and * = s
(12.2.1) Z5(T)p = Z<T)Spf2p if p is split in F and * = o
%) else.

If rk(T') = 3, Lemma 8.2.2 implies that we have 2*(T)p = & unless * = s and p is the unique prime
specified in Lemma 8.2.2(d).

Fix a base point (E,E’, p, p’,n,n’) as in Section 12.1. If x = o and rk(T) = 2, we also assume
that E and E’ both have CM by F' (so that p splits in F'). One can construct uniformizations for
other base points, but this is the case we will need.

Let V := Hom"(E, E’). This is a Q-vector space and is equipped with a positive definite bilinear
pairing (—, —) given by

(12.2.2) (z,y) ==tr’(z" oy) tr°(a) ==a" +a
for z,y € Hom°(E,E’) and a € End°(E).
Consider the group scheme H' — SpecZ given by
(12.2.3) H'(R) := {(7,7) € (End(E) ®z R)* x (End(E')®z R)* : v¥ oy =+"Y oy € R*}

for Z-algebras R (where we make our usual abuse of notation to use the principal polarization to
identify E with its dual, and similarly for E’).
The datum (p, p’) induces maps

(12.2.4) H/(Qp) - H/(@p) H/(Zp) - H,(Zp)

for H'(Qp) and H'(Z,) from Section 11.1. There are similar induced identifications of quadratic
spaces V(Q,) — B*, where B* is as in Section 11.
The datum (n,n’) induces a morphism of group schemes

12By this, we mean the set of points on (the underlying topological space of) Z (T)SlDec %, in positive characteristic

which correspond to (E, E’,z) with E and E’ both supersingular or both ordinary, depending on whether % = s or
* = 0.
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In the supersingular case, the £ # p case of [RZ96, Corollary 6.29]'* shows that this map is an
isomorphism. The map need not be an isomorphism in the ordinary case. There is a similar
induced map V(AI;) — V(AI;) which preserves quadratic forms. Again, this is an isomorphism in
the supersingular case, but need not be an isomorphism in the ordinary case.

Using the techniques from [RZ96, §6], one can uniformize é*(T)p by local special cycles on
Rapoport—Zink spaces, as follows. Our notation and presentation of ideas are similar to that of
[Che24, §11].

We consider a stack Z *(T)p framed given by the setoids
(12.2.6)

. (B, B\ 7,7, @) € Z*(T),(5)
Z (T)p,framed(s) = / ’ / .. .
¢: Bg — Egand ¢': E§ - Eg quasi-isogenies of the same degree
for schemes S over Spf Zp, with S == § Xspf,, F as usual, and where the degrees of ¢ and ¢’ are

locally constant functions on S. We call (¢, ¢’) a “framing”. After viewing Z* (T)p framed as a sheaf
of sets (passing to isomorphism classes), there is a left action H'(Q) C Z* (T)p.framed given by acting
on the framing, i.e. (h,h') (¢, d") = (ho, W' ¢').

Recall the spaces V', W, and W’ from Section 8.4. Set

o 1r a0 PA\T
(12.2.7) P =1 e € CEVAR).

Given xP € V(AI})’”, we consider an “away-from-p local special cycle” defined as the discrete set

(12.2.8) Z(z") = {he H(A})/K? ©P(h1aP) = 1}.
There is a canonical isomorphism (equivalence)
(12.2.9) Z*(Mpeamed — || Z*(xp) x Z(a?)
eV (Q)
%(m,m):T

where x, and «” denote the images of  in V(Q,)" = (B*)" and V(Afc)’" respectively, using the
canonical map V(A?) — V(A?), and where Z*(x,) < N* is the local special cycle associated to
the tuple @, as in Section 11.2. The equivalence in (12.2.9) is constructed by sending an object of
Z*(T), to the following data.

(1) We define € V(Q)" by the commutative diagram
Eg — Eg
(12.2.10) lw lx

/ /
E§*>E§.

(2) (At p) We define a point of Z* (xp) by passing to underlying p-divisible groups, with framings
induced by (¢, ¢’) and (p, p’).

13The statement of loc. cit. should be modified to additionally require that the isocrystals N and N’ (associated to
A and A’ respectively) have Np and Np with the same slope for all P | p, in the notation of loc. cit.. This condition
is automatic for us in the supersingular case, but not automatic in the ordinary case.
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(3) (Away from p) We define a point h = (hy, he) € Z(xP) by the commutative diagrams

War 2. Tyr(E)° Ag — Ty (E)°
(12.2.11) th d,*T hZT (@
Wy —1 Tyn(E)° T Ty (B
¥ ¥ i ¥

The resulting map (12.2.9) is H'(Q)-equivariant, where the action of H'(Q) on the right-hand side
is given by & — hx and the maps

(12.2.12) Z*(xp) — Z2¥(h-x,)  Z(xP) — Z(h-xP)

induced by the Rapoport-Zink action H'(Q) — H'(Q,) GN* (Section 11.1) and the left-translation
action H'(Q) — H'(A%) C H(AY).

Thus, after choosing a (quasi-)inverse to (12.2.9) (unique up to unique 2-isomorphism), we com-
pose with the forgetful map Z *(T)p framed — Z *(T')p and obtain a uniformization map

(12.2.13) ( [ 2@ x Z(a:p)> — Z¥(T),
zeV(Q)"

% (iﬂ,iﬂ) =T

which is canonical given the fixed choice of base point (up to the choice of inverse for (12.2.9)). The

uniformization map induces a map from the stack quotient

(12.2.14) o: [H’(Q)\( [ 2*@=p) x Z(:cp)>] — Z¥(T),.
zeV(Q)"
%(w7w)=T

This is a formally locally of finite type and formally étale monomorphism of locally Noetherian

formal algebraic stacks (compare [Che24, Lemma 11.6.1]).
Lemma 12.2.1. In the supersingular case, the map O is an isomorphism.

Proof. This can be verified using the techniques from |[RZ96, §6], i.e. one can show that (12.2.13)
exhibits Z*(T), as a stack quotient for the action of H'(Q) on the left-hand side of (12.2.13). For
more details on a similar uniformization for unitary groups, see [Che24, §11.6]. A key point is to
check surjectivity on F-points, which follows from the uniqueness of base points up to quasi-isogeny

(which came from a Hasse principle) as explained in Section 12.1. U
Lemma 12.2.2. In the ordinary case, the map © is an open and closed immersion.

Proof. First note that © is an open and closed immersion on underlying topological spaces, since we
already know Ois a monomorphism (hence injective on underlying topological spaces), and since
the source and target of © have underlying topological spaces which are both finite and discrete
(where each point of the underlying topological spaces is an image of an F-point). For Z *(T')p, here
we are using the proper quasi-finiteness proved in Lemma 8.2.2, and for the source of O, we are
using the fact that each Z* (xp) has discrete underlying topological space, where every point is the
image of an F-point (follows because 2*(mp) < N* is a closed subfunctor, and N* is discrete by the
discussion after (11.1.1)).
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Via the same proof strategy as in the supersingular case (again compare [Che24, §11.6] for more
details), we find that O is formally étale, surjective onto its image, a monomorphism, and proper on
reduced substacks, which is enough to imply that O is an isomorphism onto its (open and closed)
image. O

The uniformization map 6} depends on a choice of base point. Given a base point b, we sometimes
write O instead of © to emphasize the dependence on b.

Lemma 12.2.3. Given two base points b and V', the images of O, and Oy coincide (resp. are

disjoint) if b and b are isogenous (resp. mot isogenous).

Proof. This follows from the definition of isogenous base points and the definition of ?:'*(T )p,framed:
i.e. an object of Z*(T),(S) admits framings to two different base points if and only if those two

base points are isogenous. O

Lemma 12.2.4. We can cover Z* (T)p by the images of finitely many uniformization maps ébl, ey ébn

(allowing n = 0) which can be chosen to have pairwise disjoint images. In the supersingular case, at

most one uniformization map is needed.

Proof. The supersingular case was already proved in Lemma 12.2.1. For the ordinary case, we can
associate to any object 8 = (FE,E', 7,7, x) € Z‘*(T%(IF) an ordinary base point b by forgetting x
and choosing additional data (p, p’,n,n’) as in the definition of a base point (always possible).
Then f is contained in the image of the open and closed uniformization map Oy, so we can
cover Z *(T')p by the images of finitely many uniformization maps by quasi-compactness of Z *(T)p-
We can moreover assume that these uniformization maps have pairwise disjoint images, by Lemma
12.2.3. ]

12.3. Heights. In Section 12.3, we assume rk(7') = 2. We explain how to use Rapoport—Zink
uniformization to compute the quantity degg, (Z(7)), from Section 10.2.

We consider uniformization along the supersingular (resp. ordinary) locus of Z (T)Spec %, if pis
nonsplit (resp. split) in F = Q(v—det'T). Then Lemma 8.2.2 implies that we have Z*(T), =
Z(T)gy Gy for = € {s, 0} chosen as Nin the previous sentence.

Form the uniformization map ©; as in (12.2.14), associated to a fixed base point b. Fix an
embedding Qp — Cp. Recall from (10.2.6) that degg, (2(T')), may be expressed as a weighted sum
over the groupoid Z(T)g . 7, (Cp). We parameterize this groupoid by a suitable “generic fiber” of
the uniformization (12.2.14), expressed by schemification as follows.

Recall the discussion on schemification at the beginning of Section 11. More generally, we obtain

an equivalence e.g. between the categories

(1) Stacks in groupoids X over (Sch/Spec Z,) fopf @dmitting a collection of morphisms {U; — X'};
where each U; — X is representable by schemes and finite locally free, where the collection
is jointly covering, and where each U; — Spec Zp is representable by schemes and finite.
Consider 1-morphisms only up to 2-isomorphism.

(2) Stacks in groupoids X over (Sch/ Spf Zp)fppf admitting a collection of morphisms {U; — X'},
where each U; — & is representable by schemes and finite locally free, where the collection
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is jointly covering, and where each U; — Spf Zp is representable by schemes and finite.
Consider 1-morphisms only up to 2-isomorphism.

The equivalence is given by X — XSpf 7y and admits a quasi-inverse by “schemification of presen-
tations”. This stacky schemification is convenient bookkeeping for us, but it can be avoided if one
prefers (Remark 12.3.1). A similar “schemification” appears in [CLZ].

The stacks in the uniformization (12.2.14) satisfy the property in (2) above. For example,
Z(T)gpec % satisfies property (2) because it admits a finite étale cover by a scheme (add level

structure away from p) and the structure map Z(7T) — Spec Zp is proper and quasi-finite

Spec Zp
(Lemma 8.2.2). Schemifying, we obtain a morphism (unique up to 2-isomorphism)

(123.1) @\ I 2@ < 2@) | - 205,

eV (Q)"

%(w,w):T
The morphism in (12.3.1) is an isomorphism in the supersingular case, and an open and closed
immersion in the ordinary case (follows from the formal algebraic stack version).

We next recall the structure of the local special cycle ZN*(mp) c N* from Sections 11.1 and
11.2. Recall that there is an open and closed disjoint union decomposition Z*(z,) = | [; Z2*(x,)i
indexed over i € H'(Q,)/H}(Q,), in the notation (11.2.4). The terms Z*(x,); are connected in
the supersingular case, but not necessarily connected in the ordinary case. This decomposition
is compatible with the action H'(Q,) G N* and the action H'(Q,) C H'(Q,)/H}(Q,) by left-
translation.

Using Corollary 11.5.6 and Lemma 11.3.1, we find that the structure maps Z~*(a:p)i — Spf Zp
have the same degree as i varies, since the action H'(Q,) C Z* is transitive on the terms in the
decomposition (11.1.5) indexed over i € H'(Q,)/H)(Q,). For any i, we have

(12.3.2) deg(Z2*(zp); — SpfZy) = deg,(T) = deg(2*(z,) — Spf Z,) = > 1
z€Z* ()N (Cp)
with deg,(7T") defined in (11.6.3).

From the schemified uniformization (12.3.1), if degg(Z(7")q) denotes the stacky degree of Z(T)g —
Spec Q (denoted deg% (Z(T)q) in Section 8.5), it now follows formally that we have

1
(12.3.3) deggZ(Tle = D, g
O‘EZ(T)Q;CZP(CP)

(12.3.4) ~ o) #|H@\ ] H@)/HQ) x 26|
zeV(Q)"
%(m,m):T

in the supersingular case, where the first equality is largely by definition (Section 8.5), where the sum

runs over isomorphism classes of the groupoid 2 (T)é‘gecZ (Cp), and where #[- - -] means groupoid
P

cardinality. In the ordinary case, the second equality (12.3.4) still holds if we replace the sum over

bt (T)é\gecZ (Cp) with the sum over only the open and closed substack uniformized by the image of
- P
Op.
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We next make a similar-looking decomposition for heights. As explained before Definition 11.6.1,
every object z € Z*(z,)i(C,) has an associated “local height defect” dpai(2) € Q, defined in
terms of the endomorphism rings of the pair of universal p-divisible groups over the descent of z
sch

to Spf O; for some finite degree field extension L of @p. Given Z* ()" mapping to the source
of the uniformization map ©, from (12.2.14), and if a € Z(T)Speczp (Cp) is the image of some

z € Z*(x)"(C,), then Lemmas 10.1.4 and 10.1.5 imply that we have

(12.3.5) Oral (2) - log p = Oparp(cv)

where Opa1p(a) was defined in Section 10.2. This is because Opa1p(c) is defined in terms of the
p-index of the endomorphism rings of the pair of universal elliptic curves, while g, (2) is defined
similarly but using universal p-divisible groups, but Lemma 10.1.5 (and the equivalence between
étale p-divisible groups and Tate modules, applied over Spec Iv/, as well as fully-faithfulness of the
generic fiber functor of p-divisible groups as in [Tat67, Theorem 4|) implies that these endomorphism
rings may be identified, since Rapoport—Zink uniformization (by construction) is compatible with
universal p-divisible groups and universal abelian varieties.

Upon considering the formula (10.2.6) for (T(;ggv (Z(T))p and the formula (11.6.1) for dpa (span(zy)),
it then follows formally from the above discussion and the schemified uniformization (12.3.1) that

we have
T 5Fal (a)
(12.3.6)  —degz, (Z(T)), = _Falp\™/
’ ’ aezmi ., (cp) 7A@
(1237 = onap(m) #|B@\ [] #(Q)/H(Q) x 2@ | 1o
V()
%(m,w):T

in the supersingular case, with dpa1 ,(7") defined in (11.6.3). In the ordinary case, the second equality

(12.3.7) continues to hold if we replace the sum over Z(T') C,) with the sum over only the

K Spec Zp(
open and closed substack uniformized by by the image of ©y.

In all cases, supersingular or ordinary, we find that the “normalized height difference” is given by

degz. (Z(T Srat p (T

(1238) gg ( ( ))P — _ Fal,p( )

degey (Z(T)g) | deg,(T)

whenever Z(T') # &, which is equivalent to degy(Z(T)g # 0). Indeed, the supersingular case of

(12.3.8) follows immediately from dividing (12.3.7) by (12.3.4). The ordinary case follows as well,

after we range over the finitely many uniformization maps Oy for different choices of base point b,

-logp

as in Lemma 12.2.4.

Remark 12.3.1. It is possible to prove (12.3.4), (12.3.7), and (12.3.8) while avoiding schemification
for stacks, although we find that language to be convenient bookkeeping. In brief, one can add level
structure away from p, take constant finite étale covers by formal schemes, and divide by the degrees

of these covers; compare |CLZ|.



ARITHMETIC SIEGEL-WEIL FORMULA ON THE PRODUCT OF MODULAR CURVES 73

Part 3. Arithmetic degrees of special cycles
13. PROOF OF NON-ARCHIMEDEAN LOCAL IDENTITIES
The following is the main non-Archimedean local theorem of this article, which is an identity
between the “change of Faltings height along special cycles” and near-central derivatives of normalized
local densities.
In the theorem below, the left-hand sides were defined in (11.6.3), and the right-hand sides were
defined in (2.3.5).
Theorem 13.0.1. Let L < B* be a Zy-lattice of rank 2 with * € {s,o0}. Then
(a) For the special cycle Z*(L), we have
(13.0.1) deg Z*(L) = Den*(L).
(b) For the change of Faltings height along the special cycle Z*(L), we have
(13.0.2) 5Fal(L) = 0Den*(L).

The goal of this section is to prove Theorem 13.0.1. Fix a rank 2 lattice L < B* where * € {s,0}
with GK(L) = (a,b). Recall that v(L) =a+ b and d(L) = b — a.

13.1. Base cases. We first consider the case that v(L) < 2.

13.1.1. v(L) = 0. In this case a = b = 0, the special cycle Z*(L) = 2*(L)° ~ SptOj, by Lemma
11.5.5, hence deg Z2*(L) = 1 by (11.4.2), and dpa1(L) = 0 by (11.6.2). By (B.2.2) and (B.2.3),
Den*(X, L) = 1,

hence Den*(L) = 1 = deg Z*(L) and dDen*(L) = 0 = dpa1(L). Theorem 13.0.1 is true.

13.1.2. v(L) = 1. In this case we must have a = 0 and b = 1. Such a lattice L exists only if
* = s, and the only integral lattice containing L is the lattice L itself. Hence the special cycle
Z*(L) = 2*(L)° ~ Spf O, by Lemma 11.5.5, and

Oral(L) = deg Z°(L)° - (6ra1 (0) + 0pa1 (0)) = 0.
By (B.2.1),
Den*(X,L) =1,
hence Den*(L) = 1 = deg Z2*(L) and dDen*(L) = 0 = dpa1(L). Theorem 13.0.1 is true.

13.1.3. v(L) = 2. In this case (a,b) = (0,2) or (1,1). We first consider the case that (a,b) = (0, 2).
Let M < B* be an integral rank 2 lattice such that L & M. The Gross—Keating invariant of M
must be (0,0) (this is obvious for the case p > 2, the case p = 2 can be proved using Lemma B.1.1
(c) and (d)) and there is only one such M, hence the contribution of M to deg Z*(L) is 1, while 0
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to 0pal(L). By Lemma 11.5.5 and (11.4.2),

+1+1=p+2, ifx=s;
deg Z*(L) = deg Z*(L)° + deg Z2*(M)° = P P

p—1+1=np, if * = o.

(1=-2) =p— if*=s
Seai(L) = deg Z*(L)° - (6e (1) + 65 (1)) = 4 LY (1-7) =p-1 g } —p—1.
(p—1)-(1-0), if = o

On the other hand, by (B.2.2) and (B.2.3),

X141+ pX, ifx=s;

Den*(X,L) =
X1—14pX, ifx=o.

Therefore Den*(L) = deg Z*(L) and dDen*(L) = p — 1 = dpa(L). Theorem 13.0.1 is true.
Next we consider the case that (a,b) = (1,1). Let M < B* be a rank 2 lattice such that L & M <

MY < LY. Such a lattice M corresponds to an isotropic line in the 2-dimensional nondegenerate

quadratic space LV /L ~ FZ, where the quadratic form is given by Z € LY/L — p - q(x).
e If + = s, such M doesn’t exist because L /L is anisotropic (this fact is obvious for p > 2,
the case p = 2 can be proved using Lemma B.1.1 (b)).
e If % = o, there are in total 2 such lattices M because LY /L is nondegenerate and isotropic.
However, the Gross—Keating invariant of such M must be (0,0), hence the contribution of
M to deg Z*(L) is 1, while 0 to dpai(L).
By Lemma 11.5.5 and (11.4.2),

deg Z*(L) =

- if % =s;
dpal(L) = deg Z*(L)" - (Opar (0) + Opar (1)) = 2wy <2 pH)’ f 7}:]?—1-

On the other hand, by (B.2.2) and (B.2.3),

X t4p+1+pX, ifsx=s;
Den* (X, L) = P b
X 14p—14+pX, ifx=o0.
Therefore Den*(L) = deg Z2*(L) and dDen*(L) = p — 1 = dpai(L). Theorem 13.0.1 is true.
13.2. Counting Lattices.

Lemma 13.2.1. Let L be a rank 2 Z,-lattice spanned by elements x and y, there is a one-to-one
correspondence between the following two sets

(13.2.1) i {(k,c) i k€ Zsy, ceZy/ptlyy — (M 2 L:a¢pM}
(k,c) —> M = Z,-span of z and p" (y + cx).

Proof. Since x ¢ pM, the lattice M is spanned over Z, by x and ' = ay + dz. If v,(a) = 0, the
lattice M is spanned by x, y and ¢’z since L < M. Since x ¢ pM, we must have ¢ € Z,, then
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X
p )
c. Therefore we have

L = M, which is a contradiction. Hence vp(a) < 0. Scaling by an element in Z
k

Wwe can assume
that a = p~* for some k > 1 and v/ = p~ (y + cx) where ¢ = p~
y =ty —ca,
hence we must have c € Z, since L ¢ M and z,y’ is a Z,-basis of M.
However, the element c is only determined up to Zp/kap because we can change the element 7/
by adding Z,-multiples of x. Therefore the map ¢ (13.2.1) is surjective.
Now let (ki,c1) and (k2,c2) be two elements of the set on the left hand side of (13.2.1). Let M;

be the lattice spanned by x and y; = p~*i(y + clz) where i = 1,2, here we take ¢, € Z,, as a lift of
the element ¢; € Zp/pkin. It’s easy to see that

1 p~F2(ch— )
[z, 2] = [z, 1] - <0 pkikg ik
Therefore if My = Ma, we have k; = ko and p~*2(c}, — ¢}) € Z,,, which is equivalent to saying that

ki,c1) = (kg,co). Hence the map % (13.2.1) is injective. [l
( 9 9 p L J

13.3. Gross—Keating invariants of intermediate lattices. Let L be a nondegenerate quadratic
Zy-lattice of rank 2 with GK(L) = (a,b). In §B.3, we construct a lattice L’ such that

(a). L L' and L'/L ~ F),.

(b). GK(L') is either (a,b—2), or (b—2,a) ifb—2 < a.
By (b), we can find a basis = (21, 22) of L such that x1,p '2s is a basis of L’. In the following
paragraphs, denote by Ly . the lattice (72 ((k,c)) for k> 1 and c€ Z, P*Z,. We also define Lo to
be the lattice L itself.

Lemma 13.3.1. Let L be a nondegenerate quadratic Zy-lattice of rank 2 with GK(L) = (a,b). For
k=0andce Zp/kap, if L is not in the Case 1 of §B.3, the Gross—Keating invariant of the lattice
Ly is GK(Ly ) = (a — 2k, b).

Proof. Let GK(Lg) = (11, 2). By Lemma B.1.2, p11 + po = a+ b— 2k, hence we only need to show
that u1 = a — 2k. We first prove the case that p > 2 (Case 2 in §B.3), notice that under the basis
x = (x1,x9) of L, the quadratic form is diagonalized in the way that q(zx1 +yx2) = up®2? 4+ usp®y?.
Then

a—2k 2 b—2k

q (x -pik(ﬂzl + casg) + ng) = <u1p + uac”p ) z? + 2u20pb7kxy + u2pby2.

Under the assumption that we are not in the Case 1 of §B.3, the lattice L is either isotropic with a < b,
or L is anisotropic. Therefore we have v, (ulpa_% + u262pb_2k) = a—2k < min{y, (2u26pb_k) , Up(ugp?) =
b}. Therefore 1 = a — 2k by Lemma B.1.1 (a).
Now we focus on the case that p = 2. If the lattice L is not diagonalizable, we have a = b and L
is anisotropic by Lemma B.1.1 (¢), so we are in Case 3 of §B.3. Under the basis * = (x1,x2) of L,

the quadratic form is given by g(zz1 + yz2) = 2% (z* + 2y + y*). Then
q (:z: 27 R (2 + cag) + yazg) =2072F (1 4 ¢+ A)a? + 27 (1 + 20)ay + 292

Notice that vy (2972(1 + ¢ + ¢?)) = a — 2k < min{r(2°7%(1 + 2¢)) = a — k,15(2%) = a}, therefore
w1 = a — 2k by Lemma B.1.1 (a).
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If the lattice is diagonalizable, following the notations in Case 4 of §B.3, let e be a basis of L as
in Lemma B.1.1 (d). Then

q(zer +y - e2) = u129a? + ug2 %%,

where § = 0, 1,2 according to (B.1.3).

Case 4-0 For 0 = 0, we have a < b and a # b mod 2. Then 1 = e, 22 = e5 and
q (:U . 2_k<$1 + cxe) + ym) = <u12“_2k + 02uQ2b_2k) 2 + chQbH_kxy + u22by2.

Notice that 1 (u12“_2'C + 02u22b_2k) = a — 2k, therefore p; = a — 2k by Lemma B.1.1 (a).
Case 4-1 For § =1, wehavea<b—1landa=b—1mod 2. If a < b— 3, we have 1 = e1, 19 = e
and

q (w 27R(zy + cmp) + y:rz) = (u12a_2k + 02u22b_1_2k> 22 + cua2Fay 4+ up2v 12

Notice that 1o (u12“_2k + c2u22b_1_2k) = a — 2k, therefore py = a — 2k by Lemma B.1.1
(a). If a =b—1, we have x1 = e, 9 = e1 + €2 and

q <w . 27]{(1'1 + cxo) + yxg)
= ((1 + ¢)?u 2% + c2uQ2“*2’f) 2% 4 (uy + c(ug + u2)) 2 Fry + (uy + ug) 2%%

Notice that 1o ((1 + ¢)?uy 2072k 4 C2U22a_2k) = a — 2k, therefore u; = a — 2k by Lemma
B.1.1 (a).

Case 4-2 For 6 =2, we have a < b—2 and a=b mod 2. If a < b — 4, we have £1 = e1, 9 = e9 and
q (:B . Z_k(xl + cxa) + y:L‘2> = <u12“_2k + 02uQ2b_2_2k) z? + cu22b_1_kazy + u22b_2y2.

Notice that o (u12“*2k + c2u22b*2*2k) = a — 2k, therefore uy = a — 2k by Lemma B.1.1
(a). If a = b—2, we have 1 = e1, 9 = €1 + €2 and

q (ac . 2_k(x1 +cxa) + y:rg)
= ((1 + ¢) 2 207%k 4 02u22‘1_2k) 22 + (u1 + c(uy + ug)) 20F1=2k 1y 4 (u1 + ug) 2042,

Notice that 1o ((1 + c)2u12a_2k + 02u22“_2k) = a — 2k, therefore 1 = a — 2k by Lemma
B.1.1 (a).

Lemma 13.3.2. Let L be an isotropic quadratic Zy,-lattice of rank 2 with GK(L) = (a,a) for some
a€Z, ie., Casel of §B.3. For k=1 and c € Z,/p*7Z,,

a—2k+t,a—t), ifcorl+cep'Z/pFZ, for some 1 <t < k;

(a —2k,a), otherwise.



ARITHMETIC SIEGEL-WEIL FORMULA ON THE PRODUCT OF MODULAR CURVES 7

Proof. Let GK(Lg) = (g1, p2). By Lemma B.1.2, 1 + po = 2a — 2k, hence we only need to find
w1 using Lemma B.1.1 (a). Using the notations in Case 1 of §B.3,

(13.3.1) q (x p (21 + can) +y- :c2> = pa2k ((1 +c)r + pky> (cx + pky)
= c(1+c)p® 2 + (14 20)p* Fay + py?.

Ifcorl+ce ptZ;/kap for some 1 <t < k — 1, notice that v, (¢(x)) = a — 2k + t. Moreover,
q (p*k(arl + cmg)) = p® k¢ (1 + ¢) has p-adic valuation a — 2k + t, hence p1 = a — 2k + ¢ and
o = a—t.

If c =0 or —1 mod p*, we can just let ¢ = 0 or —1 since the lattice Ly . is determined up to
c € Zp/p*Z,, then the quadratic form of Ly . is equivalent to p* *xy, hence GK(Ly.) = (a—k,a—k)
by Lemma B.1.1.

Otherwise, notice that v, (g(x)) > a — 2k and q (p "(z1 + cz2)) = p* ¢ (1 + ¢) has p-adic
valuation a — 2k, hence p; = a — 2k and po = a. O

Corollary 13.3.3. Let L be a nondegenerate integral quadratic Zy,-lattice of rank 2 with GK(L) =
(a,b).

o If L is not in the Case 1 of §B.3, the lattice Ly, . is integral if and only if 1 < k < [a/2].
o If L is in the Case 1 of §B.3, the lattice Ly is integral if and only if 1 < k < [a/2] or
[%] +1<k<aandcor 1+ceptZ;/kap for some t = 2k — a.

Proof. A nondegenerate quadratic Z,-lattice of rank 2 with GK(L) = (a, b) is integral if and only if
a = 0. Then this corollary follows from Lemma 13.3.1 and Lemma 13.3.2. g

13.4. Geometric difference formula.

Proposition 13.4.1. Let L be a nondegenerate integral quadratic Zy-lattice of rank 2 with GK(L) =
(a,b) such that b > 2. Let L' be the lattice constructed in §B.3.

e Ifas£bmod?2,
(13.4.1) deg 2*(L) — deg Z*(L') = (a + 1)pl@T=1/2,

(13.4.2) bpar(L) — Spar(L))
(a+1)(b— 1)platt+3)/2 _2(q 4 1)bp@+b+1/2 ¢ (a + 1)(b 4 1)platb=1/2 4 opatl _ 9

2(p—1)2
e Ifa=0bmod?2 and L is anisotropic,
(13.4.3) deg Z*(L) — deg Z* (L) = (a + 1)p @271 (p + 1),
(13.4.4) Oral(L) — dpar (L))
1

_ m . ((CL + 1)bp(a+b+4)/2 - (CL + 1)(b + 4)p(a+b+2)/2
p—

—(a+1)(b—4)plat2 L (g + 1)ppl@td=2/2 4 gpot! _ 4).
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e Ifa=0bmod?2 and L is isotropic,

(a+ 1)plath)2=1(p — 1), ifa <b;

(13.4.5) deg Z*(L) — deg Z*(L') =
P 1((a+p—a+1), ifa=0o.

+ 1) .
(13.4.6) Spal(L) — par(L) = (GQ) AR (p —1).

Proof. By the decomposition of Z*(L) in Lemma 11.5.2, and the definition of dp, (L) in (11.6.2), the
differences deg Z*(L) — deg Z* (L") and 0pa1 (L) — dpa(L') are both summations ranging over integral
lattices M such that L ¢ M and x4 ¢ pM, such lattices M and their Gross—Keating invariant have
been described explicitly in Lemma 13.2.1, 13.3.1 and 13.3.2.

Notice that for all the prime numbers p (including p = 2), the field Qr, = Q, (\/M) is a
ramified extension of Q, if and only if a # b mod 2, an unramified extension of Q, if and only if L
is anisotropic, and Q, x Q,, if and only if L is isotropic (we refer to the proof of Lemma B.1.2 and
Remark B.1.3).

Let’s first consider the case that L is not in the Case 1 of §B.3. For 1 < k < [a/2] and ¢ € Z,/p*Z,,
the Gross—Keating invariant of the lattice Ly . is (a — 2k, b), therefore

[a/2] [a/2]

deg Z*(L) —deg Z2*(L) = >, > deg Z*(Ly.)° Z p* - deg Z* (L 0)°.
k=0 ceZy/p*Zy

and
[a/2]

Opat(L) = Opa(L) = > Y degz*(Lk,c)O-(5Fa1([b;“}+k>+5Fa1([“;b}—k))

k=0 ceZy/p*Zy

— thpk-degZ*(Lk,o)o' <5Fﬂl qb;a] * k> * O qa;b] - k>> .

Then formulae (13.4.1)—(13.4.6) (excluding the Case 1) follow from explicit computations based on
Lemma 11.5.5, (11.4.2) and (10.1.7).
If L is in the Case 1 of §B.3, by Corollary 13.3.3,

[a/2] / &k
deg Z°(L) — deg Z°(L') = deg Z°(L Z (Z ) - deg Z° (Lkp)>

t=0

a k
+ Z ( Z degZ(Lkp)>,
k=[a/2]+ 2k~
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and

51:‘31([/) — (51:‘31([/) = deg ZO(L)O . (5Fal(0) + 5Fa1(a))

N(k,t) - deg Z°(Lypt)° - (par(k —t) + Opai(a — k)))

a k
+ Z ( 2 N(k,t)-deg Z°(Lgpt)” - (Oral(k — t) + dpai(a — k))) ;

k=[a/2]+1 \t=2k—a

where the number N (k,t) counts how many c € Z,/p*Z, satisfy certain conditions in Lemma 13.3.2,

explicitly,
20(pF1), if t > 0;
Nk 1) = p(")
(p* —2p* 1), ift=0.
Then formulae (13.4.1)-(13.4.6) (in the Case 1) follow from explicit computations based on Lemma
11.5.5, (11.4.2) and (10.1.7). 0

13.5. Analytic difference formula.
Lemma 13.5.1. Let L be a nondegenerate integral quadratic Zy,-lattice of rank 2 with GK(L) = (a,b)
such that b > 2. Let L' be the lattice constructed in §B.3.
e Ifas£bmod?2,
(13.5.1) Den*(L) — Den*(L') = (a + 1)p(e+®=1/2,

(13.5.2) 0Den*(L) — dDen*(L’)
(a + 1)(b _ 1)p(a+b+3)/2 o 2(a + 1)bp(a+b+1)/2 + (a + 1)(b + 1)p(a+b—1)/2 + 2pa+1 _9
2(p— 1) ‘

e Ifa=0bmod?2 and L is anisotropic,

(13.5.3) Den*(L) — Den*(L') = (a + 1)p@/2=1(p + 1),

(13.5.4) dDen* (L) — dDen* (L")
_ 2(pi1)2 ' ((a +1)bplattH2 _ (g 4 1) (b 4+ 4)plath )2
—(a+1)(b—4)platt/2 4 (a4 1)bplatd=2)/2 4 gpat! 4>.
e Ifa=bmod?2 and L is isotropic,

(a+ 1)plath)2=1(p — 1), ifa<b;

(13.5.5) Den*(L) — Den*(L') =
P t((a+Dp—a+1), ifa=0

(13.5.6) dDen* (L) — dDen*(L') = (a+21)b platd=22(p 1),
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Proof. The lemma follows from the straightforward computation based on the explicit computation
of the polynomial Den*(X, L) in Lemma B.2.2 (since we know the Gross—Keating invariants of L
and L’). O

Proof of Theorem 13.0.1. If the lattice L is not integral, the numbers deg Z*(L), Den*(L), dpa1(L)
and 0Den*(L) are all 0, so there is nothing to prove. Therefore we assume that the lattice L is
integral.

Comparing Proposition 13.4.1 and Lemma 13.5.1, we observe that for all the rank 2 integral
Zy-lattices L < B* with GK(L) = (a,b) where b > 2,

deg Z*(L) — deg Z*(L') = Den*(L) — Den*(L'), 0pa(L) — dpai(L') = dDen* (L) — dDen*(L'),

where L’ is another sublattice of B* constructed in §B.3 whose Gross—Keating invariant is either
(a,b—2), or (b—2,a) if b —2 < a. By mathematical induction, we can reduce Theorem 13.0.1 to
the cases that v(L) = 0,1 or 2, which we have already verified in §13.1. This concludes the proof of
Theorem 13.0.1. O

14. PROOF OF THE ARITHMETIC SIEGEL—WEIL FORMULA

14.1. Integrals of Green currents. In this subsection, we evaluate the integrals of the Green
currents g°(7T,y) for 3 x 3 matrices T. These integrals converge by the discussion in §9.3. We
also recall Berndt and Kiihn’s explicit formulas for the integrals of Kudla’s Green function [BK12b,
Theorem 4.2|, which will simplify our proof.

Lemma 14.1.1. Let T' € Sym3(Q) and y € Syms(R)~o be symmetric matrices. We then have

(14.1.1) J a°(T,y) = (167r2)_19_r1(;f dt.

e o)y

M(C)
Proof. By Theorem C.1.1 and the discussion in §9.3, we have

. . (9.4.2) o 3 dt
f g (T,y)=g3=T0 f g°(T,y,p) = cT f L Co,r (t%hzws@le(z)s)ﬂTp-Qi
M(C

M(C) M(C) )
By Theorem C.1.2, the order of the two integrals on the right hand side can be interchanged for
Re(p) » 0:

+00 _ dt 9 +00 _ 9 dt
J ) C@,T (tY7 he, V3 ® 1M2(2)3) +p Q7 = L f Co,r (ty, h.,v3® 1M2(Z)3> QF - a4
M(C) M(C)

In Appendix §C, we denote the function Cyr(ty,h., 73 ® lMQ(Z)g) by Krp(t,y,z). Remark C.1.3
implies that the integral of Cyp r(ty, hz, 73 ® 1y, (2)3) converges absolutely. Therefore the Siegel-Weil
formula in Lemma 6.4.1 implies
1

(1412) HT <g7 h7 D3 ® 1M2(Z)3) dh = 5 ET (gv 07 53 ® 1M2(Z)3> P

JAO(V)(@)\O(V)(A)
where the measure on O(V')(A) is chosen such that the total volume of O(V)(Q)\O(V)(A) is 1.
The integration on O(V)(A) can be reduced to an integration on SO(V)(A) with a factor of 1/2 by
[Kud03, (4.14)], and then reduced to an integration on M(C) by the invariance of 73®1,,, (7> under
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the standard compact subgroup of SO(V)(A). By complex uniformization of M(C), there exists a
positive constant C' such that for all functions ' on O(V)(Q)\O(V')(A) which are Staboy)m)(4,7) X
O(V)(Z)-invariant,'* we have
f F(h)dh =C - f F(h,)Q?
O(M)(@\O(V)(A) M(©)

whenever the integrals are absolutely convergent. Taking F' = 1 shows C' = vol(M(C),Q?)~! = 288.
Therefore

(14.1.3) j Cor (ty, h., U3 ® 1M2(2)3> Q2 =576"1Cr (ty,O, U3 ® 1M2(2)3> .
M(C)

Therefore we have

5 . +00 i a
f o°(T,y) = 5767 CT 1 Cr (ty,O,Z/3® 1M2(Z)3> P
M(C)
[GS19, (5.139)] _1 tod o, oy dt
= 2 T — t d2)) =
58 g—OL dt (Cr (ty, 0, 23)) P
+00 d dt
_ 2\—1 “ 3\/ at
= (1677) 9_1(;£ p” ((CT) (ty,O)) e

0

In §9.3, we saw that when 7" is a 1 x 1 nonsingular matrix, the function g(7,y) = g°(7,y) is
absolutely integrable against the volume form Q? (see (9.3.2)). The integral is closely related to the
derivative of the classical genus 1 Eisenstein series.

Lemma 14.1.2. For all T € Sym;(Q)\{(0)} and y € Sym;(R)~o, we have

(14.1.4) f 9(Ty) A 0% = (96m) 7" lim ((C4)'(,1) = (CF) (v, 1)) -
M(C)

Proof. Both sides are nonzero only if 7' is integral. Suppose that T = (m) where m € Z\{0}. For
the left hand side, it has been calculated explicitly in [BK12b, Theorem 4.2] that

(14.1.5) | arpner =1 [ ¢@myone
M(C) M(C)
_oi(lm|) )L, m e Z-o;

~967|mly | etmmy _ 4rmy Ei(dmmy), m € Zo.

Notice that the Green function =(y, z, m) on M (C) (|[BK12a, Definition 2.3]) is 1/2 times our green
function g(7',y) descended to M (C).

14Here O(V')(Z) is abuse of notation for the stabilizer of L®yZ where L = M(Z) < V. The notation Stabo vy (4,1%)
denotes the stabilizer in O(V)(R) of (i,i) € D* for the canonical action O(V)(R) G D*.
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Berndt and Kiithn [BK12b, Definition 2.1] introduced an Eisenstein series Ea(z, s) of weight 2 with
the T-th Fourier coefficient ar(y, s). The relation of Es(z,s) series to El(z,s) is given by

(14.1.6) E'(z,25 — 1) = —87E»(z, s).

The derivative of its Fourier coefficient ar(y,s) at s = 1 is computed explicitly in [BK12b, (2.2.3)].
By (14.1.6),

a1(lm|) 1+47rmy2$§, m € Zsg;

(14.1.7) Cr) (y,1) = —4rmalp(y,1) = —
( T) g Imly | edmmy _ 4rmy Ei(4mmy), m € Zy.

Here for a positive integer m, o1(m) = >, dand oj(m) =o1(m)logm —2 >, dlogd. Then
d>0,dlm d>0,dlm

—4noi(m), m e Z=o;

(14.1.8) lim (Cp) (ty,1) =
i, () 0, m e 7.
Then (14.1.4) follows from (14.1.5), (14.1.7), and (14.1.8). O

Remark 14.1.3. The explicit expression (14.1.7) implies that the following integral

J . (eny o)

converges for Re(p) > —1 and defines a holomorphic function in p in that range. In particular, it is
regular at p = 0. In other words, (14.1.4) is equivalent to

(14.1.9) f o(T,y) A Q% = (967)"'CT LM; (CORCRY (ti;
M(C)

14.2. The case of corank 0. Let T' € Sym;(Q) be a nonsingular matrix. Lemma 8.2.2 (d) implies
that the special cycle Z(T) is nonempty only if T is half-integral off the diagonal, integral on the
diagonal, positive definite, and the set Diff(T") in (8.2.2) has cardinality 1. In that case, the special
cycle Z(T') is supported over the supersingular locus of M at the only prime p € Diff(T"). Moreover,
the special cycle Z(7T) is an Artinian Deligne-Mumford stack. Let L be a quadratic lattice of rank
3 over Z with moment matrix 7. The stacky length of Z(T') is given by the following formula by
|GK93, Proposition 3.22] (see also [G607a, §4]),

BN B Ritom(e,5)(T) .
deg <<5 ) ’Z(T)) = - )ZM . FAut(E) - FAuE(E) (—0Den* (1, L ® Zy) log p)
s ! € Ss P

H Den* (1,L®7Z;) |- (—0Den* (1, L ® Z,) log p)
I#p

(33:8)03/2 I Wri(e, 0, Inyzps) | Wrp(e: 05 Iy(z,)3)
Pl G (1-p723)

By [GS19, Proposition 3.2 (iii)] (see also [BY20, Proposition 4.3 (ii)]),
det y71WT(giy)e27rtr(Ty) _ _211/271_4'
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Therefore the stacky length of Z(T') is given by
(14.2.1) deg ((é ) > = —(3202)71 (€3 (y,0).

Theorem 14.2.1. Let T € Sym3(Q) be a nonsingular matriz. For all y € Symg(R)~o,

~

(14.2.2) deg[Z(T,y)] = —(327%) 71 (C}) (y,0).

Proof. We first consider the case that 7" is positive definite. In that case, the sum in (9.2.1) is empty
so g(T,y) = 0, and we hence have

f g(T.y) = 0.
M(C)
If Z(T) = @, then both sides of (14.2.2) vanish. If Z(T) # @, then (14.2.2) holds by (14.2.1).
Therefore (14.2.2) is true for positive definite matrices 7.
If T is not positive definite, there exists a positive number C' by [GS19, Proposition 3.3] such that

(C’%)/ (ty,0) = O(e™ ") ast — .

Therefore by Lemma 14.1.1, we have

TelZTy)) = 5 | aTy) =) (B (5.0).

14.3. The case of corank 1. After Lemma 14.1.1, the term which remains to be evaluated in the
corank 1 case is the Faltings height of the special cycle. We relate this height with the Eisenstein
series Fourier coefficient by combining Theorem 13.0.1 with the Rapoport—Zink uniformization from
812.

Proposition 14.3.1. Let T’ € Sym,(Q) be a nondegenerate matriz such that disc(T”) ¢ (Q*)°.
Then

— A d
v * b
(14.3.1) deg (5 |Z(Tb)) =Wr (v, 1/2) - dsL

(A*(s +1/2,m0) [ | W;b’p(s)>

=—1/2

Proof. If disc(T”) ¢ ((@X)2 and T is not positive definite, the left hand side of (14.3.1) is 0 because
Z(T") = &, while the right hand side of (14.3.1) is also 0 by (4.1.10) (notice that the function A*(s+
1/2,np) 11, Wj’ib’p(s) has no pole at s = —1/2 because A*(s,n7+) is not £(s) by our assumption).
Next we assume that 77 is positive definite. If 7” does not define an integral quadratic form,
then we have Z(T°) = & and we also have W,},,’p(s) = 0 whenever T” does not define an integral
quadratic Z,-lattice, as explained at the end of Section 4.2. In this case, both sides of (14.3.1) are 0
again. Conversely, if 7 does define an integral quadratic form, Lemma 8.5.2 and (4.3.5) imply that

(14.3.2) (0, ]_[ (=1/2) = degey (2(T")q)-
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In this case, we have Wz*wb’p(l /2) # 0 for all p, as follows e.g. from inspection of the explicit formulas
in Lemma B.2.2, as the polynomials of loc. cit. are non-vanishing at X = 1. Alternatively, the non-
vanishing Wq’:b’p(l/2) # 0 also follows from (13.0.1) and inspection of (11.5.2). The value A*(0, 7y )
is always finite and nonzero, since 74+ is nontrivial at the Archimedean place.

For simplicity, denote the right hand side of (14.3.1) by F(T”). We thus have

F(T") A0, 1) 7 ,(—1/2)
degg, (Z(1°)q) - A 0np) W, (-1/2)

(14.3.3)

where the sum has only finitely many nonzero terms. The formula (10.1.2) and the functional
equation A*(1 —s,nm) = A*(s,np») gives
A*/(0777T|’)
A* (OanTb)
for F = Q[X]/(X? — discT"), and for v the Euler-Mascheroni constant. Our non-Archimedean

main theorem for corank 1 (Theorem 13.0.1) gives

5o (=12 S (TP
(14.3.5) _Tp —%(b) ‘logp
We, (172 deg,(T°)
for all primes p, using also the comparison between Den* and W* and (4.2.1).
Recalling the local-to-global relation from (12.3.8), we find

1
(14.3.4) =2 hFal P 10g(47767)

F(T?) X degg. (2(1°)),
(14.3.6) Jone B(T)) —2hi) p — log(47re )+; deg:@ )

By definition of cTeTgév (Z(T%)), from (10.2.3) and subsequent discussion, we conclude

PN, 1 PPNV
(14.3.7) F(T") = deg(Epec| z(7v)) — 5 degey (Z(T")q) - log(4me”) = deg (€| z(»),
where the last identity follows from (10.2.1). O

Let T = diag{0,7”} € Sym4(Q) be a rank 2 matrix where 7” € Sym,(Q) is nondegenerate. Let
y = diag{y;,y"} € Syms(R) be a positive definite matrix. By (5.2.3) and (4.3.5), we have

(14.3.8) (—327%) 71 (CF) (y,0)

d
ds|,_,

(yf/Q (y s+ 1/2)A*(s + 1,np9) HW}b,p(s + 1/2)) .

p

If T” is not positive definite, it follows from [GS19, Proposition 3.3(ii)] that there exists a positive
number C such that

c(iit ((CT) (ty, )) O(e %) as t — +o.
Therefore
ws9) [ ey =aeer[ L0 6.0) 5 = —aem) 7 () (000,

M(C)
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If T” is positive definite, (14.3.8) implies

— ]' * *
(14310) <_327T2) ! (C’%)/ (y7 O) == 5 log Y1 WTb7OO(yb7 1/2)A*(17 nTb) H WTb’p<1/2)
p
/
(14.3.11) —(WinL) (v 1/2) A (Lng) [T, (1/2)
p
d * *
(14.3.12) - 0A (s+Lnp) [ [Wi (s +1/2)
s= P

where we also used the special value formula (4.1.10). Therefore by the functional equation of the
product A*(s + 1,mp) [T, W7, p(s +1/2) and (14.3.2),

1
(14.3.13) (32737 (C3) (ty,0) = — log t - degeg (Z(T")q) + A+ F(t) as t — 4o,

where A is independent of ¢ and where the function F'(¢) is obtained by replacing y’ with ¢y’ in
(14.3.11). By Lemma 4.1.1, there exists a positive constant C' such that

(14.3.14) Ft)=0@™), F'(t)=0@t1%) as t - +ow.

Theorem 14.3.2. Let T € Syms(Q) be a matriz of rank 2. For all y € Syms(R)~o,

(14.3.15) deg[Z(T,y)] = —(3272) " (C3)' (y,0).

Proof. Let o € GL3(Z) be a matrix such that (9.6.1) holds, i.e., T = ‘aTa = diag{01,T”}. Let
y = diag{y1,y’} be another positive definite matrix as in (9.6.5).
If 7% is not positive definite, we may apply (14.3.9) to find

1 1 5 1 e B
(14.3.16) 3 f 8(Tyy) = 5 f o'(Ty) =5 J g°(T,a ly'a™)
M(C) M(c) M(C)

~@2r2) 1 (€2) (o Yylat 0) 0L

) _(320%)71 (C3) (y,0).
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Now assume 77 is positive definite. In this case, we have

1
M(C)
1 . 1 )
(14.3.17) =3 9’ (T,y) — 3 logyy - deg% (Z(T")q)
M(C)
1 X 1
(14.3.18) =3 g°(T,a lyla™) - 3 logy1 ~deggd (Z(Tb)Q)
M(c)
* ! b * * 1 b
(14.3.19) S ( Tb,oo) (y ,1/2) A* (L) [ Wi, (1/2) = 5 log ys - degey (2(1°)q)-
p
(14.3.20) —(—3272)" (03:)' G0+ L Af(s+1 V[ TWe (s +1/2)
cJ. = T Y, ds o > NIb . T p
_ 2\—1 3\ * *
(14.3.21) =(=327%)" (C})" (v.0) = S?l/ZA (s+1/2,0p) 1;[ W, ().

(14.3.13). For (14.3.17), we use Definition 9.6.2. For (14.3.18), we use the GL3(Z)-invariance of the

Green currents. For (14.3.19), we combine Lemma 14.1.1 with the estimate of the growth (14.3.14)

as in [GS19, Lemma 5.11]. For (14.3.20), we use (14.3.10). For the last identity (14.3.21), we use

Lemma 9.6.1 and the functional equation of the product A*(s + 1,m7) [, Wj*,byp(s +1/2).
Therefore by Proposition 14.3.1,

— 2 —/a 1
deglZ(T.y)] = deg (£ |z + 5

5 | am) =~ () (o)

M(C)
U

14.4. The case of corank 2. Recall from §8.1 that M (resp. M) denotes the coarse moduli scheme
of M (resp. M). In [BGKKO07, Theorem 7.61], Burgos Gil, Kramer, and Kiihn calculated the height
of Hecke correspondences for M with respect to the line bundle Eﬁ equipped with the Petersson
metric | - |pet, which we denote by £ _ . The difference is recorded given in (10.2.1). A Green

‘M ,Pet
current calculation is given in [BK12b|, and the results of loc. cit. can be expressed as follows.

Lemma 14.4.1. For all T’ = (t) € Sym; (Q)\{(0)} and y’ € Sym;(R)~o,
(14.4.1) deg ((5‘]\})2 |Tt> + ;f a(T,y°) A 02
M(C)
= — ((4r®)7IN(2) + (48m) 1) CL, (y", 1) — (487) 7L (CL) (v, 1).

~

®12
Proof. Berndt and Kiihn in [BK12b| use the Hermitian line bundle (5& Pet) for their height, so

their main theorem gives

(144.2) 144 (&a\g <<§]\V4,Pet)2 |n> * ;JM(C)G(Tb,yb) A 92) — 12 (w(s)aw(yb,s))/ -
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where 9(s) is a meromorphic function with the following expansion at s = 1,

¥(s) = —1 + 4 <2((__11)) + ;) (s— 1)+ O((s = 1)?).

By (10.2.1) and e.g. [BGS94, Proposition 3.2.2], the change of height is
— N 2 — A~ 2 _
deg ((81\2713%) |Tt> —deg <<5]\\’4) |Tt> = log(4me”) ~deggd ((Tt)Q>

By (8.5.4), notice that the morphism 4; : Z(T”) — 7T; generically has degree 2, and compute

degg, ((Tt)(@) - f QO :% f Q = 2degg, (Z(Tb)@) — (487)71CL, (v, 1).

Ti(C) |2(1°)(C)]

By (14.1.6), we have

12 (4)op ) [, = 07" <§<(__11>) ’ i) Croly’ 1) =377 (Cpa) (0,1

The lemma then follows from the functional equation of A(s). O

Remark 14.4.2. By (9.7.1), formula (14.4.1) can be stated in the following way:

— ~ \2
14.4.3 deg< g >+J a(T’,y’) A Q2
(14.4.3) () Lz)) * ], 90

= — (877N (2) + (967) 1) Ch, (', 1) — (967)~* (CL,)

!/

(v’ 1)-
Theorem 14.4.3. Let T € Sym3(Q) be a matriz of rank 1. For all y € Syms(R)~o,
(14.4.4) deg[Z2(T,y)] = —(327%) 7 (CF)' (v,0).

Proof. Let v € GL3(Z) be a matrix such that (9.6.1) holds, i.e., T = ‘aTa = diag{0y,7"}. Let
y = diag{y1,y"} be another positive definite matrix as in (9.6.5).
By Lemma 14.1.1, we have

14.4.5 °(T.y) = (T alyta ) = (162 |4 (C?’)' 15.0)) ¥
( ) g( ’y)_ g( 7a yOé )_( 7'[') p:(] 1 a ’f’ (ya ) t7
M(C) M(C)

By the Definition 9.6.2 of g(7',y), combining (5.3.3) with (14.4.5) and (14.1.9), and using Lemma
8.5.1 to evaluate deg% (Z(T)q), we find

1
(14.4.6) 5 | s | a@y)ae
M(C) M(C)
1 1
=3 f g’ (T,y) — f g(Tb,yb) A2 — §log dety; - deggd (Z(T)q)
M(C) M(C)
2 —1aff ~ -1 1 /b
== (327T ) g(yv 0) - (1927T) IOg det Y1 CTb (y al)a
where

/

(1447 ~HTg0)= - (C%)l (%,0) + (% log dety; + g + 4A’(2)) CL(y, 1)+ g (CL) (v, 1)
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as in (5.3.5). By the definition of the arithmetic degree in (9.7.3), we have

feg[é<T,y>]=<Teg((éV)2!Z(Tb))+§ f a(T.y).

M(C)
Combining (14.4.6) and (14.4.3), we get
— A _ I 9.6.6 _
degl2(T,y)] = —(327%) " (C2) (5,0) “2” ~(327%) 71 (C})' (y.0).

g

14.5. The case of corank 3. Let T = 03. The special cycle is Z(03) = M. It is proved in
[BGKKO07, Theorem 7.61] that

— oy 3 1 1 ’ . -1 -1

deg <( Mm) |M> -3 <2g(—1) +¢ (—1)> — —(4m)"IA/(2) — 487 + 48 log(4me).
By (10.2.1) and [BGS94, Proposition 3.2.2|, we have

— (a,\3 — (/2 3 3 _
(14.5.1) deg ((EM) ]M> = deg ((€M7P8t> ]M> —5 log(4me?) - deggd (Mg)
= —(4m)7tA(2) — 4871

Theorem 14.5.1. For all y € Sym3(R)~q, we have
(14.5.2) deg[2(05,y)] = —(327%) 7 (C3,) (v, 0)
Proof. By Lemma 14.1.1 and Lemma 5.4.1, particularly (5.4.3) and (5.4.5), we have

1
(1453) 5 f g°(03,y) = —(3202) 71 (C3,) (v, 0) + (167) "1 A/(2) + 1927 + 576 ' log det y.
M(C)
By the Definition 9.6.2 of g(03,y), we have

1 1 1
(14.5.4) 3 J 0(03,y) = 5 f 0°(03,y) — 5 logdety - degg, (Mo)
M(C) M(©)
= —(320%)71(C3,) (v, 0) + (167)"1A/(2) + 19271,
We have
— ~ \3 — ~ 3
(1455) deg ((8\/) ‘M> (9-_1-2) 4*1deg << %> |M> (14-:5-1) —(1671')71/&/(2) — 1921,

The theorem now follows from the definition of (Te\g[é (03,y)] in (9.7.3), which is the sum of the two
terms (14.5.4) and (14.5.5). O
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APPENDIX A. FINITENESS AND BOUNDEDNESS

In this section, we prove the finiteness and boundedness of some sets arising naturally in §9.2
when we define the green currents g°(7,y, p).

Lemma A.0.1. Let U € D ~ H? be an open set with compact closure. Let L = V be a sublattice of
rank 4. Let T € Sym,.(Q) be a matriz. The following set is finite for all positive integers r:
(A.0.1) S={xel :T(x)=T and Dy n U # }.

Moreover, there exists a positive number C > 0, such that for all elements * = (21, - ,2,) €
Qr(L)\S, we have

(A.0.2) R(x,z) = Z R(z;,2)>C, zeU.
i=1

Proof. We first prove the claim about the finiteness of the set S. Let ® = (z1,--- , ), the condition
Dy, U # @ is

Dy neoonDy, nU # 2.
Therefore we can reduce the lemma to the case that r = 1, i.e., we prove that for all numbers ¢t € Q,

the following set is finite
S={xeL:det(z)=tand D, nU # @}.

For t < 0, the set S is empty. For t = 0, the set .S consists of the single element 02, hence it is finite.
Now we consider the case that ¢ > 0. By the compactness of U, we can assume that there exists
a number M > 1 such that for all points z = (21 + iy1, x2 + iy2) € U,

o S M, M7'< |yl <M, i=1,2.

Let x = (g 3) € L be an element in S. If D, n U # @, we conclude that there exists an element
(21,22) € U such that
dz1729 —cz1 — bz +a =0

by (7.3.2). Therefore

a—cz1 a—bzy
29 = z = .
2T b —dy Y c—dx
Let z1 = 1 + iy1 and zo = xo + iys, we get
t- t
(A.0.3) Y2 J1 <

T b—dal? T @y oy (b — den)?

Therefore |d| < 4/t(y1y2)~! < M+/t. We can also use the fact that |b—dz1|? = (b— dx1)? to deduce
that

bl < A/tyryy '+ |do1| < MVt + M2VE < 2M?V.

a—bzo
c—dzo*

We can get the same estimate for ¢ by using the expression z; = Finally,

la| = |dz129 — cz1 — bza| < (4\/54— 2) M3+/t.

Therefore all the coordinates of x are bounded by some numbers depending only on the set U. Since

x belongs to the Z-lattice L, there are only finitely many x satisfying this condition.



90 RYAN C. CHEN AND BAIQING ZHU

Now we prove the claim about the set Qr(L)\S. Notice that the quadratic form z € V —
R(z,z) + det(z) is positive definite. By the compactness of U, there exists a positive number ¢ > 0
such that

R(z,z) + det(z) > ¢ |z|?, forze L and z€ U.
The set Q7 (L)\S can be divided into the following parts:

Shi={xe L ) |zi* < ¢ H(tx(T)] + 1)} 0 Qr(D)\S,
=1

S"i={we L": ) ail* > ¢ (jte(T)] + 1)} 0 Qr(D)\S.
=1

For an element x € S”, we have
R(x,z) > |tr(T)| + 1 —tr(T) > 1.
The set S’ is finite, therefore the number C’ := H}ini{R(m, 2)} is positive because U is compact.
Define et
C =min {C’/2,1/2} .
Then we have R(z,z) > C. O

APPENDIX B. CALCULATIONS OF LOCAL DENSITIES AND THE CASE p=2

B.1. Gross—Keating invariants. We first recall the definition of Gross—Keating invariant from
|[GK93, §4] and [Bou07, §1|. Let p be a prime number. Let (L, q) be a quadratic Zy-lattice of rank
n = 1. We always assume that the quadratic form is nondegenerate. Let e = (e, - , e,) be a basis
of L such that

(B.1.1) q(zre1 + -+ zpen) = Z bij(e)xiz;.
i<j
We write S(e) for the set of tuples y = (y1,- -+ ,yn) € Z" such that

Yi + Yj
2

Let S(L) = | S(e) where the union ranges over all basis e. We order tuples (y1,--- ,yn) € S lexico-

(B.1.2) y1 < - < Y, < vy (bij(e)) for 1 <i<j<n.

graphically. The Gross—Keating invariants GK(L) = (a1, - , a,) are the maximum of (y1,--- ,y,) €
S(L). A basis e is called optimal if (aj, - ,an) € S(e).

Lemma B.1.1. Let (L,q) be a nondegenerate quadratic Zy-lattice of rank n > 1 with GK(L) =
(15 s bn)s
(a). We have
p1 = min{v(q(z))}-
(b). If p is odd, the quadratic lattice L is diagonalizable, i.e., there exists a basis € = (e1,-- ,ey)

such that (ej,ej) = 0 fori # j, and vp(q(e;)) < vp(q(e;)) if 1 < i< j<n. Then we have

i = vp(qe:)), 1<i<n.
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(c). If p=mn = 2 and the lattice L is not diagonalizable, then there exists an integer e and a basis

e = (e1,ez) such that

2 2 . . . .
x® +zy +y-, if L is anisotropic;
q(zer + yeg) = 2°-
xy, if L is isotropic.

The Gross—Keating invariant of L is GK(L) = (e, e).
(d). If p =n = 2 and the lattice L is diagonalizable, then there exists a basis e = (e1,e2) such
that
q(ze1 + ye2) = w12 22 4 u2%29?,

where uy,ug € Z3 , a1,az € Z and a; < az. The Gross—Keating invariant of L is given by

(a1,as2), if a1 # as mod 2;
(B.1.3) GK(L) = 1 (a1,a2 + 1), if a3 =az mod 2 and u; + ug = 2 mod 4;

(a1,a9 +2), if a3 = agy mod 2 and uy + ug = 0 mod 4.

Proof. For part (a), let f = (f1, -, fn) be an optimal basis of L. It’s obvious that I;agl? vp(bii (f)) =
I;leiil{ljp(q(.%))} because

q(fi + f5) —a(fi) —q(fy), ifi#j;
qa(fi), if i = j.

Hence min vp(bii(f)) = miil{l/p(q(m))}. The inequality of the other direction min vp(bii (f)) <
1<) x€ 1]

bij(f) =

miil{yp(q(m))} follows from (B.1.1). If u3 > miil{yp(q(x))}, let < i < j < n be two integers
e xe
such that v, (bi;(f)) = miil{yp(q(:v))}, then

e

(b () = B > > wminfuy(g(o)},

which is a contradiction, hence p; < miil{l/p(q(:v))}. It’s easy to see that the following element
xe

belongs to S(f):
(miptoy (o)) miplp(a(o) )

zel
therefore pp > rmneiil{up(q(w))}. Then we must have p; = I;leiil{l/p(q(x))}.

Part (b) is well-known (see for example [Bou07, §2|), we are left to prove (¢) and (d). For (c),
the existence of the basis can be found in [Bou07, Lemma 3.2|. Now we compute GK(L). Suppose
that GK(L) = (u1,p2) where pp < po. By (a), we can verify that u; = e. It’s easy to see that
(e,e) € S(L), hence ua > e. Moreover, we have u + s < 2e by [Bou07, Lemma 1.3(c)|, hence
po < e. Therefore g = e.

For (d), part (a) implies that g1 = a1. It’s easy to see that (a1, a2) € S(L), hence pua > ag. Let
f = (f1, f2) be an optimal basis such that [fi, f2] = [e1,e2] - (¢4). Then

q(xfi +yfo) = (a2u12a1 + c2u22a2) 2+ (abu12‘“+1 + cdu22a2+1) Ty + (b2u12“1 + d2u22a2)

Y2
We first consider the case that a; # as mod 2. Let as = a; + 2\ — 1 where A = 1. Since us > ag,
we have 15 (62u12“1 + d2u22“2) > s = ag, hence vo(b?u12%) > ag, which implies that vo(b) > .
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Therefore d € Z; since (‘Cl 3) € GL2(Z3), and vy (b2u12a1 + d2u22a2) = ay. Since f is an optimal

basis, we have o < vy (b2u12“1 + d2uQ2“2) = ay. Therefore uo = as.

Next we consider the case that a; = as mod 2. Let ag = a; + 2\ where A = 0. By [Bou07, Lemma

1.3(c)],

p1 + p2 S V2 (U1u22a1+a2+2) =a1; +az+2,

hence po < ag + 2.

If u; + up = 0 mod 4. Take a = 1,b=2",¢=0and d = 1, we get
q(xfi +yfa) = u12M2? + u 2T A zy + (ug + ug) 29292

It’s easy to verify that (a1, az+2) € S(f) since vo((u1 + u2) 2%2) > as+2 and vy (129 +H1FA) =
a; + 14+ X = (a1 +az + 2)/2. Therefore py = ay + 2.

If uy + ug = 2 mod 4. We first prove that us < as + 1. Let’s assume the converse that
[ = as+2. Since v (b2u12“1 + d2uQ2a2) > o = az+2, the element b satisfies that vo(b) > A
because otherwise vy (b2u12a1 + d2u22a2) < ag, which is a contradiction. If v5(b) > A, the
element d ¢ Z; because otherwise g (b2u12“1 + d2u22a2) = ag, which is also a contradiction.
Therefore v5(b) = X and d € Z . Let b = 2* - b, then

b2u 2% + dPuy2%2 = 292 . (ulbg + quQ) = 2. (u; + uz) mod 902+2,

Therefore o < as + 1, which is a contradiction, hence ps < as + 1. Next we take a = 1,b =
2* ¢ =0and d = 1, then

q(xfi +yfa) = w1292 + u 2T A ey + (ug + ug) 29292

It’s easy to verify that (ay, az+1) € S(f) since va((u1 + u2) 292) = ag+1 and vy (u2 1) =
a; + 1+ A > (a1 + a2 + 1)/2. Therefore pg = as + 1.

O
For a nondegenerate quadratic Zy-lattice of rank n with GK(L) = (u1,- - , itn), define
(B.1.4) |IGK(L)| = p1 + -+ + pn.
Let e = (e1,- - ,ep) be a Zy-basis of L, define the inner product matrix of L with respect to the basis

etobeT(e) := (%(% €j))

. Define det L = det T'(e) € Q,/ (25)2, this number is independent

1<i,j<n

of the choice of the basis e.

Lemma B.1.2. Let L be a nondegenerate quadratic Z,-lattice of rank n.

(a).
(B.1.5)

(b).

(B.1.6)

If p > 2, we have
|GK(L)| = vp(det L).
If p=n =2, denote by Q2 the degree 2 algebra Q2 ( disc(L)) over Qo. Then

1) (det L)

IGK(L)| = 2[ ;

:| + 5L,27

where 01,2 s 1 if Qr 2 s a ramified extension of Q2, is 2 otherwise.
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Proof. Part (a) follows from Lemma B.1.1 (b). Now we focus on the case that p = n = 2, if the
lattice L is not diagonalizable, we can verify the identity easily by using Lemma B.1.1 (¢). Now
let’s assume that the lattice L is diagonalizable with a diagonalized basis as in Lemma B.1.1 (d). If
a1 # ap mod 2, the algebra Q2 is a ramified extension of Qg, the identity (B.1.6) can be verified
by straightforward computation.

If a1 = ay mod 2 with u; + u2 = 2 mod 4, the mod 8 reduction of (u1,us) have the following
possibilities:

(u1,u2) = (1,1), (1,5), (3,3), (3,7), (5,1), (5,5), (7,3), (7,7) mod 8,

then disc L = —1, -5 mod 8, the corresponding algebra Qp o is a ramified extension of Q2. The
identity (B.1.6) is true because both sides are a; + as + 1.
If a1 = ay mod 2 with u; + uy = 0 mod 4, the mod 8 reduction of (u1,u2) have the following

possibilities:

(u17u2) S (173)7 (17 7)7 (37 1)’ (375)’ (573)7 (57 7)’ (77 1)7 (77 5) mOd 87
then disc L = —3,1 mod 8, the corresponding algebra Qp, o is either an unramified quadratic exten-
sion of Qg (disc L = —3 mod 8), or splits Q2 x Q2 (disc L = 1 mod 8). The identity (B.1.6) is true
because both sides are a1 + as + 2. O

Remark B.1.3. By the proof of Lemma B.1.2, we can see that the Q,-algebra Q) := Q, (\/ disc L)
is a ramified extension of Q, if and only if a # b mod 2. Otherwise, the algebra Q, , is either an
unramified quadratic extension of Q,, or Q, x Q.

B.2. Local densities. The goal of this subsection is to compute Den*(X, L) defined in (2.3.2), in
the case of F' = Q, by combining the difference formula in [Zhu25|, [Zhu24| and explicit calculations
in [Wed07].

Lemma B.2.1. Let L be a nondegenerate integral quadratic Z,-lattice of rank 2. For an element
€ € Z, and sufficiently large integers n,

Den (Hk+2, La <€pn>> —p~?* . Den (H’“”, Lo <ep”—2>)
- (1 —p_k_l) (1 —I—p_k> -Den (Hk“, L)  for all k > 0.
Proof. By [Zhu25, Theorem 7.2.1, Remark 7.2.4], for all k > 0 and n > 2,
Den (HM, Lo <ep">) — p 2 . Den (H’f”, Lo <ep"’2>)
=Pden (HkH, <6p">) - Den (HkH O (—ep"), L)
_ (1 _ p—k—l) (1 4 p_k) -Den (H’““ & (—ep™), L) :

By [Zhu24, Lemma 2.2.4], if the integer n is larger than [GK(L)|, we have Den (H**! @ (—ep™), L) =
Den (H ktl L). Therefore the lemma follows. O

Lemma B.2.2. Let L be a nondegenerate integral quadratic Zy,-lattice of rank 2 with GK(L) = (a,b).



94 RYAN C. CHEN AND BAIQING ZHU

e Ifa#bmod?2,

a (a+b—1)/2—i S
(B.2.1) Den*(X,L) = X (+b=U2. 2" N pitixita,
)

e Ifa=bmod?2 and L is anisotropic,

a a+b)/2—z—1 a
(B.2.2)  Den*(X,L)= X2 [(1+X) Z D P g plathi2 b N
=0 j=0 =0

e Ifa=0bmod?2 and L is isotropic,

a a+b)/27i71 a
(B.2.3)  Den*(X,L)= X (@+b)/2 Z D1 pIXIE g plathi2 b N
i=0 j=0 =0

Proof. We only give the detailed proof for the identity (B.2.3), the other two follow from the same
idea. For an element ¢ € Z) and an integer n > b + 4, Wedhorn [Wed07, (2.8)] gives a precise
formula for the polynomial Den* (X, L & {(ep™)). Notice that the symbol £ = 1 by §2.5 (p > 2), §2.6
(A2) and (B4) (p = 2) of loc. cit.. Then

(B.2.4) Den (X, L& {ep")) X2 Den (X, L & (ep"~?))
- (1-p72X)(1—-p2X?) (1-p72X)(1—p2X?)
a a+b)/2 i—1 a
1 _X2 Z Z i+in+2j —|—p(a+b)/2Xb(1 +X) . ZXZ

1=0

The number x,(L) = 1 in this case, therefore (B.2.3) follows from (B.2.4) and Lemma B.2.1. O

B.3. Choice of a larger lattice. Let L be a nondegenerate quadratic Zy-lattice of rank 2 with
GK(L) = (a,b). We are going to construct a lattice L' such that

(a). L L' and L'/L ~ F),.
(b). GK(L') is either (a,b—2), or (b—2,a)if b—2 < a.

The construction is nontrivial only when p = 2.

Case 1 We first single out a special case that the lattice L is isotropic with @ = b. Then there exists
a basis e = (eq, e2) of L such that ¢ (ze; + yez) = p®zy. Define L’ to be the Z,-span of e;
and p~1(e; + e3), notice that

2
(erert2) o (e 2).
hence GK(L') = (a — 2,a).

Case 2 If p > 2 and L is not isotropic with a = b, let e be a basis of L as in Lemma B.1.1 (b).
Define L’ to be the Z,-span of e; and p~tes. Then GK(L') is either (a,b—2) or (b—2,a) if
b—2<a

Case 3 If p =2 and L is not diagonalizable, we have a = b by Lemma B.1.1 (¢). The isotropic case

has been done before, let’s consider the case that L is anisotropic. Let e be a basis of L as
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in Lemma B.1.1 (c), define L’ to be the Zy-span of e; and 27 'ey. Then
q(zer+y- 27162) — 2072, (43:2 + 27y + y2) — 2072, <3332 + (z + y)z) .

Therefore GK(L') = (a — 2,a) by Lemma B.1.1 (d).
Case 4 If p = 2 and L is diagonalizable, let e be a basis of L as in Lemma B.1.1 (d). Then
q(zer +y - ea) = w122 + up2"%y?,

where 0 = 0, 1,2 according to (B.1.3). Therefore

4-0 For 6 = 0, we have a < b and a # b mod 2. Define L’ to be the Zs-span of e; and
2 tey, then GK(L') = (a,b—2) ifa <b—3. If a = b— 1, we must have a = b— 1, then
GK(L)=(0b-2,b—1)=(b—2,a).

4-1 For 6 =1, we have a < b—1and a =b— 1 mod 2. If a < b — 3, define L’ to be the
Za-span of e; and 2 es, then GK(L') = (a,b—2). If a > b— 3, we must have a = b— 1,
define L’ to be the Zo-span of e; and 27 (e + e2), then

2
el + es 1 2uqug 9 Ul + U 2uq
rer +y- =297 st T+ .
q< try 2 ) <u1+u2 2 wtug Y

Notice that

2uiug U] + u2

=2u1 =2 d4
U1 + Usg 2 “ (mod 4),

hence GK(L') = (a —1,a) = (b— 2, a).

4-2 For 6 = 2, we have a < b—2 and a = b mod 2. If a < b— 4, define L’ to be the Zs-span
of e; and 27 tey, then GK(L') = (a,b—2). If a > b — 4, we must have a = b — 2, define
L' to be the Zs-span of e; and 271 (eg + e3), then

e1 + es

ul +u
>:2“-<u1x2+u1$y+ 14 2-y2>.

(B.3.1) q (xel +y-
Now we prove that the quadratic form (B.3.1) is not diagonalizable. Let’s assume the
converse that there exists a matrix (‘é Z) € GLy(Zs) such that under the transformation
x — ax + by, y — cx + dy, the quadratic form (B.3.1) is diagonalized. The coefficient
of the term zy after the transformation is 2abu; + (ad + be)uy + Y542 - ed = 0, hence

Uy + u
! 2 . cd.

(ad — be)uy = —2abuy — 2bcuy —

Notice that the 2-adic valuation of the right hand side is at least 1 since u1 +u9 = 0 mod
4, while that of the left hand side is 0, we get a contradiction. Therefore the quadratic
form (B.3.1) is not diagonalizable, hence its Gross—Keating invariant is (a,a) = (a,b—2)
by Lemma B.1.1 (¢).
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APPENDIX C. THE ABSOLUTE CONVERGENCE OF THE GENUS 3 GREEN CURRENTS

C.1. Statement of the main result. Let V, = My(R) and L = My(Z). For a matrix T' € Sym;(Q)
and y = a - 'a € Syms(R)~, define the scalar kernel K7(t,y, z) by the sum

(C.1.1) Kp(t,y, z) - Q% = e2mttr(1y) Z v3(Vtxa).,, zeD, t>1.

xel?
T(x)=T

Recall that the (1,1)-form Q is defined by (7.4.5). If T is positive definite, we have Kp(t,y, z) = 0,
since V' having signature (2,2) implies that the sum is empty.

For Re(p) > 0, recall that we defined a family of locally L' forms g°(7,y, p) on M(C) in (9.2.1),
with continuation as a meromorphic family of currents to Re(p) > —1/2, as in Lemma 9.2.1. At
least for Re(p) > 2, the estimate explained after (C.3.3) allows interchange of the x-sum and the

t-integral to give the equivalent formula
o0
¢ @y = ([ Bty ar) o
1

This appendix concerns the extension of g°(7,y, p) to the compactification M(C). The main result
of the appendix is the following theorem. We use the notation z; = z; + iy; for z = (21, 22) € D.

Theorem C.1.1. For T € Sym3(Q) and y € Syms(R)~, the following statements hold.

(a). For Re(p) > 2, the top-degree form g°(T,y,p) is L' on M(C), and hence defines a current
on M(C).

(b). The family g°(T,y, p) has a (unique) meromorphic continuation to Re(p) > —1/2, valued in
currents on M(C). The only possible pole is a simple pole at 0. The constant term at p = 0,
denoted

(C.1.2) o0°(Ty) = CTa*(Toy. p),

is also a current on M(C), and is represented by an L' form on M(C) if T has no positive
etgenvalues. Moreover, we have the following.

(b1). If T is not positive semi-definite, then the family g°(T,y, p) extends holomorphically to
a family of currents on M(C) for all p € C, with g°(T,y,p) given by an L' form on
M(C) for any fized p.

(b2). If T = 03, then the residue of g°(T,y, p) at p = 0 is 3[Q?], and its constant term g°(T,y)
is an L' form on M(C) satisfying g°(T,y) = (—=3log(y1y2) + Oy(1))Q? for y1ys > 1 and
|z1], |x2| < 1/2, where Oy (1) means a constant depending on y.

For p € C, we also need to study absolute convergence of
es}
(C.13) Iy =[] iyt ar
1 JM(C)

For this analysis, we estimate Krp(t,y,z) for z € Dy := F; x F; < D where F; < Hj consists of
points 7 = z + iy such that |z| < § and y > /3/2.
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Theorem C.1.2. For T € Sym3(Q) and t > 1 and y € Symg(R)~o and z € Dy, we have

t2 if T # 03 and is positive semi-definite
(C.1.4) |Kr(t,y,2)| <1y { e Tt if T has a negative eigenvalue
1+ e eryt@v2) ™ 4f T = 04
for some constants ¢ty > 0 depending on T andy. Therefore the following statements hold.
(a). If T'# 03 is positive semi-definite, we have J(T,y, p) < oo if Re(p) > 2.

(b). If T # 03 is not positive semi-definite, we have J(T,y, p) < o for all p € C.
(c). If T = 03, we have J(T,y, p) < oo if and only if Re(p) > 0.

Proof. For T' # 03 positive semi-definite, this follows from the estimates (C.5.2) and (C.6.1). For
T # 03 not positive semi-definite, this is the bound (C.5.3), which is also valid for rank(7") = 1 as
explained in (C.6). For T = 03, this follows from the estimates in (C.7.6) and (C.7.7). O

Remark C.1.3. For fixed ¢t > 1 and y € Sym3(R)~0, the estimate (C.1.4) implies that

sup ’KT(tayv'z” < 0.
zeM(C)
C.2. Some notations. Throughout Appendix C, we write A <, B to mean A < C,B for some
constant C, > 0 depending on a parameter o. The notation A < B means that the implied constant

is absolute, not depending on any parameters.
For @ = (x1,22,23) € V) where z; = (ZZ Zi), set U(x) = (a; + di)i, V(x) = (¢; — b;);, and

(C.2.1) PU, V) =3=2r(|U +|V|?) +2r*(JUP|V]* — (U - V)?).

At z = (4,1), the scalar of v3 relative to 22 can be obtained by combining the explicit formula (6.1.4)

and Lemma 7.6.1
(C.2.2) Uy(z) = e =P P (U (), V()

where [[®? = [|21]? + z2]? + 23],
For a point z € Dy, let by, = (§%) - <yi02 y‘_01/2> € SLy(R), and define h, = (h;,, hs,) € H(R)®.
Define
e T

Throughout this appendix, we denote y1y2 by Y and y2/y1 by k. The change of variables gives
_ 1 dzg Adaxs AdY Adk

1672 Y2k '
Moreover, the restrictions y; > 1/3/2 on Dy imply 3/(4Y) < k < 4Y /3 on D;.

Given a tuple & = (x1,72,23) € V3, define d(z) = (di,ds,d3) € R3. We will split the kernel
function K7 into the following two parts:

(C.2.3) 0? =

(C.2.4) Kr(t,y,2) = K&O(t,y, 2) + K§O(t,y, 2),

where the first part K%’éo is the summation over all those € L? with d(z) # 0, while the second
part K%ZO is the summation of the remaining terms.
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C.3. The Gaussian estimate when d # 0. For a € GL3(R), denote by A the smallest eigenvalue

ofy =a-ta.

If d(x) # 0, at least one d; is not 0, then d3 + d3 + d3 > 1 since all d; are integers. Notice that
the lower-right element of h_'x - a forms a row vector VY (dy,da, d3) - a,

(C.3.1) |z - a|? = |[VY (d1,do, d3) - a|> = NY (d? + d% + d3) = \Y.
There is also a bound on all twelve lattice coordinates. Indeed, on the set Dy,
b 12 =y + 5 (1 +23) < 3y;,
hence |z|? = |h, - h;lz|? < 9Y |k 1z|? = 9Y|z|?. On the other hand, we have
|z - al? = |h7 e - a]? = Az
Consequently,
(C.3.2) |- a2 = (9Y) Az

For x € V3 with T(z) = T, we have R(x - a,2) = ||z - a||? /2 — tr(Ty) by (7.4.3). Since (C.2.1)
has degree four, we have

(C.3.3) I iy (Vi (b ) - )] < (1+ t|a - a2 mmali-200),
Note also that the right-hand side is <7y t2e=<tI2l* for some ¢ > 0 depending on y and Y.
C.3.1. The unbounded part. Choose Yy = max(1,8tr(Ty)/\). For Y > Y, and an element x such
D y
that d(x) # 0, by (C.3.1)
|z - aHz =AY = \Y) = 8tr(Ty) = ||« - aHz —2tr(Ty) = 3 ||z - a\|z/4.

We have (1 + z)?2 < e%* for all z > 0. Then use (C.3.1) and (C.3.2) on separate e~ mtllz-allZ/4
factors to obtain

(1+t]a- aHi)?e—ﬂ(Hw'allz—?tr(TY)) < ertle-al2/a | —3mtl|z-all2/4 < o TAY /4 —mAt|2|?/(36Y)
Summing over all L? =~ Z'? by using the inequality D neZ emon’ <14 \/m, we obtain
(C.3.4) K70t y, 2)] Sa e ™A1+ (V/1)0) sa e ™Y
The proof shows that (C.3.4) also holds without the condition ¥ > Yp, in the special case that
T = 03.

C.3.2. The compact part. The region Y < Yp in Dy is compact because y; < 2\/5715/0. Fort>1,
(14t a”3)26—wt(\\m.allﬁ—2tr(Ty)) <21+ |z aHz)Qe—ﬂ-(Hw.aHi—2tr(Ty)) < 22 t(Ty) —rlaal?/2
The inequality (C.3.2) implies |z - a|? = (9Y) " !A\|z|* = (9Y5) A||z||> on the region Y < Y. The

Gaussian lattice estimate implies
(C.3.5) |K470(t,y, 2)] Sy t°

for Y < Yy. If T is not positive semi-definite, then ‘aTa has some negative eigenvalue —7, and

we have the improved bound |K%%(t,y,2)| <r, t?¢~2™". Note that the set of eigenvalues of
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taTa depends only in T and y, and not on the choice of a. If instead T = 03, we may bound
D3(Vt (h;tx) - a)| < e~ ell*/18 yging (C.3.3) and (C.3.2), since t > 1, using also Y < Yy = 1 in
this case. Summing over & # 0 (using the d # 0 condition) gives \Kg;éo(t, Y, 2)| Sy e ™M) in the
region Y < Yp. This bound on \ngo(t, y, z)| also holds without the condition ¥ < Yp, if we instead

assume t = Y.
C.4. The Poisson estimate when d = 0. Let « € L3 be a tuple such that d(x) = 0. Write
b(x),c(x),l(x) € Z3 for the upper-right, lower-left, and upper-left rows of the tuple. Then

(C4.1) T =T(z) = -1 ("b(z)c(x) + 'c(x)b(z)) .

Lemma C.4.1. For fived T € Syms(Q) # 03, there are only finitely many solution pairs (b, c),
where b, c € 73, of the equation (C.4.1).

Proof. Let (b,c) be a solution pair to the equation (C.4.1). Then the function v € Q* — ‘T is
v — —(b-v)(c-v). The unique factorization of the polynomial ring Q[v1, v2, v3] determines the two
linear factors up to scaling and exchange. Choose primitive integral representatives of those factors
bo and cg, then b = mbgy, ¢ = ncy up to swapping by and ¢y, with m,n € Z and a fixed nonzero
product mn since T' # 03. There are finitely many possibilities. O

For each fixed pair (b,c) satisfying (C.4.1), every vector | € Z3 can appear as the upper-left
element of some tuple x. For a € GL3(R), we introduce the following notations for simplicity:

A=2%a, B=b-a, C=c-a.
For a point z € D, set v = —z1C — z9B (with z; = Re(z;) here). Then
Uh'x-a) = vy ! (I(z)-a+7), V(h;lx - a) = Vi 'C — VkB.
For simplicity, let W = \/FIC ++kB. Then
(C.4.2) [V|? = |[W|* + 4tx(Ty).
Let fp.(U) = e~V P(\/tU,+/tV)). The contribution of this pair (b,c) to K479 is

_ I+~
(043) Kb,c(t7ya Z) =e W 2 fb,c ( > :
leA, \/?

The Fourier transform of the function f(U) is:

(C.4.4) fb,c(n) — ot 5/2p— TN/t (|77|2 ot (|V|2|77|2 (V- 77)2)) ‘
Notice that f(0) = 0, hence (C.4.3) and Poisson summation implies that
(CA5)  Kilty, 2) =20Y5/25/2 det(y)~1/2e=mW P
Z e TtTYIER 2mide ) (‘§|2 _ 7”5(“42‘5’2 (V- 5)2)) ‘
1357094
£+#0

For ¢ > 0, define F,(q) = ¢°/? de/\v\0|§|2€_ﬂqlﬂ2- Taking absolute values in (C.4.5), we find

(C.4.6) 1Ky o(t,y, 2)] <y e TP+ (V) F(Y /) <y e ™ WP (1 t|W ] + 4tx(Ty)t)
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as sup,-. Fu(q) < 0. To see sup,-q Fu(q) < o0, note that comparison with g |€[2e~ ™46 A bounds

-5/2

the sum Z&Ag\olfﬁe*”q‘w by a constant multiple of ¢ For ¢ > 1, the sum in fact decays

exponentially in g. The second inequality in (C.4.6) follows from (C.4.2). Therefore, we have
(C.4.7) (Ko e(t,y,z)| Spy L+1

forall zeDand t > 1

We now prove (C.1.4) in Theorem C.1.2 for T # 03. The estimate for K% follows from (C.3.4)
and (C.3.5), while that for K40 follows from Lemma C.4.1 and (C.4.7). Combining these two
estimates yields the desired bound.

C.5. Proof for matrices of rank > 2. In this subsection, we give the proof of the remaining
statements of Theorem C.1.2 and C.1.1 for the matrices T" with rank(7") = 2 or 3. This case is much
easier than the case rank(7") < 1 because either Kp = K%¢0 or T has a negative eigenvalue.

We first consider the case that 1" is positive semi-definite. If rank T' = 3, then the kernel function
K is zero, because there is no tuple & € L? with moment matrix T since the signature of Vi, is
(2,2). If rank T = 2, every tuple & contributing to the sum (C.1.3) must have d(x) # 0 because the
3-dimensional subspace of matrices with d = 0, with quadratic form —bc, has positive index one.
Hence we have |Kr(t,y, 2)| = |[K$*°(t,y, z)|. For the unbounded region Y > Yy = max(1, 8 tr(Ty)/\)
of Dy, the estimate function (C.3.4) is integrable jointly in z, ¢ with the factor t~1-Re(®) for all p € C,

ie.,

N dt
C.5.1 j J Kr(t,y, z 927 f f Kd;éoty7 gz 4t
( ) 1 Dm{y>yo}| ( ) t1+Re(p) Dm{y>y0}| (ty,2)] t1+Re(p)
0 4Y/3  p1/2 12 Gy
S L e an an S <o
1 JYo J3/(4Y) J-1/2 1/2 ( /)) Y2k ¢1+Re(p)

The convergence still holds with powers of logt in the integrand for derivatives in p. Recall that
the current g°(7',y, p) on M(C) had meromorphic continuation to Re(p) > —1/2 as in Lemma 9.2.1,
with a possible simple pole at p = 0 by [GS19, Proposition 2.12, (2.91)]. The estimate (C.5.1) shows
that the restriction of g°(7T,y, p) to a sufficiently small neighborhood in M(C) of the boundary
M(C)\M(C) admits a holomorphic continuation to all p € C and can be represented by an L' form
in that neighborhood.

For the integral J(T,y, p), the estimates (C.3.4) and (C.3.5) give

(C.5.2) |Kr(ty, 2)| Sry .

Since M(C) has finite volume, we find J(T,y, p) <ty vol(M(C)) §;° t17Be() dt < oo for Re(p) > 2.

Next we consider the case that T has a negative eigenvalue. Following the notations of §C.4, for
any solution pair (b, c) of the equation (C.4.1), we have ‘aTa = —(*BC +'CB)/2. The matrix ‘aTa
preserves span{ B, C} < R? and acts as 0 on span{B,C}*. Note that span{B, C} has rank 2 because
taTa has rank > 2. Consider an orthonormal basis {u,v} of span{B,C} with u = |B|™'B. In the
basis {u, v}, the matrix ‘aTa acts on span{B, C'} by the matrix

-B-C  —3|B|(C-v)
—3B|(C - v) 0 '
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In this case, the unique negative eigenvalue of ‘aT'a is —y = —3(B - C + |B||C|) < 0. Consequently,
W = kB> + k7 YC|?+2B-C = 2(|B||IC|+ B-C) = 4.

In combination with (C.4.6), we thus find |Kp (¢, y, 2)| <7,y (1+t)e~2™" and hence |[K&=0(t,y, 2)| <1y
(1 +t)e 2™ by Lemma C.4.1. Not assuming existence of a solution pair (b,c) to (C.4.1), we have

SUPy >y, \Kfﬁéo(t,y, 2)| <a e™8. Combining with the estimate on the compact subset Y < Y in
§C.3.2, we get
(C.5.3) [Kr(ty, )| Smy (1+)e™",

for some ¢/ > 0 depending on T and y. Therefore, for all p € C, we have
00]

(C.5.4) f f |Kp(t,y, 2)|Q% -t~ 7R 4t < oo,
1 JM(C)

Therefore J(T,y, p) < o for all p € C. Moreover, the convergence (C.5.4) is still true with powers
of logt in the integrand for derivatives in p. Thus, for the case that T" has a negative eigenvalue,
the family of currents g°(T,y, p) extends holomorphically to all p € C and is valued in L' forms on

M(C).

C.6. Proof for matrices of rank 1. In this subsection, we give the proof of Theorem C.1.2 and
C.1.1 for the matrices 7" with rank(7") = 1. If the only nonzero eigenvalue of 7' is negative, an
argument similar to the case of T" with negative eigenvalues in §C.5 still works and we have a similar
bounding result (C.5.3), hence (C.5.4). Therefore we only focus on the case that the only nonzero
eigenvalue of T' is positive.

We first prove the absolute convergence in Theorem C.1.2. Finiteness of pairs (b, c¢) by Lemma
C.4.1, the bound on Kp,. from (C.4.7), and the bound for K$* from (C.3.4) and (C.3.5) imply

(C.6.1) |Kr(t,y,2)| <ty (1+ t2).

As M(C) has finite volume, we find J(T,y, p) <7y §7 (1 + t2)t717Re() dt < o0 for Re(p) > 2.

Next we consider the more difficult problem of extending the current to the compactification, as
stated in Theorem C.1.1. For the term K30 in (C.2.4), the estimate (C.3.4) still works, so the
integral Sio Kslfo(t,y, 2)Q2 . t=1=P dt converges for all p € C in the unbounded region Y > Yp, and
hence defines family of L! forms on Dy n {Y" > Y} which is holomorphic in p. Therefore we are left
with the term K%:O.

By Lemma C.4.1, equation (C.4.1) has finitely many solution pairs (b,c). If there are no such
pairs there is nothing further to prove. For each pair (b, c), the two vectors b and ¢ are linearly
dependent since otherwise the rank of 7" would be 2. Then there exists a primitive vector (meaning
the ged of the three coordinates are 1) p € Z3 such that b = bgp and ¢ = cqp, where by, co € Z\{0}.
The positive semi-definiteness of the matrix 7' implies bycy < 0.

Let £, = [p-al?> > 0 and kg = —co/bp > 0. Then tr(Ty) = —bocolp. In the notation of §C.4, the
vector W, as a function in k,

(C.6.2) W =W(k)= \/Eilcop ca+Vkbop-a = (\/Eilco +Vkbo)p - a.
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Hence W (k)2 = —€yboco(kok™" + kky* — 2). Consequently, for all 7 > 0, we get the following
estimate for ¢t > 1,

© dk
(C.6.3) fo e*”‘W““)'Q? Sry £

Now we are going to split the integral Si)o Ki79(t,y,2)Q2 - t71=Pdt at t = Y, and we study the
two parts 1 <t <Y and t > Y separately. For the range 1 <t <Y, let ¢ =Y/t = 1. Then the
exponential decay of F,(q) in §C.4, together with (C.4.6), gives

(C.6.4) ‘Kb,c(t> Y, Z) <ty (1 + t)q5/2€—c’qe—c/t|W(k)|2

where ¢ depends on y. The factor 1 + t|W|? + 4tr(Ty)t has been absorbed into the Gaussian
e~tWHEI”  The formulas (C.2.3) and (C.6.3) give
(C.6.5)

1 [ CoypdY
j | 1/2J| | 1/2Jk: R JY>t |Kb,c<t7 Y Z)|QQ ST’y (1 " t)t 1/2L (Y/t)5/2€ Y/tﬁ Sy t 1/2'
1< z2|< €R>0 =

It follows that, for Y > 1, the integral Sf K3=0(t,y,2)Q2 - t717P dt converges for Re(p) > —1/2,
where it defines a holomorphic family of L'-forms on D;.

The range t > Y is considerably more delicate. In the sum on the right-hand side of (C.4.3),
there are two possibilities for the vector [ € A,: it either lies in the subspace spanned by p - a or it
does not. Set v :=p-a and £, := |[v|?. Let 7 : R? — {v}+ < R? be the orthogonal projection, and
set Ay = w1 (Ay).

For each A € A, choose a lift \ € A, with 7TJ_(5\) = )\, and such that 0 = 0. Define 0y € R by the
formula A = yv + A. Then every [ € A, has a unique expression

(C.6.6) l=(m—|—0,\)v+/\ meZ, e,

Then the function K, from (C.4.3), as a sum over such [, splits into the following two parts:

—mt| W2 m-\p-a —rt| W2 m+0y) - (p-a) +A+7y
Kyc(ty,z) =e mt|W| Fr.c <W>+e mt| W] fc(( + 0, )
b gz b VY ’H;Z ’ VY

0#/\EAL

We call the first term the parallel part and denote it by K I

b Since the vector [ is parallel to p - a.

We call the second term the nonparallel part and denote it by Kfc.

C.6.1. Nonparallel part. We first consider those vectors [ € A, not parallel to p - a, i.e., with A # 0
in the decomposition of I from (C.6.6). Let § := min {|A]} > 0.
OyéAEAL

By the explicit formula (C.2.1) in combination with (C.4.2),
(C.6.7) |P(VEU, V)| Sy (1 +8)(1+ U P (1 + W %)

for t > 1. The individual summand in Kj.(t,y, 2) corresponding to [ is bounded by a multiple
(depending on T and y) of the function

(C.6.8) (1 + t)e " WPHUP) — (1 4 g)ertWP=rtli?/Y
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for some > 0, where we used sup((1 + |z|)e~"1*l) < oo for all » > 0, to absorb (1 +t|U[?)(1+t|W|?)
zeR

+|W|2), up to changing the constant 7.

_ 2
Z oty

. . _ 2
into the Gaussian eVl

We next estimate

meZ
OyéAEAL
By the decomposition (C.6.6), we have [+~ = (m+6)) - (p-a) + A —x1cop - a — x2bop - a. We then
have
(C.6.9) ‘l+”y‘2 ng’m+9,\—xlco—$2bo‘2+ |M2
After summing over m, the function zy — 3] e trlm—z1co—22b0l*/Y 135 period |eo| !, hence
meZ
1/2 lol/2 ,
C 6. 10 f rt€p|m+9>\ xri1co0— x2b0| /Y dxl ’CO’ J Z T'tfp|m+9)\fwf.’['2b0‘ /Y dzx
1/2 ez lcol/2 ez

f 2 677‘t€p|m+9>\ x— xgbo\Q/de J efrt€p|fxfx2b0|2/Y do = /7'('651 Y/(Tt)
1/2 me7Z R

2 2 2 .
For the sum over nonzero A € A, wehave Y e "tRA/Y < = (07/2V)t 57 oA 2 gince t > V.

0#XeA | 0#XNeA |
Taking the product of these two estimates and setting M’ := q/wr*1€;1 Y e~TIN/2 gives
0#)XeA |
/2 r1/2 " ) )
(C.6.11) j / f / |K (L, y, 2)| day dag <ry M'(1+ t)e THWE =022Vt Ly it
12 J-1/2

By (C.6.3), integration against k! dk gives
(C.6.12)

1/2 1/2
J f f K[ (t.y, 2)| dz1 dz dkk Sry M/(1 4 )Y Lt 2600200 <1y . e (r87/2Y)E
1/2J-1/2

Using the volume form (C.2.3), we find that

e}
f J IKY (t,y, 2)|Q% R q
Dy Jmax{Y,1} ’

is bounded by a constant multiple of the integral

(C.6.13)
o0 o0 o0 o0
f Y_S/Qf o~ (r02/2Y)ty~1-Re(p) g4 qy° — (J o~ (r62/2)t,~1-Re(p) dt) v -3/2-Re(p) gy’
3/4 % 1 3/4

For p € C such that Re(p) > —1, the integral (C.6.13) converges. Moreover, the convergence of
(C.6.13) still holds with powers of logt in the integrand for derivatives in p.

C.6.2. Parallel part. It remains to consider the parallel part. For this, it is more convenient to

change from z1, z5 to the following two coordinates:

(C.6.14) Wy =m — cpz1 — bpze  for (m € Z), ¢ = 29.
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In these coordinates, we have |U|? + |[W|? = Y™, |w,,|?>. For fixed m, the corresponding term in
P p g

Kb‘[c is

(C.6.15) e ™IWEy, (W) = (3= 2mtY "My jwp|? — St tr(Ty))e ™Y plwml

Since x1 and z9 are bounded, for any € > 0, there are only finitely many integers m such that
{lwm| <e} "Dy # 2.

Let h € C*(M(C)) be a compactly supported function. We still use h to denote its pullback to
D;. We are going to analyze the (absolute) convergence of the following integral:

o0
(C.6.16) f J K (ty, 2)h(z)rdt - Q2.
Dy JY ’

To do this, we split the integral on ID; into two parts: the first part is those z € ID; such that

|wm(2)

> ¢ for all the integers m, while the second part is the finite union  J{z € D : |w,(2)| < €}.
m
On the first part where |wy,(z)| = € for all m, similar estimation techniques as the nonparallel

case imply that
=\ < —rt/Y —rtlwm|?)Y —rt)Y —rt((m—coz1—boxa)2/Y +£5 1 |W (K)|?)
(C.6.17) |(C.6.15)| <1y (1 +1t)e e <ty (1+1t)e e

for some r (possibly depending on Ty, ¢), where the |w,,(z)| = ¢ condition is used to produce the
term e~ "Y . After summing over all the integers m, the periodization and k-integration used in the
nonparallel case give the analogues of (C.6.11), (C.6.12) and (C.6.13). Thus the parallel part K)]"C
defines an L'-form on Dy over the first part holomorphically for Re(p) > —1.

On the second part, we consider the integral (C.6.16) within a tube |w,,| < . For all m’ # m
and for e sufficiently small (assume this), we have |wy,,| > € on the tube |wy,| < €, therefore their
summation defines an L'-form over the first part holomorphically for Re(p) > —1/2. Hence we are

left to consider the integral of (C.6.15) against h over the tube. Using the substitution t = Y7,

(C.6.18) f;o (C.6.15)6"1Pdt = Y (A, (wnm) — 87 tr(Ty)Y Hy (),

where
o0

0
(C6.19) Ay(wy) = L (3 = 2ty rlw 2)e ™0 T Ay H () = L et by

Under the new coordinates w,, and ¢, we have
2 dwy, A dwy, Ad¢ A dC
3272 Y2 '
Recalling that Y = 140 and 41 = —Cal(boyg + Im(wy,)) by (C.6.14), we get y2 <7 Y <7 y2 on the

0% =

tube |wp,| < ¢, for sufficiently small € (relative to T').
We first consider the A -part. Notice that for p € C with Re(p) > —1,

Q0
(C.6.20) f | Ay (W) dty, AT, | < J J (3 — 21l 7w |2)e T om P 2710 Quy, . AW, | dr
[wm |<e 1 JC

o0
<ty f 7727 Re(p)qr = (1+ Re(p))fl,
1
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where the second inequality follows from integrating the Gaussian. For p in any compact subset
K < {Re(p) > —1}, we have Y ~27Re(?) < oy 47280 Then for p € K, we have

YA, (W) 2 (Wi, Q)Y 2 dwyy, iy, ¢ dC|

wm|<e

f Y0 A, (Y (1, )2
{lwm|<e}xF1

- 327r 7

Q0
(C.6.21) <tk [Bloo(1 + Re(p))_lf yy AR gy < o,
1

Moreover, the convergence (C.6.21) still holds with powers of log Y in the integrand for derivatives
in p.

Next we consider the H,-part. For ¢ € Fy and p € C, define ¢¢ ,(wm) = h(wy,, ()Y P71 Let
¢ = Re(wy,) and n = Im(7n), so wy, = £ +in. We first want to get an estimate for

(C6.22) g o = max sup [210koc p(um)].
JHk< 2|w |<e

In the standard “cusp coordinates” associated to (o0, ) on M(C), we have

g = 2T = p2micy ! (m—bo(—wm) and gp = 2Tz = 2miC,
The function h is smooth in the coordinates qi1,q2. Since %ql = —2mic, Yg1 and (f q1 = 2mcy Yo,
and since h is compactly supported on M(C), we have ||h]c2,, == max sup |(?]6kh(wm, Q)| < 0.

+Ek<2
lwm|<e
Notice also that d¢Y = 0 and 0,Y = *Calyg. Therefore, in any compact subset K < {Re(p) > —1},

we have

(C.6.23) oy,
Taylor expansion of ¢¢ , at w,, = 0 gives
(C.6.24) O¢p(Wm) = b¢,p(0) + e p(0)€ + Ondc p(0)n + O ¢ plloz lwim]?), | <e.

Then
dcp(0)(1 — e ™)

o) | T ) i T = - Lo(r ).
Wm | <€ P
Therefore
. 0 -
(C.6.26) J Y_l_pHp(wm)h(wm,C)%dwm AWy, =¢<é’3( ) _ ¢Cyp(o)£;1J e e T 10 4y
{lwm|<e} P 1

+ (remainder term),

for Re(p) > 0, where the (remainder term) is the integration of the term O(772|¢¢ p[c2) in (C.6.25)
against 7. This (remainder term) extends holomorphically to Re(p) > —1 by the estimate (C.6.23).
The second term in (C.6.26) is also holomorphic for all p € C due to the Gaussian term e ™’ in
the integrand. Moreover, we have ¢¢ ,(0) = (—coby ')y, 5 27%h(0,¢), so |0¢,p(0)] <71 y_2 2Re(p)
for p € K. Therefore we can abbreviate (C.6.26) as

(coby )"y ” (0, )

(C.6.27) f Yl—PHp(wm)h(wm,<)3 dw,, dw,, = — 22 4 tm(p, G R),
{Jwm|<} 2 Lop
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where in a compact subset K < {Re(p) > —1}, the function t,,(p, (; k) is holomorphic in p and we

have [ty (p, ;)| STy ke 1Rl o2 y2_2_2Re(p). Therefore, (C.6.27) is integrable against d¢ A d( over
¢ € F1 when Re(p) > —1/2. Since Y = Y (wp, () and H,(w,,) are positive, the integral
a0
(C.6.28) j f K (ty, 2)h(z)t P dt - 02
{lwm|<e}xF1 JY ’

converges absolutely when Re(p) > —1/2, and defines a meromorphic function in p with a possible
simple pole at p = 0. From the bounds above in terms of [|A||cz2 ,,, the constant term of (C.6.28) at
p = 0 is continuous as a function of h, i.e. the constant term defines a (2, 2)-current.

C.7. Proof for the zero matrix. In this subsection, we give the proof of Theorem C.1.2 and
Theorem C.1.1 for the matrix T = 03. We focus on the situation with d = 0 for the moment. In
that case, equation (C.4.1) forces b = 0 or ¢ = 0 because if some b; # 0, the diagonal condition from
T gives ¢; = 0, and the off-diagonal conditions from 7" then give ¢; = 0 for every j # i. There are
now infinitely many such pairs (b, ¢), since if b = 0, then ¢ can be any vector in Z3, and conversely.
Then

(C71) ngo(t’YaZ) = Z KO,C(t7yaz) + Z Kb,()(tuy7z) - KO,O(t7y) Z)‘
ceZ3 beZ3
For ¢ > 0 and 7 = x + iy € Hj, define

—a(ll— l—zp yp
C.7.2 H(q,7) = e~ m(l=zp*+y?|ul?)/a p < ’ > ’
(C.7.2) (¢.7)= D NN

here we follow the notation of §C.4 with A, = Z3 - a. For z = (21, 22) € H} = D, a calculation gives
(C.7.3)

Z KO,C(tya Z) = H(Y/tv Zl)a Z Kb,O(taya Z) = H(Y/ta 22)7 KO,O(t,ya Z) = Z 6_7r|l|2/qp(lq_1/270)'
ceZ3 beZ3 leA,

LuelAa

For the range ¢ = Y/t < 1, for 7 € F1, we have
(C.7.4) = xpl? + g2 |ul® = 1P + 3 = [0 pl = 500+ ().
Since P is a polynomial in its variables, we can absorb P into the square-root of the Gaussian term
and sum over A2. This gives H(q,7) <y 1 for ¢ <1 and 7 € Fj.

For ¢ > 1, we use Poisson summation in ! and the Fourier transform from (C.4.4) to give

H(q,7) = 2n¢*|deta|™" Y e Wl /ammaleP e =2miclein (g2 — my? (|ul?E? — (- €)?)).

uehq
0#EeNy

For the polynomial in the bracket, a calculation gives |q|¢|* — my?(|u[*[£]* — (k- §)?)| < [£[2q(1 +
2my?|ul?/q) < 2m€[q(1 + y?|ul?/q). Hence

|H(q,7)| < 4n?q"? < D1 (1 + P ul?/q) e—ﬂy2|ul2/q> S fefre et

HeN, 0£LeAy
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We find 3}, (1 +y2|ul?*/q) e~ e < 1 4 g3 for y > +/3/2, using the Gaussian integral

comparison technique used to bound Fy(q) in §C.4. For the £ sum, let 6, = onglir/{ €] > 0,
#EeNY

Z R G Z €2e I = gmoia . [ ol Z ¢ |2e I

0#EeAy 0#EeAy 0#EeAy

Hence for ¢ = 1, we have
(C.7.5) |H(q,7)| Sy g*e ™44

For all ¢ > 0, we thus have sup |H (¢, 7)| <y 1 using exponential decay of the £ sum for ¢ > 1. For
TE]'-l
all ¢ > 0, Poisson summation again gives

Koo(t,y,#) = 2m*?|detal ) [¢fe ™4 = 2m|detal 1 Fu(g)
0£E€Ny

with F,(g) as used in Section C.4. By the estimates in loc. cit., we have |Ko o(t,y, z)| <y 1 (uniformly
in z). The decomposition in (C.7.1) now gives sup |K§=(t,y, 2)| <, 1.

ZGDl
Recall that sup|Kg;éO(t,y, z)] <y 1 by (C.3.4) for Y > Yy and Section C.3.2 for Y < Yy. We
zeDq
thus have sup|Ko,(t,y, z)| <y 1, which proves one direction of Theorem C.1.2 (c) for T' = 03, i.e.
ZG]D)l

that the integral defining J(03,y, p) converges absolutely for Re(p) > 0, using § M(C) 02 <. In
particular, g°(03,y, p) is a holomorphic family of L' forms on M(C) for Re(p) > 0.

Now we explain meromorphic continuation of the L! form g°(03,y,p) for Re(p) > —1. The
I = pu = 0 term in the summation (C.7.2) is 3, while all other terms are < eI +ul*)/80) By (C.7.4).
Combining with the estimate on |Kgf0(t,y, z)| from Section C.3.2, we get that for ¢ > max(1,Y),

we have
(C.7.6) | Koy (t,y,2) — 3| < |Kg;£0(t,y, 2)| + |K§0(ty, 2) — 3| <y ety

for some ¢ > 0 depending only on y. The estimate in (C.7.6) also shows the divergence for Re(p) < 0
claimed in Theorem C.1.2 (c).

When 1 < t <Y, we have the exponential estimate |Koo(t,y, 2)| <y e=<"1 for some ' > 0
depending only on y, as follows from the exponential estimate on the Gaussian sum from Section
C.4. Combining this with the estimates (C.7.5) and (C.3.4), we have

(077) ’KOS (t7Y7Z)| < ’Kg;‘,:o(t’yvz” + ‘K(C)l;éo(tvyvz) gy q4€76///q 4 efc’”ty(]_ + q6) gy 1

/"

for 1 <t <Y, and some constant ¢” > 0 which depends only on y. For any ¢cg > 0 and Y > 1,

Y Y2 o
dt s=ty d d
(C.7.8) f eV (14 ¢%— < J 6_005(1+36);<J e (1 + 952
1

t Y 1 S
Y - Y
I T R e o )
1 t 1 q 1 q % t 1 t
It follows that for Y > 1, we have
Y 0
dt dt
(€1.9) [ - B NG R T
1 Y



108 RYAN C. CHEN AND BAIQING ZHU

uniformly in z.

For Re(p) > 0, we have

@ dt 3 @ dt

(©710 | Koty =2+ [ Gottrn) - 9) 55
where the integral converges absolutely as already explained in the paragraph before (C.7.6), because
’K03(t Y, % )‘ ~y L

The second integral splits into the following two parts:

Y 0
dt dt

(C?].l) L (K03(t,y,2) —3) ﬂTp’ JY (K03(t7y; Z) —3) tlTp
The first one converges absolutely for all p € C, again using |Ko,(t,y,2)| <y 1. The second one
also converges absolutely for all p € C by the estimate (C.7.6). Therefore, for any fixed z € Dy, the
formula (C.7.10) gives a meromorphic continuation of g°(0s,y, p). to p € C, holomorphic away from
p = 0 where there is a simple pole, i.e.

©712) ¢ Oy = 25 [([ oty - 9155 ) 2]

For any fixed p # 0, the formula (C.7.12) defines a measurable (2, 2)-form g°(03,y, p) on M(C).
Next we consider the absolute integrability of g°(0s,y, p) and its constant term at p = 0. We first
estimate the integral of (Ko, (t,y, z) — 3)Q? over M(C), before integrating over t. By (C.2.3), we
have

4Y/3  pl/2 p1/2 dk dY
(C.7.13) f | Ko, (t,y,2) — 3| < f f f J [ Koy (t,y, 2) = 3| 1 dzy—5—
M(C) 3/4 J3)(ay) J-1/2 J—-1/2
0
gyf Ct/Ywdy f w ygyl;bgt7
3/4 Y? t

where we used (C.7.6) for the range Y < ¢t and (C.7.7) for the range ¢t < Y. Therefore, the difference
9°(03,y,p) —3p 1[Q?] is an L! form on M(C) for Re(p) > —1, and admits a holomorphic extension
to p = 0 where its value is also an L! form M(C).

For the constant term at p = 0, and for Y > 1, we have

(C.7.14)
g;ggO(O&y’ p) = <f00(K03(t,y, Z) - 3) (175) 02

1
Y e (*® dt\ 5
= _310gY + Kﬂs(t7Y7 Z) 7 + (K03(t7Y7 Z) - 3) 7 Q= (_310gY + Oy(l))Q )
1 Y

by (C.7.9), where Oy(1) means a finite number independent of the point z, where the constant could

depend on y. The absolute integrability of g°(03,y) = C'l; 9°(03,y, p) over M(C) can also be seen
p:
from integrability of (1 + log Y)Q? over Dj.
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