CO-RANK 1 ARITHMETIC SIEGEL-WEIL

RYAN C. CHEN

ABSTRACT. This is an unofficial combined version of our four-paper sequence “Co-rank 1 Arithmetic
Siegel-Weil I-IV”. We prove the arithmetic Siegel-Weil formula in co-rank 1, for Kudla—Rapoport
special cycles on exotic smooth integral models of unitary Shimura varieties of arbitrarily large even
arithmetic dimension. We also propose a construction for arithmetic special cycle classes associated
to possibly singular matrices of arbitrary co-rank. Our arithmetic Siegel-Weil formula implies that
degrees of Kudla—Rapoport arithmetic special 1-cycles are encoded in the first derivatives of unitary
Eisenstein series Fourier coefficients.

The key input is a new limiting method at all places. On the analytic side, the limit relates
local Whittaker functions on different groups. On the geometric side at nonsplit non-Archimedean
places, the limit relates degrees of 0-cycles on Rapoport—Zink spaces and local contributions to

heights of 1-cycles in mixed characteristic.
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Preliminary
1. INTRODUCTION

This is an unofficial combined version of our four-paper sequence “Co-rank 1 Arithmetic Siegel-
Weil I-IV” [Che24a; Che24b; Che24c; Che24d].

The landmark work of Gross and Zagier [GZ86] showed that Néron—Tate heights of Heegner
points on elliptic curves over QQ are encoded in the first central derivatives of associated Rankin—
Selberg L-functions. After the work of Gross and Keating [GK93] on arithmetic intersection num-
bers for modular correspondences, Kudla proposed to recast such formulas in the language of special
cycles on higher-dimensional Shimura varieties. This was originally formulated for integral models
of orthogonal Shimura varieties in low dimensions by Kudla [Kud97a; Kud97b; Kud04] and the sub-
sequent work of Kudla and Rapoport [KR99; KR00], where they pioneered the moduli definition
of special cycles on integral models. Later, the attention was shifted to unitary Shimura varieties
by Kudla—Rapoport in [KR11; KR14]. Along with other closely related predictions about special
cycles (e.g. modularity of generating series), these ideas are now called Kudla’s program. Kudla’s
program has played a role in a range of works, such as Gross—Zagier formulas on Shimura curves
[YZZ13], the averaged Colmez conjecture [AGHMP18; YZ18], the arithmetic fundamental lemma
[Zha21], results on the Beilinson—Bloch conjecture [LL21], and Picard rank jumps for K3 surfaces
[SSTT22]. We refer to Li’s excellent surveys [Li23; Li24] for more.

Our work is about arithmetic Siegel-Weil formulas in Kudla’s program [Kud04, Problem 6],
which (conjecturally) relate the first derivatives of Siegel Eisenstein series for unitary (resp. sym-
plectic) groups with “arithmetic theta series” formed from special cycles on integral models of
unitary (resp. orthogonal) Shimura varieties (see (1.3.3) below). These are closely parallel to the
classical (resp. geometric) Siegel-Weil formulas, which state that special values of Eisenstein series
encode representation numbers (resp. complex degrees) for lattices (resp. complex special cycles
on Shimura varieties).

Our main results are stated in Section 1.4. Our proof is local in nature; we deduce our global
arithmetic Siegel-Weil formula by formulating and proving key “local arithmetic Siegel-Weil for-
mulas” at all places.

We now outline the rest of the introduction. Section 1.2 contains some background on classical
and geometric Siegel-Weil. This is for comparison with arithmetic Siegel-Weil, and helps us fix
needed notation. The material in Section 1.2 is mostly expository, but some of our formulations may
be new, particularly in our normalizations for Eisenstein series. The same normalization choices
play an amplified role in our main arithmetic Siegel-Weil results. We also mention other results
(comparison of complex volume and degrees of complex zero cycles to Eisenstein series) which seem
to be new or at least not explicit in the literature; see discussion following (1.2.6) and (1.2.10).

Section 1.3 contains background on arithmetic Siegel-Weil formulas, and a brief overview of
our main results.Section 1.4 contains more detailed statements of our main results, and Section 1.5
contains a comparison with existing literature on arithmetic Siegel-Weil. Sections 1.7 to 1.9 contain
an overview of the new ideas in the formulation and proofs of our main theorems. Section 1.10
outlines the structure of the remainder of this paper.
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1.1. Eisenstein series. In our work, we focus on the unitary /Hermitian case. For the introduction,
fix an imaginary quadratic field F'/Q with ring of integers O and odd discriminant A. Given
m € Z>p and an even integer n € Z, we consider the (normalized) Siegel Eisenstein series

det (y)* 0
det(cz + d)| det(cz + d)|2(s—s0)

E*(2,8)% = Ap(s) >

(Z Z)epl (Z)\SU (m,m)(Z)

(1.1.1)

for the group

—( 0 1 0 1
U(m,m) :=<{hcR GLom : 'h " h= " 1.1.2
e L 1 e L (0 | B (O

where A, (s); is the normalizing factor

o 27T m(m_l)/2 m(—S—+sS8 m{m— m STS8
AM$#Z(@%MW1W( +30) | A [mam=1)/ 4+ m/2] (s+50) (1.1.3)

m—1
: H I(s—so+n—j) L2s+m— ™)
=0

In (1.1.2), the notation 1,, stands for the m x m identity matrix, we wrote SU(m, m) C U(m,m) for
the determinant 1 subgroup, and we set P; :== PN SU(m,m) for the Siegel parabolic P C U(m,m)
(consisting of m x m block upper triangular matrices). The variable s € C is a complex parameter,
we set s9 = (n — m)/2, and the element z = z + iy lies in Hermitian upper-half space (i.e.
r € Herm,,,(R) and y € Herm,,(R)~o; the latter means that y is positive definite).! The symbol 7
denotes the quadratic character associated to F'/Q (via class field theory). The sum in (1.1.1) is
convergent for Re(s) > m/2, and admits meromorphic continuation to all s € C. When m = 1, the
expression in (1.1.1) is a classical Eisenstein series on the usual upper-half plane.
The normalized Eisenstein series has a symmetric functional equation

E*(z,5)% = (—1)mm=Dn=m=1)/2p«(, _g)° (1.1.4)

n’

o

see Section 17.1. Our definition of the normalizing factor A,,(s);,

is motivated by symmetry of
global and local functional equations, along with certain local special value formulas; see Sections 13
to 17 for further discussion. The function A,,(s); should be closely related with the L-function of
an Artin-Tate motive attached to the group U(m,m), in the sense of Gross [Gro97| (see [BH21,
Remark 1.1.1]).

Given T' € Herm,,,(Q), the Eisenstein series E*(z, s); has T-th Fourier coefficient

E}(y, 8)2 — 2m(m1)/2’A|m(m1)/4/ E*(Z, 5)267271'7;131‘(7’2) dr (1'1'5)
Herm,y, (Z)\Hermy, (R)

1Here7 the notation Herm,, denotes a scheme over SpecZ, e.g. Herm,,(R) denotes m X m complex Hermitian
matrices, and Herm,,, (Q) denotes m x m Hermitian matrices with entries in F.
7



for z = x + iy in Hermitian upper-half space, where this integral is taken with respect to the

2 on Herm,,(R). The integral is convergent for Re(s) > m/2, and admits mero-

Euclidean measure
morphic continuation to all s € C. When det T # 0, there is a factorization into normalized local

Whittaker functions
By, s)y = Wi ooy, )5 [ [ Wi (5)5 (1.1.6)
P

over all places, see Part 5.
For example, if n = 2 and m = 1, we have

W;,p(s)g = pUP(T)(S+1/2)O-_2S(pUP(T)) O-S(T) — st (117)
dlr

o0
Wiaolu 95 = Tl = 1/2) anTyls /2 [ 7 emtmiTim g 1)1 /202
a

for any nonzero T' € Z, where a = 0 and the sign + is + (resp. @ = 1 and the sign +is —) if " > 0
(resp. if T' < 0). Here W7 (y,s)5 (resp. W7 (s)3) is a certain normalized Archimedean (resp.
non-Archimedean) local Whittaker function.

1.2. Classical and geometric Siegel-Weil. Let V be an n-dimensional F-vector space, equipped
with a non-degenerate Hermitian pairing (—, —). Set G = U(V) and assume n > 0. Fix a full-
rank Op-lattice L C V. For simplicity, we assume in the introduction that L is self-dual.®> Write
K ; € G(Ay) for the stabilizer of L ®z 7, where A} denotes the finite adele ring of Q.

First consider the case where V is positive definite. Since we assumed L is self-dual, this forces
n =0 (mod 4) (by the global product formula for local invariants of Hermitian spaces). Given any
positive definite Hermitian Op-lattice £, we set

Zrp={zel™: (z,z) =T}, (1.2.1)

where (z,z) denotes the Gram matrix? of z. When m < n, we have
1

2000= > gy = HEQ@\GA)/ KL )] (1.2.2)
Op-lattices £
self-dual, rank n,
positive definite
2A,(0);, | Zrc|
=2 n g ° = _ELEL T € Herm,, (Q), 1.2.
:‘ﬂ?Am(S())% T(y7 sO)n Z ‘ Aut(ﬁ)\ Oor any € Herm (Q) ( 3)

O p-lattices £
self-dual, rank n,
positive definite

where kK = 2 (resp. kK = 1) if m = n (resp. if m < n). The sums run over isomorphism classes of
positive definite rank n self-dual Op-lattices, the notation Aut(£) means the (unitary) automor-
phism group of £. The symbols #[—] and | — | mean groupoid and set cardinality, respectively.

2The factor 2m(m=1)/2 |A|7™(m=1/4 Jisappears in the (usual) equivalent adelic formulation, upon taking a certain
self-dual Haar measure. The adelic formulations of (1.1.1) and (1.1.5) are used in Section 13.
3We always mean self-dual for the bilinear trace pairing trp,g(v,w) unless otherwise specified; see conventions in
Section 2.2.
4f z is the m-tuple [z1,...,2m], the notation (z,z) will mean the matrix with 4, j-th entry (z:,z;). We often
write e.g. [z1,...,2n] instead of (z1,...,zm) for tuples, to avoid confusion with Hermitian pairings (—, —).
8



That is, we have

20,(0)° 1
ZAnn B (4, 50) = 0.2 1.2.4
FAm(so)s %) OF_%;M gy 0) (1.24)

self-dual, rank n,
positive definite

which re-expresses the Fisenstein series at s = sg as a weighted sum of theta series for the lattices
L.

Equations (1.2.2) and (1.2.3) are special cases of (unitary analogues of) the classical Siegel mass
formula and Siegel-Weil formula respectively. For (1.2.2), see Proposition 21.2.1. Equation (1.2.3)
follows from [Ich04, Proposition 6.2], [Ich07, Theorem 1.1], and [Yam1l, Theorem 2.2] (in combi-
nation with (1.2.2)).

Next, consider the case where V has arbitrary signature (n—r,r). Since L was assumed self-dual,
this forces n = 2" (mod 4). There is an associated Hermitian symmetric domain D which param-
eterizes maximal negative definite subspaces of the complex Hermitian space V. For sufficiently
small open compact Ky C K r (so that we have manifolds instead of orbifolds, for simplicity),
there is an associated complex Shimura variety

Shi, c(G) = [GQN(D x G(Ay)/Ky)] (1.2.5)

of dimension (n—r)r (analytification suppressed from notation). In the signature (n,0) and (n—1, 1)

cases respectively, we have “geometric Siegel mass formulas”

Vol(ShKf’C(G)) Vol(ShKf’(c(G))
[KL,s: K] [KL.f: K]

where vol(Shg, , c(G)) is the volume with respect to the Chern form of a certain dual tautological

27, (0)° = — 20,(0)% = (1.2.6)

bundle. The case of signature (n — 1,1) may be extracted from [BH21, Theorem A], see Proposi-
tion 21.2.3.5 The case of signature (n,0) is an equivalent reformulation of the classical Siegel mass
formula (1.2.2): if we allow the (stacky) level Ky = K7, ¢, then there is a canonical equivalence of
groupoids

(1.2.7)

Hermitian Og-lattices £ which are
Shy, c(G) = { " }

self-dual and signature (n,0)
in that case.

In geometric Siegel-Weil formulas, the sets Zp  (from classical Siegel-Weil) are replaced by
special cycles Zp ¢ over the Shimura variety, and the theta series ©,(z) become generating series
of special cycles. One can define Zr ¢ by the complex uniformization

ZT,(C =

G(@)\( 1T D(xoo)xmxf))] (1.2.8)

xeVm
(z,2)=T

where D(z) C D is the closed complex submanifold consisting of those complex lines perpendicular
to all elements of the m-tuple z, and

D(zy) = {g € G(As)/Ky : g lw; e Loy Z for all 2; € zr} CG(Af)/Ky. (1.2.9)

Tn Proposition 21.2.3, note that we took vol(—) with respect to the tautological bundle. Here we are taking
volume with respect to the dual bundle, which produces the minus sign in (1.2.6).
9



Here 2, and z; denote the image of z in V/(R)"™ and V' (Af)™, respectively. The definition in (1.2.8)
is (a reformulation of) a definition due to Kudla [Kud04] (there for GSpin), with unitary analogue
as in [Liull, §3]. We call D(z,) an Archimedean local special cycle and D(z¢) an “away-from-oc”
local special cycle. There is a natural map Zrc — Shg, ¢, which is a disjoint union of closed
immersions of complex manifolds after possibly shrinking K.

A geometric Siegel-Weil formula for signature (n — 1,1) is an identity of the shape

27,,(0)° vol(Zr,c)
R A N O = 1.2.1
K}Am(S())% T(yv SO)n [KL,f . Kf] ( O)

for m <n —1 (so kK = 1). In the case of signature (n,0), the expression in (1.2.10) (without the
minus sign on the left) is an equivalent reformulation of the classical Siegel-Weil formula (1.2.3):
if we allow the (stacky) level Ky = K, ¢, there is a canonical equivalence of groupoids

Zne { pairs (£, z), where L is a self-dual Hermitian Op-lattice } (1.2.11)

of signature (n,0) and z € £™ is an m-tuple with (z,z) =T

Our presentation of the geometric Siegel-Weil formula in (1.2.10) may be nonstandard. Its ap-
pearance is intended to highlight the similarity with our formulation of arithmetic Siegel-Weil in
(1.3.3).

Strictly speaking, geometric Siegel-Weil formulas in literature typically restrict to V' satisfying
Weil’s convergence condition (meaning V' anisotropic or m < n — 1 in the signature (n — 1,1)
Hermitian setup), see remarks following [Kud04, Theorem 4.1] and [Li24, Theorem 3.6.1]. It is also
typical to phrase geometric Siegel-Weil formulas in terms of “coherent” Eisenstein series, while
our E*(z,s)s is described in terms of an incoherent adelic Hermitian space (positive definite at
oo and self-dual at all finite places), see Part 5. Outside of those cases available in the literature,
geometric Siegel-Weil formulas may need additional care. For example, when m = 1 and n = 2
and T' = 0 (which is essentially about “complex volume of modular curve”), the formula in (1.2.10)
is only valid up to a non-holomorphic correction term i]}—; . % on the left, where hr (resp. wp)

is the class number of (resp. number of roots of unity in) Op. In this case, the right-hand side is
2hp (=1 _ —hp

w 2 12wp *

FWe will need che following geometric Siegel-Weil result which does not seem to be covered by
the literature discussed in the previous paragraph. We prove (1.2.10) when 7" is nonsingular of rank
m = n —1, see Proposition 21.1.1 (also complex uniformization in Section 12.3, as well as (22.1.2));
in that case, Zrc is 0 dimensional. For example, when n = 2 and Oj = {1}, the special cycle
Zpc can be described in terms of Hecke translates of CM elliptic curves Section 22.2, and (1.2.10)
is then the (well-known) statement that the T-th Hecke correspondence (over the modular curve)

has bidegree
1 2A5(0)3
hr A1(1/2)3

for T' € Z~o. The extra factor of hp accounts for multiple connected components in the Shimura

E7(y,1/2)3 = 01(T) (1.2.12)

variety, see Section 22.2.
We remark that our proof of (1.2.10) (for 7" nonsingular of rank m = n—1) is inspired by [LZ22a,

Remark 4.6.2], and may be carried out using either complex or non-Archimedean (Rapoport—Zink)
10



uniformization. We need that case of (1.2.10) as an ingredient for our main arithmetic Siegel-Weil
results.

1.3. Arithmetic Siegel-Weil. Arithmetic Siegel-Weil formulas predict that the derivative of
E%(y,s); at s = s should encode arithmetic degrees of special cycles on integral models of Shimura
varieties.

Since the work of Kudla-Rapoport [KR14] (also Rapoport—Smithling—Zhang [RSZ21]), it has
been customary to consider special cycles Z(T) — M over (stacky) integral models M — Spec Op
for Shimura varieties associated to G := Respg Gm x U(V), for signature (n— 1, 1) non-degenerate
F/Q Hermitian spaces V with pairing (—, —). In this paper, we assume V contains a full-rank
self-dual® Op-lattice and we take M — Spec Of to be the “exotic smooth” Rapoport-Smithling—
Zhang (RSZ) integral model of relative dimension n — 1 [RSZ21, §6].” When n = 2, the stack M
is essentially a disjoint union of (stacky) modular curves (Example 3.2.2).

The stack M admits a moduli description: it parameterizes tuples (Ao, to, Ao, 4, ¢, \) where Ay
and A are abelian schemes (dimensions 1 and n respectively) with Op-actions (¢ and ¢, and with
compatible quasi-polarizations A9 and A. The datum (Ay, to, Ao, A4, ¢, \) satisfies a few additional
conditions, which we postpone to Section 3.1.

The moduli stack M carries a natural family of Hermitian Op-lattices

Lat — M Lat == Home, (Ao, A). (1.3.1)

Given any T € Herm,,(Q), the associated Kudla—Rapoport special cycle Z(T) — M is defined as
the substack

Z(T)=A{z € Lat™: (z,z) =T} C Lat™ (1.3.2)

consisting of m-tuples x with Gram matrix 7. More precisely, see Section 3.3. This is in close
analogy with classical Siegel-Weil: there we considered Op-lattices varying in a given genus,® and
here we are considering Op-lattices varying over the moduli stack M. In the complex fiber, the
special cycles Z(T')c recover the special cycles Zr ¢ appearing in (1.2.8), up to M K}.C being a
finite cover of Shy, c(G) (for suitable K%); see Section 12.3. The morphism Z(T') — Spec OF is
smooth of relative dimension n — 1 — rank(7") in the generic fiber over Spec F'. If T is not positive
semi-definite, then Z(7T') is empty.
An arithmetic Siegel-Weil formula is an identity roughly of the shape
hr d 2A,(s — s0)

al o 2hals sl 0 23, (E(T)). (13.3)

wg ds s—s0 kA (8)8

6we always mean self-dual for the bilinear trace pairing trp,q(v,w) unless otherwise specified; see conventions in
Section 2.2.

"Our assumption on V forces n = 2 (mod 4). We allow a slightly more general setup in Section 3.1 for general
V, at the cost of throwing out finitely many primes (particularly the ramified primes when n is odd). This does not
affect the essential ideas of our method, which is local in nature.

8In our previous setup, this meant the set of isomorphism classes of positive definite rank n self-dual Og-lattices.
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Here we set K = 1 (resp. k = 2) if m # n (resp. m = n). The right-hand side of (1.3.3) denotes an
arithmetic volume, which is a real number “defined” by an arithmetic intersection product

~

volg, ([Z(T)])* = "deg([Z(T)] - &1 (E¥)"™) (1.3.4)

in an arithmetic Chow ring Ch* (M)qg (roughly in the sense of Gillet-Soulé [GS87]) for a certain
metrized tautological bundle £ on M (the bundle £V is discussed in Section 4.3). The notation
[Z(T)] indicates a class in éTlm(M)@, which is expected to involve Z(T') and some additional
Archimedean data (e.g. from a Green current on the complex Shimura variety), as appearing in
arithmetic intersection theory.

An expected application of arithmetic Siegel-Weil formulas is in the theory of arithmetic theta
lifting. One expects to form automorphic arithmetic theta series as generating series

6 => [Z(D)d" (1.3.5)

T

with “Fourier coefficients” [Z(T)] valued in the arithmetic Chow group alm(./\/l)(@ These should
be analogous to (weighted averages of) classical theta series, as in the classical Siegel-Weil formula
(1.2.4). In analogy with classical theta lifting, one expects to use O as an integral kernel to lift
U(m,m) automorphic forms to elements of (/ilm(/\/l)@ In analogy with the classical Rallis inner
product formula, one expects to use the doubling method and arithmetic Siegel-Weil formulas to
relate the derivative of an L-function with the arithmetic inner product of this arithmetic theta lift
[Kud04, Part III]. We refer to [KRY06; BHKRY20II; LL21; LL22] for some cases where versions of
this have been realized, with applications to Beilinson—Bloch. For modularity results on generating
series of arithmetic divisors, see [KRY06; BBK07; BHKRY20; Qiu22].

We sketched the arithmetic Siegel-Weil formula as a rough expectation, because precise for-
mulations remain open in the general case [Li24, Remark 4.4.2]. In general, it is necessary to
renormalize or modify the Eisenstein series in a way which is not completely understood. In fact,
our normalization on the left-hand side of (1.3.3) is already nonstandard (new). We are not certain
about this normalization for arithmetic Siegel-Weil in general, but our Theorem A (when m =n
for T of co-rank 1, and m = n — 1 for T nonsingular; more discussion appears below) provides
some evidence. The case of m = n and T nonsingular also holds, as can be extracted from known
theorems in the literature (see discussion following (1.4.9) below). Note also the similarity with
our formulation of classical and geometric Siegel-Weil (1.2.3) and (1.2.10).

In general, posing a good (precise) definition of the arithmetic cycle class [2 (T")] is an open prob-
lem, especially for singular 7' (due to arithmetic-intersection-theoretic difficulties), and particularly
in the unitary case or over general totally real fields (due to a certain class number phenome-
non), see Section 4.4. Previous works used K-theoretic methods to define special cycle classes (e.g.
[KR14] and [HM22]), and the works by Feng—Yun—Zhang (moduli of shtukas) [FYZ21; FYZ24]
and Madapusi (Shimura varieties) [Mad23] have employed derived algebro-geometric methods to
define special cycle classes. As of now, these constructions do not incorporate the Archimedean
place, which would be needed for arithmetic intersection theory (e.g. there seems to be no “derived

)

at the moment). Garcia and Sankaran have defined (Archimedean)
12
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Green currents associated to singular 7" using the Mathai—Quillen theory of superconnections, but
there has been no proposal to combine this with the non-Archimedean theory.

We first propose a method to construct the arithmetic special cycle classes [ZA (T")] for arbitrary
T. Our proposed definition mixes the work of Garcia—Sankaran with K-theoretic methods for
positive characteristic contributions. Our construction may need adjustment on compactifications
of integral models, but we expect it to apply in already-compact situations (e.g. the Rapoport—
Smithling-Zhang [RSZ21] setup for CM extensions of totally real fields # Q).

The first part of our main theorem (Theorem A(1)) is a proof of (1) the arithmetic Siegel-Weil
formula when m = n and T € Herm,(Q) is singular of co-rank 1. Most known (fully global)
results concern special cycles Z(T') — M which are empty in the generic fiber. These previous
results include the non-Archimedean Kudla-Rapoport conjectures (for 7' € Herm,,(Q) nonsingular)
proved by Li-Zhang [LZ22a] (and the ramified versions [HLSY23; LL22]), as well as the purely
Archimedean results of Liu [Liull] and Garcia—Sankaran [GS19]. Our theorem is the first (fully
global) arithmetic Siegel-Weil result which involves mixed characteristic special cycles Z(T') on
Shimura varieties of arbitrarily large dimension. We further discuss the comparison with previous
literature in Section 1.5.

We also prove (2) the arithmetic Siegel-Weil formula when m = n — 1 and 7' is nonsingular
(Theorem A(2)). This is very closely related with our theorem for singular 7' € Herm,(Q) of
co-rank 1, as we explain further in Section 1.4. This theorem implies that both the first derivative
and the special value of a U(n — 1,n — 1) Eisenstein series at the non-central point s = so = 1/2
have geometric meaning; see discussion following Theorem A.

As a byproduct of our methods, we prove (3) a version of the arithmetic Siegel-Weil formula
(up to an volume constant which we did not calculate) for arbitrary m when T is nonsingular and
not positive-definite (corresponding to a “purely Archimedean” arithmetic intersection number)
(Theorem B). This purely Archimedean result is analogous to those in [GS19] (there in a situation
with compact Shimura varieties, which need not apply in the setup above), but our method of proof
is completely different and is insensitive to compactness.

More importantly, we propose and apply a new uniform strategy to prove (1), (2), and (3). This
is the key conceptual novelty in our work. Our strategy is a certain “local limiting method” at all
places, Archimedean and non-Archimedean. We further sketch this strategy in Section 1.7, and at
a finer level of detail in Section 1.9.

1.4. Results. We describe our global results in more detail, retaining the notation from Section 1.3.
First, we propose a new candidate definition of arithmetic cycle classes

ZM) = 2T+ 3 [F2(T)y,) € Ch"(M)g (1.4.1)
p prime
associated to arbitrary (possibly singular) 7. Here, [2 (T')#] is intended to describe “horizontal”
contributions and “Z(T)y ,, is intended to describe “vertical” contributions.
In this paper, the vertical (positive characteristic) classes “Z(T)y ,, will be constructed in Sec-
tion 4.6. For each prime p, we give a (new) definition of an element “Z(T)y , € gty K((Z(T)r, )

(“vertical”) lying in the dimension n — m graded piece of the Grothendieck group (tensor Q) of
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coherent sheaves on Z (T)]FP = Z(T) Xgpecz.SpecF,. Our construction is based on a certain “p-local
linear invariance”, and is explained in Section 4.6.

As we explain in Section 4.5 of this paper, the class [ZA (T') ] may be constructed using currents
g1,y (associated to T" and allowed to vary with a parameter y € Herm,,(R)~¢) satisfying a modified

current equation, i.e. that
1 ¥a) —T
—Tmﬁﬁgﬂy + 6Z(T)(c VAN [Cl (ac/)m ank(T)] (1.4.2)

is represented by a smooth (m,m)-form. For such currents, we apply the proposal of [GS19, §5.4]
to the flat part® Z(T) of Z(T).

For general T, there is no precise definition of [ZA (T")] which has been proposed in the prior
literature [Li24, Remark 4.4.2]. Our candidate definition may need modification on a compactifica-
tion, but we expect it to apply in already-compact situations (e.g. the Rapoport—Smithling-Zhang
[RSZ21] setup for CM extensions of totally real fields # Q). In general, it may also be necessary
to modify the Green currents differently than in [GS19, Definition 4.7]; see discussion below.

Currents satisfying (1.4.2) were constructed by Garcia and Sankaran [GS19], using the Mathai—
Quillen theory of superconnections [GS19, (4.38)]. For their arithmetic Siegel-Weil results, how-
ever, they need a non “linearly invariant” modification of their current [GS19, Definition 4.7] (see
discussion below).

We choose to instead use the star-product approach of Kudla [Kud97a] (as formulated by Liu
for unitary groups [Liull]) to define the currents g7, for our arithmetic Siegel-Weil results. Tradi-
tionally, the star product approach was used for nonsingular 7' (or at least block diagonal T', with
diagonal entries 0 or nonsingular). In Section 12.4, we give a (new) linearly invariant modifica-
tion in the case of singular 7' € Herm,,(Q) with rank n — 1, which will appear in our arithmetic
Siegel-Weil result for singular 7.

As part of the expected automorphic behavior of [2 (T)], it is expected that these classes should
satisfy a certain “linear invariance” property for the action'® of GL,,(Or) on Hermitian matrices

T. We verify this for the classes we define: for any gr, satisfying

9Ty = 7Ty 1yt (1.4.3)

we show
[Z(T)] = [2('7T)] (1.4.4)

1

where [Z(T)] is formed with respect to y and [Z(*4T7)] is formed with respect to y~1y4~!. In

fact, we prove refined results: the vertical part at each prime p is linearly invariant on the level
of Grothendieck groups (4.6.11), and the horizontal part is linear invariant on its own Section 4.5.
The currents gr, appearing in our main arithmetic Siegel-Weil results do satisfy the linear in-
variance property in (1.4.3); see Section 12.4. Note that the Garcia—Sankaran Green currents in

9Given an algebraic stack X over a Dedekind domain R, its flat part or horizontal part of X is the largest closed
substack X C X which is flat over Spec R. The stack X ;¢ is also the scheme-theoretic image of the generic fiber of
X. Given a formal algebraic stack X over Spf R for a complete discrete valuation ring R, its flat part or horizontal
part X is the largest closed substack Xy C X which is flat over Spf R (in the sense discussed in Section 11.7).

0For any v € GLy (OF) and any Hermitian matrix 7' € Herm,, (Q), we say e.g. that T and 5T are GLy, (Or)-

equivalent, and that they lie in the same GL, (OFr)-equivalence class.
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[GS19, (4.38)] also satisfy the same linear invariance property (but the modified currents in [GS19,
Definition 4.7] do not).

Due to non-properness of M — Spec O in general, one should likely modify [Z(T')] on a suitable
compactification of M. If Z(T) — Spec O is proper, however, we consider certain “arithmetic
degrees without boundary contributions” (a real number)

deg(Z(T)] - & (V)" ™) = ( /M e @)n—m) (1.45)
+ deg (€)™ D zqqy )

+ ) degp,("Z(T)y,p- (£Y)" ™) logp

p prime

conditional on convergence of the integral, for a certain metrized tautological bundle £ on M
(Section 4.1) (we do check convergence of the integral in the settings of our arithmetic Siegel-Weil
results). The middle term is mixed characteristic in nature: for rank(7") = n—1, it is (essentially) a
weighted sum of Faltings heights of abelian varieties (Remark 22.1.4). For proper Z(T) — Op, the
quantity in (1.4.5) should coincide with the arithmetic degree (without boundary contributions) of
a version of [Z(T)] on any reasonable compactification of M.

Our main theorems concern the T-th Fourier coefficients E7.(y, s);, of E*(z,s);. As above, we

write hp (resp. wp) for the class number of (resp. number of roots of unity in) Op. The following
is our main global theorem.

Theorem A (Co-rank 1 arithmetic Siegel-Weil). Assume the prime 2 splits in Op.
(1) For any T € Herm, (Q) with rank(T') =n — 1 and any y € Herm,(R)~o, we have

hr d

o ds| B9 = deg((Z(T))) (1.4.6)

s=0

(2) For any T° € Herm,,_1(Q) with det T” # 0 and any y* € Herm,,_1(R) <0, we have

hr d
9t =
wg ds

S <An_1A<Z(i)§/2)o MUSERS 1/2>%> = deg([Z(T") - 21(E)). (1.4.7)

Note that Theorem A(1) concerns the central derivative of a U(n,n) Eisenstein series, while part
Theorem A(2) concerns a non-central derivative of a U(n — 1,n — 1) Eisenstein series. For n =0
(mod 4), Theorem A(1) also holds in the sense that there is no self-dual Op-lattice of signature
(n —1,1) and the right-hand side is 0 Remark 22.1.3.

Remark 1.4.1. In the situation of Theorem A(2), there is also a “geometric Siegel-Weil formula”

when we evaluate
hF An(s)o b
— n EX +1/2)° 1.4.8
wp An_1(8 1/2)% TP (y S / )n ( )

at s = 0; the resulting expression is exactly — degc Z(T")C (negative degree of complex fiber

Z(T")¢, which is a proper and quasi-finite Deligne-Mumford stack over SpecC). In other words,
both the special value and the first derivative at s = 1/2 of the U(n — 1,n — 1) Eisenstein series

(normalized as in (1.4.8)) simultaneously have arithmetic-geometric meaning.
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The above “geometric Siegel-Weil” formula is also needed as an ingredient in our proof of Theo-
rem A, and will be treated in Section 21.1 via uniformization (Archimedean and non-Archimedean
both work).

We highlight the simplicity of the analytic side in Theorem A(1). It is expected that arithmetic
Siegel-Weil for integral models with bad reduction should be corrected on the analytic side, e.g.
by special values of other Eisenstein series. See for example [HSY23; HLSY23] for bad reduction in
the nonsingular case det T' # 0 for the central derivative at s =0 (i.e. T is n x n), or [KRY06] for
quaternionic Shimura curves. We do not know whether the analytic formulation [HSY23; HLSY23]
is expected to hold for singular 7.

We argue that arithmetic Siegel-Weil formulas should be simplest to formulate on integral models
with everywhere good reduction, as in our case. We thus propose a precise formulation of the
analytic side of the central derivative arithmetic Siegel-Weil formula in our setup.

Question (Arithmetic Siegel-Weil, central point). Let T' € Herm,(Q) be arbitrary. For a suit-
able current gr,, a suitable compactification of M, and a possibly modified class [Q(T)] on the
compactification, do we have

o  Bilys); £ des((Z(T). (1.4.9)

Our theorem verifies this proposed arithmetic Siegel-Weil formula for all singular 7" € Herm,,(Q)
of rank n — 1, in the sense of “arithmetic degrees without boundary contributions”. The formula
also holds (in the same sense) for all nonsingular 7' € Herm,,(Q). This latter case (“central deriva-
tive nonsingular arithmetic Siegel-Weil”) is possibly considered known to experts up to a volume
constant by collecting the local theorems in [Liull; LZ22a; L122]. This particular global statement
does not appear in the literature, though other variants are available (e.g. for unramified CM
fields F/Fy with Fy # Q [LZ22a] or on integral models with bad reduction and correction terms
by special values of other Eisenstein series [HLSY23]). In one of our companion papers, we will
compute the volume constant and explain how to extract the detT" # 0 case of (1.4.9) from the
literature Remark 22.1.2.

A more optimistic version of (1.4.9) was given in (1.3.3) involving 7' € Herm,,(Q) for arbitrary
m, but we are less certain about the validity of that formulation in general.

In the general case of (1.4.9), we expect the current g7, to be essentially the currents of [GS19,
Definition 4.7], though g(7,y,¢y) as defined in loc. cit. may need some modification (see above
discussion on the non-“linearly invariant” modification of their current [GS19, Definition 4.7]).
Since our main theorems take a different approach to define gr,, we do not pursue this issue
further.

Part (2) of Theorem A is the special case of part (1) when T' = diag(0,7”) and y = diag(1,¢").
The geometric sides will agree essentially by definition (1.4.5). On the analytic side, the relation is
provided by the formula
An(s)y,

n * b o
1/2)° —
Ap_1(s+1/2)° (s +1/2)n

n(—5)5

* o __ A n
ET(yv S)n - Anfl(—s + 1/2)%

B (y,s—1/2)5  (1.4.10)
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from Corollary 17.2.2, along with the functional equation E7, (3, 5)° = EZ, (3°,—5)°. The general
case of Theorem A is proved in a similar way as the special case T' = diag(0, T"), with an additional
“local diagonalizability argument” (proof of Theorem 22.1.1) where the identity is proved modulo
Yoo 2p Q- log ¢ for any given p (and varying p removes the ambiguity).

It is also possible to formulate and prove Theorem A in terms of Faltings heights (i.e. replacing
the middle term in (1.4.5) with the degree of the metrized Hodge bundle). The formulation in
Theorem A seems more natural to us, but the version with Faltings heights is in Remark 22.1.4.

The simplest case of Theorem A is the case n = 2. When O = {£1}, the Serre tensor
construction gives an open and closed embedding .#y Xspec 0y AHen — M, where .# is the moduli
stack of elliptic curves with signature (1,0) action by O and . is the moduli stack of all elliptic
curves, base-changed to Op Section 22.2. In this case, the special cycle Z(j) — M for j € Z~g
pulls back to the j-th Hecke correspondence. Then the proof of Theorem A gives the following
corollary (appearing later as Corollary 22.2.2). One might think of this corollary as reformulating
a result of Nakkajima—Taguchi [NT91] (they compute Faltings heights of elliptic curves with CM
by possibly non-maximal orders) by averaging over Hecke translates and expressing the result in
terms of Eisenstein series Fourier coefficients.

Corollary 1.4.2. Assume 2 is split in Op. Fix any elliptic curve Eqy over C with Op-action. For
any integer j > 0, we have

Y (hra(E) = hra(E)) = %di

w S
E-%Ey

(jS“/Qa,Qs(j)) (1.4.11)
s=1/2

where the sum runs over degree j isogenies w: Eqg — E of elliptic curves.

The notation hg, (E) denotes the (stable) Faltings height of the elliptic curve E after descent to
any number field, and similarly for Ey. The quantity j5+/20_5,(5) is the product of the normalized
non-Archimedean local Whittaker functions in the j-th Fourier coefficient E7(z,s)3 (with m = 1),
as in (1.1.7). The derivative of the Archimedean local Whittaker function W} (y, s)5 at s = 1/2is
also calculated explicitly and compared with its geometric counterpart (integral of Green function
wedge Chern form on upper half-plane) in Section 19.2.

Our purely Archimedean result (for arbitrary n and mb > 1) is the following.

Theorem B (Archimedean arithmetic Siegel-Weil, nonsingular). Consider any integer mP with
1 <m® <n, and consider any T° € Herm,, (Q) which is nonsingular and not positive definite.
(3) For any 1’ € Herm, , (R)~0, we have an equality of real numbers
b b hrp d
)= / Gps o AL (ET = (~1)TC
M

C

b

TRET) - @)y B (0,9,

A ((Z(1")]-1(€) o 15|, B
(1.4.12)

where s == (n —m")/2. Here C € Qsq is the volume constant from Lemma (1), for the

Hermitian space V' and vg = oo in the notation of loc. cit.. The constant C may depend

onn and m® (and F), but does not otherwise depend on T°.

This appears (in stronger form) as Theorem 22.1.6. That version applies for all n (even or not)

and arbitrary level, as it is a statement about the complex Shimura variety. We gave the weaker
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version here to avoid more notation. Due to non-properness of M¢ — SpecC for n > 2, the
corresponding Archimedean Siegel-Weil result of [GS19] does not apply here if n > 2.

When m” = n, our Theorem B follows from Liu’s result [Liull, Theorem 4.17]. We do not
have a new proof of this case. Instead, we deduce our general result from his by a certain limiting
argument. This is also our method at non-Archimedean places (replacing Liu’s Archimedean results
with the non-Archimedean results of Li-Zhang [LZ22a] and Li-Liu [LL22]). Our limiting method
will be sketched further in Section 1.7 below.

1.5. Previous work. We summarize what was previously known on arithmetic Siegel-Weil for-
mulas. These were originally formulated for GSpin Shimura varieties (as opposed to the unitary
Shimura varieties considered in Section 1.3); we call these the orthogonal and unitary cases respec-
tively. In both cases, we write n for the arithmetic dimension of the Shimura varieties (i.e. complex
dimension n — 1).

The problem was initially studied in low-dimensional situations. For quaternionic Shimura
curves, the full arithmetic Siegel-Weil formula has been proved in the influential work of Kudla—
Rapoport—Yang [KRY04; KRY06]. For modular curves, the formula has been proved in the papers
[Yan04; BF06; DY19; SSY23; Zhu23a; Zhu23b).

For Shimura varieties of complex dimension > 1, results on arithmetic Siegel-Weil formulas are
currently incomplete. Most the available results concern the case m = n and det T # 0; we restrict
to this case for the moment. Then sy = 0 is the central point and the special cycle Z(T) - M
is empty in the generic fiber. The arithmetic cycle class [Z/,’\(T)] is thus “purely vertical”, i.e.
either purely in positive characteristic (non-Archimedean), or with Z(7") being empty with possibly
nontrivial Green current (Archimedean).

The purely Archimedean case (with detT" # 0 and so = 0) was proved by [Liull; BY21] (unitary
and orthogonal, respectively) using different methods. Garcia—Sankaran’s Archimedean results
apply here as well if the Shimura varieties are compact (more discussion below).

For unitary groups (with det 7" # 0 and so = 0), the purely non-Archimedean case for hyperspe-
cial level was first proposed and studied by Kudla-Rapoport [KR11; KR14] at an odd inert prime,
where they proved the formula when Z(T") has dimension 0 (reducing locally to the case n = 2).
The case n = 3 at an odd inert prime was solved by Terstiege [Ter13]. The case of arbitrary n at
odd inert primes was solved in the breakthrough work of Li and Zhang [LZ22a] by an inductive
“uncertainty principle” strategy. This strategy was later adapted to solve the analogous problem at
odd ramified primes [LL22; HLSY23]. We mention that the problem formulation itself needed to be
resolved at ramified primes in the presence of bad reduction, and this was done in [HSY23] for the
Kramer model. Split primes play a relatively trivial role when det T # 0 and sqg = 0. The timeline
for non-Archimedean aspects of the GSpin arithmetic Siegel-Weil formula is similar, i.e. results for
Z(T) of dimension 0 were obtained by Kudla-Rapport and Bruinier—Yang [KR99; KR00; BY21],
the case n = 3 was resolved by Terstiege [Terll], and the case of general n at hyperspecial level
was resolved by Li and Zhang using (a modified version of) their “uncertainty principle” strategy

[LZ22b].
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We now drop the restrictions detT" # 0 and sy = 0. For the purpose of arithmetic theta lifting
(1.3.5), it is desirable to also understand the special cycle classes [Z(T)] when detT = 0, to fill
out the complete arithmetic theta series. Much less is known about this case, which presents
new difficulties on both the analytic and geometric sides. It also presents new opportunities: our
arithmetic Siegel-Weil result for singular T relates Faltings heights and derivatives of Eisenstein
series. Such formulas were observed by Kudla-Rapoport—Yang on Shimura curves [KRY04]; our
result applies on unitary Shimura varieties of arbitrarily high dimension. These mixed characteristic
phenomena are not visible from arithmetic Siegel-Weil for nonsingular 7" at the central point sg = 0
(which was “purely vertical”).

We mention known partial results for singular 7', besides the previously mentioned work on
Shimura curves. There is concrete progress on the case T' = 0, where the expected geometric side
(“arithmetic volumes”) has been computed for certain levels in the work of Hérmann and Bruinier—
Howard [Hor14; BH21], with some partial results on the comparison with Eisenstein series. In the
general case, an important advance was made by Garcia and Sankaran [GS19], who defined Green
currents via superconnections and proved a purely Archimedean version of the arithmetic Siegel—
Weil formula on compact Shimura varieties (e.g. when 7T is not positive semi-definite, giving an
empty special cycle with possibly nontrivial Green current) via the classical Siegel-Weil formula.

Besides the partial results for T = 0, we are not aware of any previous arithmetic Siegel-Weil
results which treat non-Archimedean (or combined Archimedean and non-Archimedean) aspects for
singular T" on Shimura varieties of complex dimension > 1. This is closely related to the following
open problem: for Shimura varieties of complex dimension > 1, we are also unaware of any fully
global arithmetic Siegel-Weil results (incorporating non-Archimedean places) at a non-central point
so # 0, besides the partial results in [BH21, Theorem C] (there for certain nonzero 1 x 1 matrices
T € Z). As discussed at the end of Section 1.3, our main theorems make new contributions in both

of these directions.

1.6. Non-Archimedean local main theorems. Our proof of Theorems A and B is local in
nature. In Section 1.7, we outline the key (new) strategy for proving our main local theorems via
our new limit argument. Further discussion at a finer level of detail appares in Section 1.9. In
Section 1.8, we outline some of the (new) ideas involved in decomposing our main global theorems
into our main local theorems (whose statements and proofs are both new) at every place.

Our local theorems are stated in terms of local special cycles on the Hermitian symmetric domain
in the Archimedean case (resp. Rapoport—Zink spaces in the non-Archimedean case).

To illustrate, we briefly describe the non-Archimedean case in Section 1.6. In the rest of Sec-
tion 1.6, we restrict to the case of an odd prime p inert in Op (for illustration purposes).

Fix an embedding F' — Qp into the completion of the maximal unramified extension of Q.
Set F), = F' ®g Q. There is a space of “local special quasi-homomorphisms” V,, which is a
non-split F},/Q, Hermitian space of dimension n. Given any tuple x € V', there is an associated
(Kudla-Rapoport) local special cycle Z(x) < N on a Rapoport-Zink space N. These are locally

Noetherian formal schemes over Spf Zp, and they represent certain moduli problems for p-divisible
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groups (Section 5). They appear in Rapoport—Zink uniformization of global special cycles (Sec-
tion 11) in a manner analogous to the complex uniformization of the unitary Shimura varieties and
their special cycles. There is also an analogous tautological bundle £Y on N.

There are associated derived local special cycle (classes) “Z(x) € grtK{(Z(x))g = gp_mKH(Z(x))o
in codimension m. If all elements of the tuple x = [x1,...,X;,] are nonzero, then we have

LZ(x) = Ozx,) Q" - @ Oz(x,)- (1.6.1)

For any x; = 0, is it usual to make a similar definition by replacing Oy (,,) with [Ox] — [€]. For
any proper closed subscheme Z C N, there is a degree map degFP: g Ko(Z)g — Q given by the
composition

groKo(Z)o = e10K0(Z5, )o — groko(SpecFy)g = Q (1.6.2)
where the first arrow is induced by the dévissage pushforward isomorphism K(’)(ZFP) — Ky(Z) and
the second arrow is pushforward along ZE) — SpecF), (e.g. induced by taking Euler characteristics
of coherent sheaves on ZFP)'

Our main “local arithmetic Siegel-Weil” result (at an odd inert prime p) is the following.

Theorem (Non-Archimedean inert local version of Theorem A). For any nonsingular T° € Herm,,_1(Qy)
and any X" € V;‘_l with Gram matriz T°, we have

d

- /W;b,p@);: 2degg (€Y "Z(xX)y)+2 Y deg(Z): Gwau(Z) | -logp. (1.6.3)
s=1/2

Z%Z(Kb)yf

The left-hand side is the derivative of a certain normalized (non-Archimedean) local Whittaker
function W;bvp(s)g. On the right, the notation Z(x”), € ngflKé(Z(gb)Fp)Q denotes a “derived
vertical local special cycle class” and Z(x”) » denotes the flat part of Z(x°); the former is finite flat
over Spf Zp. The sum runs over all irreducible components Z of (the scheme associated t0) Z(x”) 4.
The quantity dau(Z) € Q is a certain “local change of tautological height” which arises from the
reduction process from (global) mixed characteristic heights to local quantities.!* The definition of
dtau(Z) is somewhat involved, but some additional discussion may be found in Section 1.8.

For a more concrete simple case, see Example 1.7.1 in the next section. For the full precise
formulation of our non-Archimedean local main theorems, we refer to Section 18 in the body of
this paper (there stated in terms of local densities) where the inert/split/ramified cases are treated
in parallel.

1.7. Strategy: overview. We now describe our key local strategy: “take a limit” (Figure 1).

In Figure 1 below, for a given place v of Q, we consider T” € Herm,,_1(Q,) with det T° + 0, and
T = diag(t, T") for suitable nonzero t € Q,. On the left, the limit refers to t — 0 in the v-adic
topology (meaning the real topology if v = co0). The upper horizontal arrow should be understood
as a local version of Theorem A(2), and the lower horizontal arrow should be understood as the
(known) local version of (1.4.9) when det T # 0.

HEach Z is associated with a quasi-canonical lifting of some level s € Z>o in the sense of Gross [Gro86]; see
Section 7.3. Our notation dtau(Z) here is the dtau(s) in (7.2.7).
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Normalized local Whit-

taker functions W7, (s); i
TW( o Qur main »  Local 1-cycles, “heights”
for U(n — 1,n — 1) at local theorems
s = 1/2 (near-center)

Normalized local Whittaker
functions W7, (s);, for
U(n,n) at s = 0 (center)

Known local theorems
[Liull; LZ22a; LL22]

Local 0-cycles, degrees

.

FI1GURE 1. A local limiting method

This limiting method is the main conceptual novelty in our work, and is the the key idea driving
our main results. In Figure 1, the left vertical arrow and upper horizontal arrow are new in this
work. In the right vertical arrow, the relation between limits and Faltings heights is also new in
this work.

It is striking that the limiting method plays a similar role at all places, Archimedean and non-
Archimedean. In the purely Archimedean case, i.e. when v = co with 77 nonsingular and not
positive definite, we are able to run our limiting argument for special cycles (currents) in arbi-
trary dimension. This is why our purely Archimedean result (Theorem B) applies in arbitrary
codimension.

For non-Archimedean places, it is interesting to ask whether the limiting method in Figure 1 can
be adapted to the case of higher dimensional special cycles (corresponding to T° > of smaller rank).
Some key difficulties are mentioned in Remark 1.8.1.

We also mention a slight difference if v = p is a prime split in Op. The known local theorems
[Liull; LZ22a; LL22| apply in the Archimedean, inert, and ramified cases respectively. In the split

[¢]

¢ (while the derivative

case, the lower left corner of Figure 1 will involve the special value W7 ,(0)
at s = 0 appears in the Archimedean, inert, and ramified cases). In the split case, the “known
local theorem” in Figure 1 refers to a certain vanishing statement for a certain contribution to
7.5(0); (“vertical part” via an analogue of Cho-Yamauchi’s formula; the vanishing is proved in
Lemma 18.5.1) and emptiness of local 0-cycles.
In the next example, we sketch the strategy from Figure 1 in a simple non-Archimedean case.
The reader seeking a more detailed sketch of a more general setup (along with a comparison between

the Archimedean and non-Archimedean strategies) may refer to Section 1.9.

Example 1.7.1. Suppose p is a prime which is inert in Op. Take T” and T as in Figure 1, and
assume t is such that 7" defines a non-split Hermitian space. We prove a limiting formula (inert
case)

d * [¢] : d k [¢] * o
P 5:_1/2WTb’p($)n = %g]% <ds s:oWT’p(S)n + (log |t[, — logp)WTb7p(—1/2)n> , (1.7.1)
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which appears in the text as Proposition 18.5.2 (there stated via local densities). This is the left
vertical arrow in Figure 1. Here | — |, is the usual p-adic norm.

The right vertical arrow in Figure 1 asserts that the analytic limit formula in (1.7.1) has a
geometric interpretation in terms of the local special cycles Z(x).

To illustrate a relatively simple case, consider the case n = 2 (and p # 2). We then have
N = Spf Zp[[u]] (non-canonically). Consider

T = (p) T = diag(t,T°)  t=p° (1.7.2)

for even integers e € Z>(, where T is a 1 x 1 matrix. We have

e

W;b’p(s)g _ ps+1/2 +p—s+1/2 Wip(S)S _ p(e+1)s _p—(e+1)s + (1 - p)p(e-i-l)s Z(_q—%)i'
i=1

Set Of, = O ®z Z,. With notation as sketched in Section 1.6, let x = [X,Xb] € V} be any
tuple with Gram matrix (x,x) = 7. Then Z(x’) = Spf O for a certain degree p + 1 extension
E / @p. Over Z(x”), the universal p-divisible group from N pulls back to X; ®z, OF, (Serre tensor
construction) where X1 — Spf O, is a quasi-canonical lifting of level 1 in the sense of Gross [Gro86).
If Xy denotes the canonical lifting, there is an isogeny 11 : X9 — X; of minimal degree (unique up
to (’);p), with deg1); = p. We have

y 1 1 *
OFal (Y1) = B} log(deg 1) — mlengthoé(e Qllmrwl/(’)é) log p (1.7.3)
©\ep

1 1
(- — )1 1.7.4
<2 p+1> ogp (1.7.4)

where the second equality follows from a computation of Nakkajima-Taguchi [NT91] (with e*
denoting pullback along the identity section). We call the left-hand side a “local change of Faltings
height”; its relation with (global) Faltings height is sketched in Section 1.8.

In this case, our geometric analogue of (1.7.1) is the limit formula

. , 1
—bpal (1) - deg Z(x°) = }l(g% <(degFP (Ozx) R Oz(x»))) - logp — i(log |t|, —logp) - deg Z(xb)>

(1.7.5)
where the limit ¢ — 0 is p-adic. We have
1d N o [LZ22a] . o [LZ22a]
378 Wrn(s)y = (degg, Lz(x)) - logp Tb,p(_1/2)2 = deg Z(xX°). (1.7.6)
s=0

These may be thought of as (nonsingular, central point) “local arithmetic Siegel-Weil” and (non-
singular, near-central) “local geometric Siegel-Weil” formulas, respectively.
Applying our limiting formulas in (1.7.1) and (1.7.5) (along with the local functional equation

Wj"ib7p(s)§ = W;bm(—s)g) produces the formula
d o
o 75 (5)5 = 20pa (1) - deg Z(x). (1.7.7)

Sls=1/2 ’

This is one form of our main local theorem in this simple special case (compare the global version,

Theorem A(2), and the more general local formulation in Section 1.6).
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In extremely impressionistic terms, the formula in (1.7.5) states that the “limit” of the special
divisor limyx_0 Z(x) “converges” to some “local part” of a tautological bundle (essentially the
Hodge bundle) when intersecting against Z(x°), after regularizing. We remark that the analogous
“numerical limit” statement (without regularizing) is literally true if Z(x’) is replaced by any
(proper) curve in the special fiber over A/. That case has a conceptual explanation: Grothendieck—
Messing deformation theory. This discussion is continued in (1.9.13) and the text below in loc.
cit..

1.8. Local-to-global. For the global-to-local reduction process, we use complex uniformization
(Archimedean place) and Rapoport-Zink uniformization (non-Archimedean places). Unlike the
previously known case detT # 0 for T" € Herm, (Q) (giving a purely vertical arithmetic special
cycle class), we have a new mixed characteristic “horizontal” contribution in the Faltings height.
While the Faltings height decomposes locally after picking a section of the metrized Hodge bundle,
it does not admit an obvious canonical local decomposition. Such a canonical decomposition seems
necessary for the comparison with local Whittaker functions (as appearing in Eisenstein series
Fourier coefficients), which presumably does not retain information on which section was picked.

Instead, we do have a decomposition for the difference between (stable) Faltings heights of any
two abelian varieties A1, A2 (over a number field E) in a fixed isogeny class. We may assume A; and
Ay have everywhere semi-abelian reduction after extending E. The difference of Faltings heights is
then

1 v oy
hpal(A2) — hra(A1) = > aplogp = 0 DY B - Qplopa(dn) (1.8.1)
pldeg ¢ ' P wlp
Oral () = %log(deg ) — [Evl'(@]lengthoév (e*Qll(ew/OEV ) logp (1.8.2)
9 . p w ()

for some a, € Q and any choice of isogeny ¢: Ay — Ay (extend ¢ over Op). Here, the symbol
e means the identity section, the inner sum in (1.8.1) runs over all prime ideals @ of E ®q @p
(with associated residue field Euv,), and ¢5 means the associated isogeny of p-divisible groups
A1 [p>] = Az[p*™] base-changed to Spf Oy, .

The coefficients a,, do not depend on the choice of ¢, by linear independence of log p for different
p. This is also the reason why a difference of Faltings heights appears in Corollary 1.4.2. We then
argue that these numbers a), € Q (averaged over the special cycle) can be calculated in a purely local
way, in terms of local special cycles on Rapoport—Zink spaces. The argument we give is somewhat
delicate, as we wish to avoid writing down explicit (global) isogenies ¢: A1 — Aj, so that we obtain
a more local formulation. The quantities dpa1(¢y) are amenable to (local) calculation on Rapoport—
Zink spaces, but may depend on the chosen isogeny of p-divisible groups ¢,;. We show that certain
“minimal degree” isogenies ¢y lift to global isogenies of p-divisible groups (Section 10.2) and can
be used to calculate local contributions to (differences of) Faltings height.

The global-to-local reduction process from hp,(—) (Faltings heights) to dpai(¢y) (local quanti-
ties calculate-able on Rapoport—Zink spaces) for “minimal degree” ¢y is the content of Sections 9
and 10. The relation with global special cycles via uniformization is explained in Part 4. There is

also the issue that the tautological bundle £V is not the same as the metrized Hodge bundle (but is
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known to behave similarly, as first observed by Gross [Gro78] and studied further in [BHKRY20II)),
so the (more natural) version with “tautological height” needs additional argument. The “tauto-
logical height” and Faltings height are treated in parallel in Sections 9 and 10.

While previous work for special points on Shimura curves [KRY04] also studied the change
in Faltings heights along isogenies, our insistence on a purely local formulation is an important
difference for our method. We only observe the limiting phenomena in Figure 1 (below) on a local
level; this is what allows us to prove a theorem on Shimura varieties of arbitrarily large dimension.

Remark 1.8.1. After our work, the arithmetic Siegel-Weil formula in (1.4.9) remains open only
for T with rank(T") < n — 2 (corresponding to special cycles Z(T') of dimension > 1 in the generic
fiber, if nonempty). We mention some of the difficulties for these higher dimensional special cycles,
from our perspective.

Our strategy in Figure 1 strongly emphasizes local limits on both the analytic and geometric
sides. On the geometric side at non-Archimedean places, this is possible in the rank > n — 1 case
because e.g. the special cycles are contained inside supersingular loci at all nonsplit primes. This
allows us to describe global special cycles in terms of local special cycles on a single Rapoport—Zink
space (at each prime).

Higher dimensional special cycles may pass through several strata, so a single Rapoport—Zink
space should not be enough to capture all information. We are not sure whether it is sensible to
“piece together” the intersection-theoretic information coming from several Rapoport—Zink spaces.
Moreover, the corresponding local special cycles on Rapoport—Zink spaces may be non-proper (so
it is unclear how to extract local intersection numbers in the more general situation).

For our method, it is also important to locally decompose Faltings heights in a canonical way. In
the rank n — 1 case, this was accomplished using the “change of Faltings height along an isogeny”
formula. To generalize our limiting strategy to higher dimensional cycles, we may need a similar
canonical local decomposition involving heights of higher dimensional cycles on the Shimura variety.

1.9. Strategy: local limit. For illustration purposes, we sketch the local limiting strategy de-
scribed in Section 1.7 (particularly Figure 1) at a finer level of detail. In Section 1.9, we let F'/Q
be an imaginary quadratic field, and allow n to be even or odd. We sketch the case where v = oo
(Archimedean) and where v = p is an odd prime inert in Op. In the main text, the inert/ram-
ified/split cases are treated in parallel (Section 18). We hope that the similarities between the
Archimedean and non-Archimedean cases are visible from the sketches below.

Case v = oo. For purposes of exposition, we consider T° € Herm,(R) and t € R.. Set
T = diag(t,7%). Let V be any signature (n — 1,1) non-degenerate F/Q Hermitian space with
pairing denoted (—, —) (for any n > 1).

We prove the limiting identity (left vertical arrow in Figure 1)

d o . (d ) * O
ds|,_y 5 o0 (8)n = Jim (ds S:OW%,OO(s)n + (log [t|oo + log(4me?)) Wy, (—1 /2)n> (1.9.1)
where v is the Euler-Mascheroni constant, and | — | denotes the usual real norm. This formula

appears below (more generally) as Proposition 19.1.2. The proof of this limiting formula is the
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bulk of the work at the Archimedean place. Note the similarity with the non-Archimedean version
(1.9.8) (see also Section 15.6 for more comparisons).

On the geometric side of Figure 1, the local 0-cycles (resp. 1-cycles) should be interpreted as
Green currents of top degree (n —1,n—1) (resp. degree (n—2,n —2)) on the associated Hermitian
symmetric domain D parameterizing maximal negative definite C-linear subspaces of Vg. Consider
the signature (n — 1,1) complex Hermitian space Vg, with Hermitian pairing (—, —). Any tuple
2 € Vg with nonsingular Gram matrix has an associated Kudla Green current [¢(z)], studied by Liu
[Liull] in the unitary case. There is a certain local special cycle D(z) C D (complex submanifold
which is the locus of C-lines z € D which are perpendicular to all elements of the tuple z), arising
in the complex uniformization of global special cycles.

Let 2° = [2,...,2°_;] € Vg~ ! be a tuple with Gram matrix 7” and consider nonzero = € Vi €
spang(2”)* in the orthogonal complement. Set
=z, ... 2] t = (x, ) T = diag(t,T°). (1.9.2)
Liu’s Archimedean local theorem [Liull, Theorem 4.1.7] implies
d * [¢]
[le@i= %] Wi (193)
D Sls=0

We are using the star product construction of [{(z)], which unfolds as

[E(@)] = [E(@)] * [62")] = wix) A E(2")] + [E(2)] A Sp(e) (1.9.4)

where w(z) is a (1, 1)-form associated with = (Kudla-Millson form up to a normalization), dp ) is
a Dirac delta current, and £(x) is a certain function on D with logarithmic singularity along D(z).
The function £(z) is expressed in terms of the exponential integral Ei. We have [[¢(z)] A Op(gr) =
— Ei(4nt) and the limit formulas

lim w(z) = 1 (EY) lim (Ei(u) —log |u]) =~ (1.9.5)

z—0 u—0~
where ¢;(£Y) denotes the Chern form of dual tautological bundle on D (as in Section 8). Under the
assumption that T° is positive definite, we have Wj’ib’oo(—l /2)8 = deg D(2”) = 1 (“local geometric
Siegel-Weil”, i.e. D(z°) is a single point). We thus have
@) ntewn = tim (( [ e6w)) +10g -+ ogtine) ). (1.9.6)
Using the functional equation W,;b’oo(s)% = W;bm(—s)%, the limit formula in (1.9.1) now implies
the following theorem.

Theorem (Archimedean local version of Theorem A). We have

5l Whlh= [ a@)n k@) (1.9.7

s=1/2

This is our main local Archimedean theorem for positive definite 7% (i.e. the dotted arrow in
Figure 1). This appears below as Theorem 19.1.1, which also includes a version for non-positive
definite 7. Limiting on the geometric side of Figure 1 was provided by a limiting property of

the (normalized) Kudla-Millson form, i.e. w(z) — ¢1(€Y) as  — 0. To compare with the limit
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of Whittaker function derivatives, we used the special value formula W;bpo(—l /2) =1 (“local
geometric Siegel-Weil”) and the asymptotics of Ei.

Case v = p is an odd prime inert in Op. For our non-Archimedean main local theorems, we run
an argument similar (in spirit) to the Archimedean case where the star product of Green currents
is replaced by a derived tensor product of complexes of coherent sheaves on Rapoport—Zink spaces.

Suppose T” € Herm,,_1(Qp) with det T" # 0, and consider t € Qp such that T" := diag(t,T")
has £(T') = —1 (defines a nonsplit Hermitian space). For the normalized local Whittaker functions
defined in Section 15 below, we will prove the limit formula

d

. *

d
[¢] — 1 .
ds s=—1/2 Tbm(S)n tg% (dS s=

Wi, (s)5 + (log |1, — logp) ;hpc—1/2>;) S (98

This appears as Proposition 18.5.2 below. Note the similarity with the Archimedean version (1.9.1)
(see also Section 15.6 for comparisons with the ramified and split versions).

We set N := N (n—1,1) for the Rapoport-Zink space N'(n—1,1) from Section 5. We also use the
notation on special cycles from loc. cit., e.g. V is the space of local special quasi-homomorphisms.
(These notations were briefly sketched in Section 1.6.)

If x is a basis for V, then Z(x) is a scheme with structure morphism Z(x) — Spf Zp which is
adic and proper [LZ22a, Lemma 2.10.1]. In this case, Z(x) is thus a finite order thickening of its
special fiber Z(x )F , and there is a degree map deg]F gro K (Z2(x))g — Q given by the composite

gro Ko (2(x))g = groKo(Z2(x)5,)Jo — groko(SpecFy)g = Q (1.9.9)

where the first arrow is induced by the dévissage pushforward isomorphism Kj(Z(x )IF ) = K\(Z2(x))
and the second arrow is pushforward along Z(x (—)Fp — SpecF, (e.g. induced by taking Euler char-
acteristics of coherent sheaves on Z (;)Fp).

Let x” =[x}, ... ,XI;l_l] € V™1 be a tuple with Gram matrix 7” and consider nonzero x € V €
spang, (x*)* in the orthogonal complement. Set

x=[xx),....,x, 4] t=(xx) T:=diagtT). (1.9.10)

n

Li—Zhang’s inert Kudla—Rapoport theorem [LZ22a, Theorem 1.2.1] implies
degz -2 logp = - L W (s): 1.9.11
(dex, “2(x)) Towp = 5| Wi (o) (19.11)

As an element of gry. K((Z(x))q, the derived tensor product unfolds as
F2(x) = [F2(x) @6, "2(x)] = [F2(x) @8, "Z()y] + [Z2(x) 95, "Z() ). (19.12)

Here “Z(x°) » = [Ozx0),,] € grxf_lK{)(Z( *) #)q is the “horizontal part” of “Z(x’), with Z(x") » C
Z(x”) denoting the flat part, and “Z(x"), € g K (2(x )Fp)(@ is the “vertical part” of “Z(x°)
(see [LZ22a, §5.2]; we are using the dévissage pushforward isomorphism KO(Z(gb)Fp) — KL\(Z2(x")y)

where Z(x”)y is the vertical part from loc. cit.).
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We show the limit formulas

lim (degg, [“Z(x) ©5, “Z(x’)#]) = degg, (£ - Z(x')) (1.9.13)
,lcii% <(deng [LZ(X) ®H{9N LZ(gb)jf]) -logp — %(log |t|, — logp) - deg(Z(xb)%)> (1.9.14)
= Y deg(Z)-ban(Z) -logp.
Z=2(x")

Here £V is the certain dual tautological bundle on A/, the sum runs over components Z of (the
finite scheme associated to) Z(x”) s, the notation deg(Z(x’) ) means the degree of the adic finite
flat morphism Z(x)» — SpfZ, (and similarly for deg(Z)), and di,u(Z) € Q is the appropriate
“local change of tautological height”. As in Section 7.3, each Z is associated with a quasi-canonical
lifting of some level s, and our notation day(Z) here is the diay(s) in (7.2.7).

The quantity dtan(Z) (and the closely related “local change of Faltings height” ) arise from
our reduction process from mixed characteristic heights to local quantities. This local-to-global
reduction is begun in Part 3 and completed in Part 4.

The “vertical” limit formula in (1.9.13) follows from a Grothendieck—Messing theory argument
(such vertical limiting behavior was observed in the inert case by [LZ22a] via computation, and
later in the ramified case by [LL22] via a linear-invariance argument), see Lemma 18.5.4. We prove
the “horizontal” limit formula in (1.9.14) componentwise, i.e. we prove a refined limiting formula
for each component Z < Z(x’) » (Remark 18.5.5). Each Z embeds into a smaller Rapoport-Zink
space of dimension 2, where we make a computation in terms of quasi-canonical liftings.

We have the formula W;b’p(—l /2)8 = deg(Z(x’) » — SpfZ,) (“local geometric Siegel-Weil”;
right-hand side denotes degree of the indicated adic finite flat morphism), see Lemma 18.1.3 (ob-
served in the inert case by Li-Zhang [LZ22a, Corollary 4.6.1]). Using the functional equation

W;b’p(s)o =Wz

o T 7p(—s)$“ the limit formula in (1.7.1) now implies

d

— /W;b,p(s);: 2degg (€Y - "Z(x)y)+2 Y deg(Z) - Suan(Z) | -logp.. (1.9.15)
s=1/2

ZZ(x)

This is our main non-Archimedean local theorem for odd inert p (i.e. the dotted arrow in Figure
1), and appeared previously in Section 1.10. The analogous statement treating inert/split/ramified
simultaneously is Theorem 18.1.2 in this paper (there stated in terms of local densities). Limiting
on the geometric side of Figure 1 was provided by the formulas in (1.9.13) and (1.9.14).

1.10. Outline. We briefly summarize the remaining contents of the paper. Further explanations
may be found at the beginning of some parts and sections.

This work is divided into Parts 1 through 7 and appendices. We hope that each part may be
read mostly independently for the reader willing to assume a few results from other parts.

In Part 1, Section 3, we set up the global moduli stacks (RSZ) and special cycles (KR) appearing
in our main global theorems. In Section 4, we define the associated arithmetic special cycle classes

and discuss arithmetic degrees.
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In Part 2, we set up the analogous local special cycles on Rapoport—Zink spaces (inert/rami-
fied/split) and Hermitian symmetric domains. The case of split primes is less well-studied in the
literature than the inert/ramified cases (we need uniformization in a non supersingular situation
at split primes). Section 6 contains some new results on decomposing local special cycles into
quasi-canonical lifting cycles at split primes, which we need later. These are analogous to known
results at inert and ramified primes (Section 7.3), though our method of proof is different.

In Part 3, we begin the reduction process from global heights in mixed characteristic to quantities
computable in terms of local special cycles. We study “local change of heights” along isogenies, in
a way suitable for formulation of our main local theorems.

In Part 4, we discuss complex and Rapoport—Zink uniformization of special cycles in our setup,
and finish the reduction process from global heights/intersections to local quantities. Strictly
speaking, the Rapoport—Zink uniformization we need at split places does not seem covered by the
literature (not supersingular locus). We treat inert/ramified/split in parallel. Most of the time, we
disallow p = 2 only in the ramified case. We explain a modified Green current for singular 7' (of
rank n — 1 and size n X n) in Section 12.4.

Part 5 discusses U (m, m) Siegel-Weil Eisenstein series. To formulate and prove our main results,
it is extremely important that we normalize the Eisenstein series and local Whittaker functions (e.g.
by certain L-factors). We pin down explicit precise normalizations, guided by special value formulas
and symmetric functional equations. We also study (normalized) Fourier coefficients for singular T
(focusing on rank m — 1 and size m x m), and give formulas needed for our main results. Section
15.6 collects several limiting formulas for local Whittaker functions (the left vertical arrow in Figure
1), whose proofs appear later.

Part 6 contains the heart of this work. Here, we prove our main local identities at inert/rami-
fied /split and Archimedean places via the local limiting method sketched in Sections 1.7 and 1.9.

In Part 7, we first give some special value formulas (local and geometric Siegel-Weil, Sections
20 and 21) which are needed to prove our arithmetic Siegel-Weil theorems. The finale occurs in
Section 22.1, where we collect our local main theorems to prove our (global) arithmetic Siegel-Weil
theorems. This proof relies on results from almost all preceding sections. Section 22.2 contains a
reformulation of our arithmetic Siegel-Weil results in the special case n = 2, via an exceptional
comparison with Hecke translates of CM elliptic curves.

The appendices may be technically useful. Appendix A explains the setup we use for K groups of
Deligne-Mumford stacks. Appendix B concerns p-divisible groups, where we fix some notation and
record some (presumably standard) facts. Appendix C contains some notation on abelian schemes,
and records a proof for quasi-compactness of special cycles (which does not seem explicitly available
in the literature).

Our algebro-geometric conventions follow the Stacks project [SProject] unless stated otherwise.
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2. CONVENTIONS ON HERMITIAN SPACES AND LATTICES

2.1. Hermitian, alternating, symmetric. Consider a Dedekind domain OF, with fraction field
Fy. Let F be a finite étale Fy-algebra of degree 2, i.e. F'is either a degree 2 separable field extension
of Fy, or F = Fy x Fy. Let Op C F be the integral closure of Op, in F. Write a — a? for the
nontrivial involution of F' over Fy, and tr: F' — F{ for the trace map a — a + a°.

Assume that the different ideal @ of Op over Op, is principal, and choose a generator u € 0
satisfying u? = —u. This is always possible if OF is a free Op,-module.

Let L be a finite locally free Op-module of constant rank. If Fj has characteristic # 2, the

following data are equivalent.

(1) A Hermitian pairing on L, i.e. a Op,-bilinear map (—, —): L x L — F satisfying

(z,ay) = alz,y)  (y,7) = (z,y)° (2.1.1)

for all @ € Op and z,y € L.
(2) An Op-compatible alternating pairing on L, i.e. a Op,-bilinear map (—,—): L x L — Fy
satisfying
(az,y) = (z,a%y)  (y,2) = —(z,y) (2.1.2)
for all @ € Op and z,y € L.
(3) An Op-compatible symmetric pairing on L, i.e. a Op,-bilinear map (—, —): L x L — Fj
satisfying
(az,y) = (x,a%y)  (y,2) = (z,9) (2.1.3)
for all @ € Op and z,y € L.
If L is equipped with any of the equivalent data above, we say that L is a Hermitian Op-lattice (or
Hermitian Op-module). Note that our Hermitian pairings (—, —) are conjugate linear in the first

argument. We pass between these pairings using the formulas (depending on the choice of u)
2(z,y) = (z,9) — u ' (uz,y) (w,y) = (™ lz,y) (2,y) = tr((z,y))
2(z,y) = (uz,y) — u(z,y) (x,y) = —tr((z,y)u™) (@, y) = (ux,y)

and this will be freely used in the paper. The choice of u plays a limited role for us, so we generally

suppress it.
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We say that (—, —) is the associated trace pairing, and otherwise avoid the notation (—, —) outside
of Section 2.1.

Given any tuple z = [x1,...,2,] € L™, its Gram matriz is the matrix (z,z) = T with 4, j-
th entry T;; = (x;,2;). We write Lp = L ®p, F and say that a Hermitian Op-module L is
non-degenerate if the Gram matrix for any F-basis of Ly has nonzero determinant. Given non-
degenerate Hermitian F-modules V and V' with Hermitian pairings (—, —) and (—, —)’, there is a

canonical o-linear involution of F-modules

7 such that (fz,vy") = (z, ny,)

e ft
S Hom (V! 9.1.4
OmF( , ) e OmF( ) ) for all x € V and yl c V,. ( )

The notation Hompg(V, V') and Homp(V’, V) does not include any requirement on preserving Her-
mitian pairings.

Given a non-degenerate Hermitian Op-lattice L, we always form its dual lattice L™ with respect
to the trace pairing (—, —), i.e.

L* ={x € Lp :tr(xz,y) € O, for all y € L}. (2.1.5)

The dual lattice LV with respect to (—, —) is the same as the dual lattice for (—, —). We have
LY = uL* (as sublattices of Lg). If the dual LY with respect to (—, —) or (—, —) is intended, we
will state this explicitly. We say that L is self-dual if L = L*.

As a typical example of passing between (—, —) and (—, —), suppose Of, = Z and suppose OF is
the ring of integers in an imaginary quadratic field F//Q. Let (A, ¢, \) be a Hermitian abelian variety
(Definition 3.1.1) over an algebraically closed field k of characteristic # p, i.e. A isan abelian variety
over k with an action ¢: Op — End(A), and )\ is an Op-compatible quasi-polarization on A. After
picking a trivialization Z,(1) = Z, of p-th power roots of unity over k, the polarization A induces
an (Op ®z Zy,)-compatible alternating pairing on the Tate module T),(A), so we automatically view
T,(A) as a Hermitian (O ®z Zy)-lattice without further mention. If (A’,/, \') is another such
Hermitian p-divisible group, note that the induced Hermitian pairing on Hom(7},(A),T,(4’)) does
not depend on the choice of trivialization Z,(1) = Z,, or the choice of u.

The notation Herm,,(OF,) means the set of n x n Hermitian matrices with coefficients in O (i.e.
T € M, ,(OF) satisfying T' = ‘T where ‘T means conjugate transpose). Here we are considering
the subfunctor Herm,, C Resp, /Or, M, , of the Weil restriction (of n x n matrices M, ). We
adhere strictly to this notation (when Op is understood), e.g. Herm,, (R) will typically mean n x n
complex Hermitian matrices when Op/Op, = C/R is understood.

2.2. Lattices for local fields. Continuing in the setup of Section 2.1, suppose Fy is a local field.
Let n: Fy© — {£1} be the character associated to F'/Fy by local class field theory. Given a non-
degenerate Hermitian F-module V' of rank n, define its local invariant

e(V) = (=) D2 det T) € {£1} (2.2.1)

where T' is the Gram matrix of any basis for V. This is normalized so that (V) = 1 for the
the Hermitian F-module V' given by the antidiagonal unit Gram matrix. Rank n non-degenerate
Hermitian F-modules V and V' are isomorphic if and only if e(V) = &(V'). If T' € Herm,,(Fp) is a

Hermitian matrix (with entries in F) satisfying det T # 0, we set e(T) := n((—1)""=1/2 det T).
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Next, assume Fj is non-Archimedean and that Op, C Fj is its ring of integers. Write ¢ for the
residue cardinality of Op,. If ¢ is even, we require F//F; to be unramified. Let wy € Op, and

w € Op be uniformizers (meaning w € woO} in the unramified cases) satisfying w? = —w. If a
non-degenerate Hermitian F-module V' contains a full rank self-dual Op-lattice, then (V) = 1.
The “norm” ||—| on a Hermitian F-module V' with pairing (—, —) is given by
]| = gm0l m2))/2 (2.2.2)

where v, is the wp-adic valuation, normalized so that v, (wp) = 1.

Given a non-degenerate Hermitian Op-lattice L of rank n, we set (L) := e(Lp). By a lattice
or sublattice L' C L, we mean any Op-submodule which is finite free of constant rank (similarly
for lattices or sublattices in Lp). If L' has rank n, we say that L’ is full rank in Lp. A sublattice
L' C L is saturated if ax € L' with a € F* and z € L implies € L’ (equivalently, L is a direct
summand of L).

We say that L is integral if L C L*. If F/F, is nonsplit, we say that L is almost self-dual if
L C L* and lengthy, (L*/L) = 1. We say that a non-degenerate integral lattice L is maximal
integral if any integral lattice L’ C Ly with L C L' satisfies L = L'.

If L is a non-degenerate Hermitian Op-lattice, we define the valuation val(L) € %Z such that

¢ ") = vol(L) (2.2.3)

where vol(L) is the volume of L for the self-dual Haar measure on Lp with respect to the pairing
x,y — Y(tr(x,y)) for any unramified (unitary) additive character ¢: Fy — C*. If L is integral,
we have ¢ () = |L*/L|. 1f F/Fy is unramified, we have val(L) € Z. Given z € L, we write
(x) C L for the rank one Op-submodule generated by z. If (z,z) # 0, we set val(x) := val({(z))
(and otherwise set val(z) = 00).

Continuing to assume L is non-degenerate and integral, we define its sequence of fundamental
invariants to be the unique sequence of integers (ai,...,a,) with 0 < a; < --- < a, such that
L*/L = @ Op/w% (where n is the rank of L). Two non-degenerate integral Hermitian Op-
lattices of the same rank are isomorphic if and only if they have the same sequence of fundamental
invariants (in the unramified case, this follows from diagonalizability of Hermitian lattices; in the
ramified case, this follows from [Jac62, Proposition 4.3, Proposition 8.1] (see also [LL22, Lemma
2.12])). We set

t(L) = |{a; €{a1,...,an}:a;, #0}| € Z amax(L) = an (2.2.4)
and refer to ¢(L) as the type of L. If F/Fy is ramified, recall that ¢(L), 2val(L), and n all have the
same parity (follows from [Jac62, Proposition 4.3, Proposition 8.1]).

Given a finite length Op-module M, we define ¢(M) € Z such that

¢M =M. (2.2.5)

where |M| denotes the cardinality of M.

The above terminology is adapted from e.g. [LZ22a] (inert), [FYZ21] (inert and split), [LL22]
(ramified). We made slight modifications to give a uniform description (e.g. our val(L) is half of
the val(L) appearing in [LL22], and our ¢(M) differs by a factor of 2 from some of the references).
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Part 1. Global special cycles
3. MODULI STACKS OF ABELIAN VARIETIES

We discuss Kudla—Rapoport (KR) global special cycles on Rapoport—Smithling-Zhang (RSZ)
smooth integral models of unitary Shimura varieties (which may be stacks). Fix an imaginary
quadratic field extension F/Q with ring of integers O and write a — a? for the nontrivial auto-
morphism o of F. We write A € Z-o and VA € Of (pick a square root) for (generators of the)
discriminant and different, respectively.

3.1. Integral models.

Definition 3.1.1. Let S be a scheme over Spec Op. By a Hermitian abelian scheme over S, we
mean a tuple (A,¢, \) where

A is an abelian scheme over S of constant relative dimension n

t: Op — End(A) is a ring homomorphism

A A— AY is a quasi-polarization satisfying:
(Action compatibility) The Rosati involution f on End"(A) satisfies
t(a)t = 1(a”) for all a € Op.

An isomorphism of Hermitian abelian schemes is an isomorphism of abelian schemes which
respects the Op-actions and polarizations (exactly). For fixed n > 1, the moduli stack of Hermitian
abelian schemes . is the stack!? in groupoids over Spec O with

A (S) = {groupoid of relative n-dimensional Hermitian abelian schemes over S} (3.1.1)

for Op-schemes S.
For an integer r with 0 < r < n, we next consider

(Kottwitz (n — r,r) signature condition) For all a € Op, the characteristic polynomial of
t(a) acting on Lie A is (z — a)" "(z — a?)" € Oglz]
for pairs (A,t), where A — S is a relative n-dimensional abelian scheme with Op-action ¢, and S
is an Op-scheme. Here we view Og as an Op-algebra via the structure map S — Spec Op. This
defines a substack!3

M(n—r,1)C M (3.1.2)

consisting of Hermitian abelian schemes of signature (n — r,7). The inclusion .#(n —r,r) — A
is representable by schemes (in the sense of [SProject, Section 04ST]) and is a closed immersion.
There is an isomorphism'* .#(n — r,r) — .4 (r,n —r) given by (A, 1, \) > (4,100, \).

For any integer d > 1, there is a substack .#® C .# consisting of Hermitian abelian schemes
(A, ¢, \) where X is polarization of constant degree deg A := degker A = d. If A, 4 (over Spec OF)

12By a stack in groupoids over some base scheme S, we always mean a (not necessarily algebraic) stack in groupoids
as in [SProject, Definition 02ZI] over the fppf site (Sch/S)spps-
137 substack will always mean a strictly full substack.
1 Ag in the Stacks project (e.g. [SProject, Section 04XA]), we often abuse terminology and say “isomorphism” of
stacks instead of “equivalence”.
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denotes the moduli stack of (relative) n-dimensional abelian schemes equipped with a polarization
of degree d, the forgetful map 2@ — Ay, 4 is representable by schemes, finite, and unramified (e.g.
via Lemma C.2.3). Hence .# (9 is a Noetherian Deligne-Mumford stack which is separated and
finite type over Spec O (because this is true of A, 4 as proved with level structure in the classical
[MFK94, §7.2 Theorem 7.9]; one can deduce the stacky version upon inverting primes dividing the
level, taking stack quotients, and patching over Spec OF).

We set
Mn—r,r)D = A (n—rr)0HD (3.1.3)
where the right-hand side is an intersection of substacks of .#. There is an open and closed disjoint
union decomposition'?
MVYA = T A —rr)D[1/A] (3.1.4)
(n—rr)

over Spec Op[1/A], where the disjoint union runs over all possible signatures (n — r, 7).

The structure morphism .# (n—r, ) [1/(dA)] — Spec Op[1/A] is smooth of relative dimension
(n—7)r (e.g. by Remark 3.5.6 below; recall that being smooth of some relative dimension may be
checked fppf locally on the target for morphisms of algebraic stacks). We set .#y = .#(1,0)().
The structure morphism .#, — Spec O is proper, quasi-finite,'® and étale by [How12, Proposition
3.1.2] or [How15, Proposition 2.1.2].

Given any non-degenerate Hermitian Op-lattice L of rank n and signature (n — r,r), we define
an associated substack

M C My Xspecoy A (n—1,7) (3.1.5)
as follows (cf. [KR14, Proposition 2.12], there in a principally polarized situation). Write (—, —)
for the pairing on L. Let by, be the smallest positive integer such that by, - (—, —) is Op-valued. Let
L’ be the Hermitian Op lattice which is the Op-module L but with Hermitian pairing by, - (—, —).
Form the dual lattice L'V of L’ with respect to the Hermitian pairing, and set d} = [L'V/L’|.

If L is self-dual of signature (n—1,1) and 21 A, we set dy, := 1 (the exotic smooth setup for even
n, see Section 3.2). Otherwise, let dj, € Z~o be the product of ramified primes and the primes p
for which L ®z Z, is not self-dual.

Definition 3.1.2. Let M C .4y Xspec 0y A (n —1,7)[1/(d,A)] be the substack

Homy, o 7,(T7(Aos), T7(As)) = L @z zp
M(S) = < (Ao, Lo, Mo, A, 1, A) = for every geometric point 5 of S, with p = char(s), (3.1.6)

and by, - A is a polarization of degree d’

for schemes S over Spec Op[1/(drA)], where
(Ao, to, Mo) € Ap(S) (A, e, \) € A (n—r,7)(5). (3.1.7)

5Here, the notation . (V[1/A] means .4 Xgpec 0, Spec Or[1/A]. We often use such shorthand, along with

D X Spec 0 S over an understood base.

subscripts for base change, e.g. ///éd) =0

16Following the Stacks project [SProject, Definition 0CHU], we require that finite morphisms of algebraic stacks
are by definition (relatively) representable by schemes. The morphism .#, — Spec O is not finite in this sense,
because .# is not a scheme. Nevertheless, we continue to use terminology like “representable by schemes and finite”

for morphisms of stacks which are not necessarily algebraic.
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Warning 3.1.3. Whenever L satisfies the even rank ezotic smooth setup (Section 3.2), we will
extend M to a smooth Deligne-Mumford stack which surjects onto Spec O (see loc. cit.). In that
case, we will override the notation here: after Section 3.2, the notation M will always denote the
exotic smooth moduli stack for such L. The restriction of the exotic smooth moduli stack over
Spec Op[1/A] will recover the stack in Definition 3.1.2.

In the definition of M, the notation Hom, o5, (T%(Aos), T (A45)) = L®z 7P asserts the existence
of isomorphisms of Hermitian lattices, and the elements of Hom, .,,(T7(Aos), T7(As)) are not
required to respect Hermitian pairings. As usual, TP(—) is the away-from-p adelic Tate module (if
p = 0, this is over the full finite adeles) and /2 I 4p Zy. Note that M depends only on the
adelic isomorphism class'” of L. The stack M (also the extension in Section 3.2) and its special
cycles will be the global moduli stacks of main interest in this work. We generally suppress L from
notation, but sometimes write M% instead of M to emphasize L dependence.

We claim that M is a Noetherian Deligne-Mumford stack which is separated and smooth of
relative dimension (n — r)r over Spec Op[1/(drA)]. Indeed, there is an open and closed disjoint
union decomposition

Mo *specop M (n—r,1)D[1/(dA)] = [ MY (3.1.8)
I
running over representatives L”, one for each adelic isomorphism class of non-degenerate Hermitian
Op-lattices of signature (n — r,r) satisfying L” C LV and |L"V/L"| = d. We have used flatness
of A (n —r,r)D[1/(dA)] = Spec Op[1/(dA)] in the open and closed decomposition (to lift to
characteristic 0; cf. [KR14, Proposition 2.12] [RSZ18, Remark 4.2]). With notation as above, the
map
ME MY
(Ao, Lo, Aoy Ay 1, N) —— (Ao, Lo, Mo, A, L, b N)
is an isomorphism for any L, after restricting to Spec Op[1/(drA)].

(3.1.9)

Remark 3.1.4. If L has rank n = 1, we can construct M without discarding any primes. Then
M — Spec O is smooth, by smoothness of .Z (1, O)(d) — Spec O for any d € Z~y.

In the next lemma, Af is the abelian scheme Ay but with Op-action ¢ o 0.

Lemma 3.1.5. Let L be any non-degenerate Hermitian Op-lattice of rank n and signature (n—r,r),
with associated moduli stack M. There exists a finite degree field extension E/F and (Ag, to, Ao, A, 1, A) €
M(Og[1/(drLA)]) such that A is Op-linearly isogenous to Ag~" x (Ag)". In particular, M is

nonempty.

Proof. First consider k = C (equipped with a morphism O — C). Fix the trivializations of roots
of unity Z/dZ = py(C) sending 1 — e~ 27/,

Choose VA to be the square-root whose image under F — C has positive imaginary part. We
pass between Hermitian and alternating forms using the generator v/A of the different ideal (Section

1Twe say that non-degenerate Hermitian O lattices L and L’ are adélically isomorphic (or are in the same adélic
isomorphism class) if there exist isomorphisms of Op ®y Z,-Hermitian lattices L ®z Z, & L’ ® Z,, for every prime
p, as well as isomorphisms of Of ®z R-Hermitian spaces L ®z R = I’ ®z R (classical terminology: genus).
34



2.1). Express L as a triple (L, ¢, \) where ¢: O — Endz(L) is an action and A is a Op-compatible
alternating pairing on L.

Take (Ao, to, A\g) to be the complex elliptic curve C/Op. If Ly := Op is the rank one Hermitian
Op-lattice with Hermitian pairing (z,y) = 2%y, we have H1(Ap,Z) = Lo as Hermitian lattices.

Take any orthogonal decomposition Lp = W @ W+ where W is positive definite of rank n — r
and W+ is negative definite of rank 7. Define the C = O ®7R-action on L ®7R to agree with ¢ on
W ®@r C and to agree with oo on W+ ®p C. This complex structure gives a tuple (A4, ¢, \), where
A = (L ®z R)/L is an abelian variety with Op-action ¢ and action compatible quasi-polarization
A. We have Hi(A,Z) = L as Hermitian lattices. By the usual comparison of H;(—,Z) with p-adic
Tate modules [Mum8&5, §24 Theorem 1], we conclude (Ag, to, Ao, 4, ¢, \) € M(C).

We claim that A is Op-linearly isogenous to Ag~" x (A§)". Indeed, any Op-linear inclusion
OF " <= LNW and any o-linear inclusion O < L N W will define an Op-linear isogeny
AT x (AZ)" — Al

Since Ay is defined over some number field Q, it follows that A and any isogeny Aj~" x (43)" — A
may also be defined over Q (here using characteristic zero, so the kernel of the isogeny is étale).
Descend these objects to some number field E.

Over a number field, it is a classical fact that any elliptic curve with Op-action has everywhere po-
tentially good reduction [Deudl]. After extending E if necessary, we thus obtain (Ao, tg, Ao, 4,¢, ) €
M(Og[1/(drA)]) (the Op-actions extend by the Néron mapping property, and the polarizations
extend to polarizations as in the proof of [FC90, Theorem 1.9]). The Néron mapping property
extends the isogeny Aj~" x (A§)" — A over Spec Og[1/(dA)]. O

The preceding lemma will provide a base point for non-Archimedean uniformization (Section
11.3). For arbitrary L and specializing to any geometric point of characteristic p > 0, the abelian
variety A of Lemma 3.1.5 is supersingular (resp. ordinary) if p is nonsplit (resp. split) by classical
results of Deuring [Deu41] on endomorphism rings of elliptic curves.

Notation 3.1.6. Given a commutative ring R with an automorphism o: R — R (e.g. R = Op),
given a presheaf of modules F on a scheme S over Spec R, and given an action ¢: R — End(F) (with
F viewed as a presheaf of abelian groups), we say the R action via ¢ is R-linear (resp. o-linear)
if 1(a) = a (resp. t(a) = a?) for all a € R. Here we view Og as an R-algebra via the structure
morphism S — Spec R.

Given any (A,t,\) € #(n —r,r)[1/A] for a base scheme S, there is a canonical eigenspace

decomposition
Lie A = (Lie A)™ @ (Lie A)~ (3.1.10)

characterized by (Lie A)* (resp. (Lie A)™) being rank n — r (resp. rank r) and the Op action via
¢ on (Lie A)* (resp. (Lie A)7) being Op-linear (resp. o-linear).
Definition 3.1.7. By the tautological bundle on .#(n — r,r)[1/A], we mean the rank r locally

free sheaf & (for the fppf topology) whose dual is given by the assignment &V := (Lie A)~ for

(A, e, \) € A (n—r,r)1/A](S) for Op-schemes S.
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3.2. Exotic smoothness. Our main results at ramified primes eventually restrict to even n and
residue characteristic # 2. For this reason, we require n even and 24 A in Section 3.2.

Notation 3.2.1 (Exotic smooth setup, even rank). A non-degenerate Hermitian Op-lattice L of
even rank n satisfies the even rank exotic smooth setup if 2 4 A, the signature of L is (n — 1,1),
and L is self-dual (for the trace pairing).

In the exotic smooth setup, we recall how M can be extended to a certain smooth integral model
over Spec Op. We consider arbitrary signature (n — r,7). For Hermitian abelian schemes (A, ¢, A),

we consider

(Polarization condition o) The quasi-polarization |A| - A is a polarization and we have
ker(JA]- \) = A[VA].

We write .# (n — r,7)X°%° for the substack of .# (n — r,r) consisting of Hermitian abelian schemes
(A, 1, \) where X satisfies polarization condition o from above. Here “Kot” indicates that we have
“only” imposed the Kottwitz signature condition. For d = |A|", the map

%(’I’l -, T)KOtvo —_— %(n -, r)(d) (321)

(A, 0, \) —— (A, ¢, |A]-N)

Kot.o i also a separated

is representable by closed immersions of schemes. In particular, .Z (n—r,r)
Deligne-Mumford stack which is finite type over Spec Or. The restriction .# (n —r,r)X°%°[1/A] —
M (n—7,r)D[1/A] is an open immersion. If x is any algebraically closed field of characteristic 0, an
object (A, ¢, \) € A (n—r,7) lies in 4 (n — r,r)K°4° if and only if the Hermitian O ®z Z,-lattice

Tp,(A) is self-dual (for the trace pairing) for all p. In particular, we have
Mo XSpec Op .//(TL -, T)KOt’O[l/A] = ML (322)

where L is a representative for the unique adeélic isomorphism class of self-dual signature (n —r,r)
non-degenerate Hermitian Op-lattices (if it exists) . Such L exists if and only if n = 2" (mod 4)
due to the global product formula for local invariants of Hermitian spaces.

Now we restrict to signature (n — 1,1) and n > 2. Let .#(n — 1,1)° be the flat part of .#(n —
1,1)Kete i e the scheme-theoretic image of the generic fiber. Equivalently, this is the largest closed

substack which is flat over Spec Op.

Example 3.2.2. Suppose Of = {£1} (i.e. further exclude F = Q[v/-3]). If Ay — SpecOp
denotes the moduli stack of elliptic curves base-changed to Spec O, the Serre tensor construction
E — E®z7 O defines an open and closed immersion igeye: Aoy — 4 (1,1)° (22.2.2). If we replace
OF by (representatives of) fractional ideal classes for O, we obtain an isomorphism HCI(OF) M —
A (1,1)°, where Cl(OF) is the class group. This is [KR14, Proposition 14.4]. The local analogue
(e.g. Lemma 5.6.2) will play an important role in this work. In Section 22.2, we revisit this

description of .Z(1,1)° to restate our main theorem in the simplest case.
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Rapoport—Smithling—Zhang have given a moduli description [RSZ21, §6] for .# (n—1,1)°. They
define’® a closed substack . (n — 1,1)®% C .#(n — 1,1)X°%° with the same generic fiber, with
M(n —1,1)R5% 5 Spec O smooth of relative dimension n — 1. This moduli description is as
follows: given any scheme S over Spec O, the groupoid . (n —1,1)?5%(8) C . (n —1,1)K%°(9)
is the full subcategory consisting of tuples (A, ¢, A) such that the action ¢: Op — End(A) satisfies:

(1) (Pappas wedge condition) For all a € O, the action of ¢(a) on Lie A satisfies

2 n

/\(L(a) —a)=0 and /\(L(a) —a%) =0.

(2) (PRRSZ spin condition) For every geometric point 5 of S, the action of (:(a) — a) on Lie Az

is nonzero for some a € Op.

The signature condition implies that the equation involving A" in the wedge condition is automatic,
and that the wedge condition is empty if n = 2. The wedge and spin conditions are automatic (given
the signature condition) over Spec Op[l/A], i.e. #(n — 1,1)K[1/A] = #(n — 1,1)RS2[1/A].
For closedness of the spin condition, we refer to the closedness assertion in [RSZ21, Theorem 5.4].
The acronym PRRSZ stands for Pappas, Rapoport, Richarz, Smithling, and Zhang. We have
M(n—1,1)° = 4 (n — 1,1)R5 by agreement in the generic fiber, flatness, and closedness.

We define the exotic smooth moduli stack

M° = //0 XSpec Op ///(n — 1, 1)0 (3.2.3)

associated to any self-dual lattice L of signature (n—1,1). The structure morphism M° — Spec Op
is smooth, by the discussion above.

Notation 3.2.3. From here on, we always write M instead of M° if L satisfies the even rank
exotic smooth setup (we are overriding previous notation, see Warning 3.1.3; i.e. M[1/A] recovers
the moduli stack in Definition 3.1.2). Recall that we have set dy, := 1 for L satisfying the even rank

exotic smooth setup.

Remark 3.2.4. Suppose L satisfies the even rank exotic smooth setup, and form the associated
moduli stack M — Spec Op. Then Lemma 3.1.5 holds for every geometric point Spec xk — Spec O
by the same proof verbatim (replacing dy A in loc. cit. with the number 1).

We have the following analogue of (3.1.10): set

(Lie A)T == (1 ker(c(a) — a)|Lica (3.2.4)
a€eOp

for objects (A, ¢, A) € A (n —1,1)°(S) over Op-schemes S.

Lemma 3.2.5. For objects (A, 1, \) € #(n—1,1)°(S) over Op-schemes S, the subsheaf (Lie A)™ C
Lie A is a local direct summand of rank n—1 whose formation commutes with arbitrary base change.

188trictly speaking, Rapoport—Smithling-Zhang normalize their polarization differently (i.e. our A is their [A|7*)).
Their convention is more common elsewhere in the literature, and is of course equivalent to our formulation. We
prefer our normalization, which seems more natural for our main results on the comparison with Eisenstein series

Fourier coefficients. A related remark is [LL22, Footnote 9].
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The OF action via ¢ on (Lie A)* (resp. the line bundle (Lie A)/(Lie A)" ) is Op-linear (resp. o-
linear).

Proof. This lemma (and its proof) is a global analogue of [LL22, Lemma 2.36] (the latter is an
analogous statement on a Rapoport—Zink space).
Fix a € Op such that {1,a} forms a Z-basis of Op. We have exact sequences
00— (LieA)r — Lied 7% im((a) —a) — 0
(3.2.5)
0 —— im(¢(a) —a) —— Lie A —— coker(t(a) —a) —— 0

of quasi-coherent sheaves on S. The wedge and spin conditions imply that (Lie A)* has rank n — 1
if S = Speck for a field k. If S is an arbitrary reduced scheme, the rank constancy of coker(.(a)—a)
on geometric points implies that coker(c(a) —a) is finite locally free of rank n—1 (e.g. by [SProject,
Lemma 0FWG]). Hence, when S is reduced, every sheaf appearing in (3.2.5) is finite locally free,
with (Lie A)T, im(c(a) — a), and coker(t(a) — a) having ranks n — 1, 1, and n — 1 respectively.
Thus the exact sequences of (3.2.5) remain exact after pullback along any morphism of schemes
S’ — S (where S is reduced but S’ is not necessarily reduced). For arbitrary S (not necessarily
reduced), the morphism S — .#(n — 1,1)° corresponding to (A,¢, \) factors through a regular
(hence reduced) locally Noetherian scheme fppf locally on S (since the moduli stack .#(n—1,1)° is
smooth over Spec Or). These considerations show that (Lie A)* C Lie 4 is a local direct summand
of rank n — 1 whose formation commutes with arbitrary base change.

It is clear that the Op action via ¢ on (Lie A)" is Op-linear. To show that the action on
(Lie A)/(Lie A)" is o-linear, it is enough to check the case where S is an integral scheme (argue
fppf locally as above). When S is integral, the o-linearity follows from the (n — 1,1) signature
condition on Lie A. O

Definition 3.2.6. By the tautological bundle on .#(n — 1,1)°, we mean the rank one locally free
sheaf & whose dual is &Y := (Lie A)/(Lie A)" for (A4,1,\) € #(n —1,1)°(S) for Op-schemes S.

The restriction of & to .#(n—1,1)°[1/A] coincides with the restriction of the tautological bundle
defined in Definition 3.1.7.

Remark 3.2.7. We mention how .# (n — 1,1)R5% relates to other moduli stacks. We caution that
the terms “Pappas model” and “Kramer model” in the literature may refer to variants, e.g. using
principal polarizations.

Let .#(n—1,1)P% C #(n — 1,1)%°%° be the closed substack (“Pappas model”, named for the
work [Pap00]) where we impose the wedge condition (for both n even and odd) but not the spin
condition.

Let .4 (n — 1,1)K% be the stack in groupoids over Spec Op (“Krimer model”, named for the
work [Krd03]) consisting of tuples (A, ¢, A, F) for (A,1,\) € 4 (n —1,1)K°%°(S) and F C Lie A a
t-stable local direct summand of rank n — 1, such that the O action via ¢ on F (resp. (Lie A)/F)

is Op-linear (resp. o-linear).
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We have a diagram

//l(n — 1, 1)RSZ Xl///(n—l,l)KOt’o ///(n — ]_’ 1)Kra c > //{(n — ]., 1)Kra
Lo i
M(n—1,1)R5% M(n—1,1)P%® —— #(n—1,1)Kt°
(3.2.6)

where the horizontal arrows are closed immersions, the vertical arrows are forgetful, and the outer
square is 2-Cartesian. The left vertical arrow is an isomorphism (by Lemma 3.2.5, i.e. F = (Lie A)™)
and the inclusion . (n — 1,1)R% « #(n — 1,1)P# is also an open immersion. All arrows are
isomorphisms after base-change to Spec Op[1/A].

3.3. Special cycles. Fix a non-degenerate Hermitian Op-lattice L of rank n, with associated
moduli stack M. The following definition of special cycles is due to Kudla—Rapoport [KR14,
Definition 2.8] (there in a principally polarized situation). The notation (z,z) was explained in
Section C.1.

Definition 3.3.1 (Kudla—Rapoport special cycles). Given an integer m > 0, let T' € Herm,, (Q)
be a m x m Hermitian matrix (with coefficients in F'). The Kudla—Rapoport (KR) special cycle
Z(T) is the stack in groupoids over Spec Op defined as follows: for schemes S over Spec Op, we
take Z(T")(S) to be the groupoid

(AO)LO,A(J’A’ Ly )\) € M(‘S’)
Z(T)(S) =< (Ao, t0, Mo, A, e, \ ) : x = [z1,...,7m] € Homp, (Ag, A)™ 5. (3.3.1)
(z,2) =T

We sometimes refer to elements = € Homp,. (Ao, A) as special homomorphisms.

Example 3.3.2. Suppose 21 A, and consider L which is self-dual of signature (1,1). Let j € Z~g
be any positive integer. If Oy = {1}, consider the inclusion

1 ‘erre o
My X Spec O M X Serre, M X Spec Op AM(1,1)° =M (3.3.2)

with igerre as in Example 3.2.2. Then Z(j) — M pulls back to the j-th Hecke correspondence over
the left-hand side, parameterizing triples (Fy, E, w) where Ey and E are elliptic curves, Fy has Op
action of signature (1,0), and w: E — Ej is an isogeny of degree j. This is [KR14, Proposition
14.5]. We revisit this example in Section 22.2, where we restate our main theorem in the simplest
case via this description.

In the situation of Definition 3.3.1, recall Endp, (Ap) = Op (if the right-hand side is abuse of
notation for global sections of the constant sheaf Op on S). If the Hermitian pairing on L is Op-
valued, we thus have Z(T') = () unless T has coefficients in Op. If L is self-dual and 2 { A, we have
Z(T) = {) unless VA - T has coefficients in Op. Positivity of the Rosati involution also implies that
the special cycle Z(T') is empty unless T is positive semi-definite of rank < n.

By Lemma C.2.3, the forgetful map Z(T') — M is representable by schemes, finite, and un-

ramified (and of finite presentation). Hence Z(T') is a separated Deligne-Mumford stack of finite
39



type over Spec Or. We will soon verify that Z(T') is smooth (after base change) over an explicit
nonempty open subscheme of Spec O (Lemma 3.5.5).

We refer to Z(T) — M as being a cycle over M, although it is not literally a cycle (where the
precise version of cycle means a formal linear combination of integral closed substacks). We also
do not wish to take pushforward, which may lose information. However, since Z(7") — M is finite
and unramified, this morphism is étale locally on the target a disjoint union of closed immersions
[SProject, Lemma 04HJ]. For a more explicit version with level structure, see Lemma 3.4.5 below.

We record a few miscellaneous facts which will be used later. If T; € Herm,,, (Q) fori =1,...,j
with m :=my + --- +m; and all m; > 0, then there is an identification

Z(Th) Xpm -+ X Z(Tj) = 11 Z(T) (3.3.3)
TeHerm, (Q)
satisfying (3.3.4)

where the disjoint union runs over 1" of the form

Ty *
T = ) (3.3.4)
* Tj

(i.e. whose block diagonal entries are given by the T;).

We write Z(T"),» C Z(T) for the largest closed substack flat over Spec O, and call Z(T') » a
horizontal special cycle or the flat part. There is a decomposition of Z(7T') as a scheme-theoretic
union of closed substacks'?

Z(T)=Z2(M) Ul J2(T)r, (3.3.5)

where Z(T)y , == Z(T) Xspecz SpecZ/p?Z for a choice of e, > 0 (notation e, is temporary).
This follows from quasi-compactness of Z(T") (which also ensures that we may take e, = 0 for all
but finitely many p). We think of (3.3.5) as decomposition into a “horizontal part” and “vertical
parts”. A similar horizontal/vertical decomposition for local special cycles on Rapoport—Zink spaces
is [LZ22a, §2.9] (inert case).

While the horizontal part Z(T') is defined canonically, the vertical parts Z(7")y , depend on
ep as above. We will mostly work with the “derived vertical special cycle classes” from Section 4.6,
which do not depend on such a choice of e,.

Given any T' € Herm,,(Q) and v € M), ,(OF), there is a commutative diagram

(A())/'O))‘OvAa L7)‘7£) b ” (A07['07)\07A7 Ly Aagf}/)
Z(T) y Z(t4T~) (3.3.6)

\M/

induced by 7. Below, we set O, () = Op ®z Z).

19By the scheme-theoretic union of finitely many closed substacks Z; of a Deligne-Mumford stack Z, we mean
the closed substack whose ideal sheaf is given by intersecting the ideal sheaves of Z; on the small étale site of Z.
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Lemma 3.3.3. Fiz any T € Herm,,(Q) and v € M,, ,(OF). Consider the induced map
Z(T) — Z(ATw). (3.3.7)

(1) This map is a finite morphism of algebraic stacks. If moreover v € GL,,(F) (resp. v €
GL,,(OF)) then the map is a closed immersion (resp. isomorphism).

(2) Assume v € GLy,(F'), and let N € Z be the product of primes p such that v € GLpn(OF ) )-
Then the restriction Z(T)[1/N] — Z(*4Tv)[1/N] is an open immersion.

Proof. (1) The map Z(T') — Z(T)(*4T%) is finite because the projections to M are finite (finiteness
for morphisms of algebraic stacks may be checked fppf locally on the target, so we reduce to the
case of schemes). If v € GL,,(F), then Z(T) — Z(T)(*4T~) is a monomorphism of algebraic stacks
(check via the moduli description), and any proper monomorphism of algebraic stacks is a closed
immersion. If v € GL,,(OF), there is an inverse Z('4T7) — Z(T) sending z + x -y~ 1.

(2) Consider the substack Z C Z(*JT7) consisting of tuples (Ag, to, Ao, 4,1, A\, w) such that

w-y e Homp, (Ag, A)™ (i.e. that the tuple of quasi-homomorphisms w - vt

is a tuple of
homomorphisms). The closed immersion Z(T) — Z(*¥Ty) maps isomorphically onto Z.

A quasi-homomorphism f: B — B’ of abelian schemes (over any base scheme S) is a homomor-
phism if and only the induced quasi-homomorphisms of p-divisible groups f[p>°]: B[p>°] — B'[p™]
are homomorphisms for all primes p. This is a closed condition on S for each prime p (e.g. the
quasi-homomorphism version of [RZ96, Proposition 2.9]). This is also an open condition for any
prime p which is invertible on S (by étaleness of the p-divisible groups). If p is a prime such that
v € GLn(OF,(p)), then the tuple w - v~! induces a tuple of quasi-homomorphisms Ag[p™] — A[p™]
consisting of homomorphisms. O

3.4. Level structure. Let L be any non-degenerate Hermitian Op-lattice of rank n, and form the
associated moduli stack M. We discuss level structure for M.

Set V = L ®p, F, and form the unitary group U(V') (over SpecQ). Let Ly = O any self-dual
Hermitian Op-lattice of rank 1. We set

Kryp = StabU(Vg)(Qp)(LO & Zp) Ky, = StabU(V)(Qp)(L & Zp)
Krog =] Krow Kry=]]KLp
p p

for all p, where Staby(1)(g,)(L ® Zp) denotes the stabilizer of L ® Zj, in U(V)(Qp), etc.. We say
that K ¢ C U(V)(Ay) is the adélic stabilizer of L. Set K} , = K,y x K ;. Note that there is
no dependence (up to functorial isomorphism) on the choice of Lg, or the choice of L within its
adelic isomorphism class. We use the usual notation where K Z 7 means to omit the p-th factor in
the product, etc..

For integers N > 1, we define the “principal congruence subgroups”

K,(N) = ker(K1,, — GL(L ® Z,/NZ,)) Ky (N) =[] Krp(V)

(suppressing L dependence from notation) and similarly define Ko, (Ng) and K¢(Ng) for Ny > 1.
Given a pair N' = (No, N) of integers No, N > 1, we set K}(N') :== Ko (No) x Ky(N) and
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K, (N'") = Kop(No) x K,(N), etc.. Given N’ = (No, N), we sometimes abuse notation, e.g. N > a
means No, N > a, and the notation X[1/N’] for an algebraic stack X will mean inverting all primes
dividing N'. If No = N, we write K}(N) == K}(N).

Let K = Koy x Ky C K7  be any open compact subgroup which admits product factorizations
Ko = Hp Kopand Ky = Hp K,. Weset K, := Ko, x Kp, etc.. Let NK} be the product of primes
p for which Ko, # Kr,, or K, # K, ,. We say that K} is standard at p if p{ NK}.

Notation 3.4.1. For K} C K} s as above, we reserve the term small or small level to mean that
K’ C K} (N') for some N' > 3.

Consider a = (Ag, Lo, Ao, 4,1, \) € M(S) for some scheme S. Suppose p is a prime which is
invertible on S. For any integer e > 0, we consider the fppf sheaf

Level(p®) C Isom(Ao[p°], Lo ®z Z/p°Z) x Isom(A[p®], (Lo ®o, L) ®z Z/p°Z) (3.4.1)

on S, where Level(p€) is the open and closed subfunctor corresponding to isomorphisms Ag[p¢] —
Lo/p°Lo and A[p°] — L/p°L which lift to Op-linear isomorphisms

T,(Aos) = Lo unitary up to scalar
Homo,. (T,(Aos), Tp(As)) = L unitary

over every geometric point s of S. Since Lg is rank one, the “unitary up to scalar” condition is
automatic.

Consider any open compact subgroup K. 2’7 CK ’L’p. For each e > 0, we write K I’) mod p° (temporary
notation) for the image of K, in GL1(Lo®zZ/p°Z) x GLy(L ®72Z/p°Z). There is a canonical action
of K, mod p® on Level(p®).

Definition 3.4.2 (Level structure). Let K } CK ’L’p be any factorizable open compact subgroup, as
above. Consider an object o = (Ao, Lo, Ao, 4, 1, A) € M(S) for some scheme S — Spec OF[l/NK}].

If p is prime which is invertible on S, the sheaf of level KI’j structures for « is the quotient
(coequalizer)?

Levely, := (K, mod p®)e>0\ (Level(p))e>o (3.4.2)

in the category of pro-objects for the category of fppf sheaves on S. If p is not invertible on S, we

let Level K} be the constant sheaf valued in a singleton set.
The sheaf of level K} structures for a is the product

Levely, = I Levely,. (3.4.3)
p

over all primes p. This is an fppf sheaf on S, and is locally constant in the étale topology.
A K, level structure (rep. K} level structure) for a is a global section of Level K/ (resp. Level K})

Remark 3.4.3. Let K}, «, and S be as in Definition 3.4.2. Fix a geometric point § of .S, with
char(3) = p > 0. Assume moreover that S is connected. In this case, giving a K }-level structure for

20Note that this quotient Level,, is (isomorphic to) a sheaf (not just a pro-sheaf), so it is sensible to refer to
p

Level,, an fppf sheaf on S (rather than a pro-object).
p
42



« is (canonically) same as giving a pair (7o, 7) where 7o (resp. 7) is a m ¢ (S, 5)-stable K} s-orbit
(resp. K}J—orbit) of isomorphisms

no: TP(Aps) — Lo ®z, 7P unitary up to scalar

n: HomOF®ZZp (TP(Aps, A5) = L @y /4 unitary.

In the notation of Definition 3.4.2, note that K, = K (p°) implies Levelg, = Level(p®). In
Remark 3.4.3, note that the “unitary up to scalar” condition is automatic because Lg has rank 1.

Even when S is not connected, we abuse notation and write (7jg,7) for level K } structure in the
sense of Section 3.4

Given an open compact K } as in Definition 3.4.2, we now define a stack in groupoids M K/, over
Spec Op[l/(dLNK})] with

MK}(S) = {(a,70,7) : a € M(s) and (7o, 7) a level K structure for o} (3.4.4)

for schemes S over Spec (’)F[l/(dLNK/f)]. Given T € Herm,, (Q), we write Z(T)K/f = Z(T) XMMK}
(“level K} special cycle”).

Write A, 4y for the moduli stack over Spec Op[1/N] of (relative) n-dimensional abelian schemes
A with degree d polarization and a chosen isomorphism A[N] — L ® Z/NZ of group schemes (not
necessarily compatible with symplectic pairings). We similarly form A; 1 y, using the lattice Lo
(and pick a basis of Ly for convenience). Recall that A, 4 v is representable by a separated Deligne—
Mumford stack of finite type over Spec Op[1/N], and that A, 4 x is a scheme quasi-projective over
Spec Op[1/N] if N > 3 (see [MFK94, §7.2 Theorem 7.9]).

Let br,d;, € Z~q be associated to L, as discussed before Definition 3.1.2. If K}(N’) is the
principal congruence subgroup of some level N = (Ny, N), consider the forgetful morphism

M vy — ALiNg X Andy N (3.4.5)

which forgets the Op-actions and sends A — br\. For level structure, see the description in (3.4.1).
The induced map

Mt vy = MILNTX (4, 15 ) (ALing X Anag 81/ di) (3.4.6)

is representable by schemes and is an open and closed immersion. Hence M K (N) Ai1ng X
Ap.d, ~[1/dp] is finite (and representable by schemes).

Lemma 3.4.4.

(1) For any open compact subgroup K} as in Definition 3.4.2, the stack ./\/lK} s a separated
Deligne-Mumford stack of finite type over Spec Op. If K} is small, then MK} 1S a quasi-
projective scheme over Spec Op.

(2) For any inclusion K} - K}’, the forgetful morphism MK} — MK}/[I/NK}] (i.e. expand a
K'-orbit to a K orbit) is finite étale of degree |K/K}|. If K} C K is a normal subgroup,
then MK} — MK}/[I/NK}] is a torsor for the finite discrete group K’ /K.
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Proof. The second sentence in part (2) is clear from construction (and makes sense before we know
these stacks are algebraic). When K = K(N') for some N, the claims in part (1) follow from
(3.4.6).

For general K7, select N' = (No, N) such that MK}(N/) is a scheme and K%(N') C K%. Then
MK}(N/) — MK}[l/N’] is a torsor for the finite discrete group K}/K}(N') (in particular, finite
étale), and hence admits the stack quotient presentation MK}[l/N’] = [MK}(N/)/(K}/K}(N’))],
which shows that M K [1/N'] is Deligne-Mumford. Picking another M’ = (Mp, M) such that
ged(NoN, MyM) is only divisible by primes dividing NK}, we find that MK}[I/M’] is Deligne—
Mumford as well. These two charts show that M K is Deligne-Mumford, as well as separated and
finite type over Spec Op.

If K} - K}’, then for any scheme S with a morphism S — MK}/, the 2-fiber product MK} X MonS

K//
f
is fibered in setoids, hence equivalent to a sheaf (of sets). But since M Ky(N) = M K}[l /N'] is a
K’ /K (N")-torsor and affine morphisms satisfy fpqc descent [SProject, Section 0244], we conclude
that M K}[l /N'] Xm,.,, S is represented by a scheme. As above, we may pick some other M’
!

to patch and show that the morphism M K = M K}/[l /N K’f] is representable by schemes. Since
MK}(N/) — ./\/lK} [1/N'] and MK}(NI) — MK}/[I/N'] are both finite étale surjections, we conclude
that M Ky = M K}r[l /N K’f] is finite étale by varying N’ again (using standard facts like [SProject,
Lemma 02K6, Lemma 01KV, Lemma 0AH6, Lemma 02LS]). The remaining claims follow from
this. [l

Lemma 3.4.5. Fiz any prime p and a matric T € Herm,,(Q) with m > 0. The morphism
Z(T)K}(pe) — MK}(pe) is a disjoint union of closed immersions for all e > 0.

Proof. For e € Z>q, we define a stack (used only in this proof) M (p®) over Spec Op[1/(dLp)] as
follows. For schemes S over Spec Op[1/(dLp)], we take M (p®)(S) to be the groupoid

(A(]a L0, )‘Oa A’ 2 )‘) € M(S)

M(p°)(S) = < (Ag, 0, Mo, A, 1, \, ) - ) 3.4.7

e {( S ) p = o, 2] € Homo, (Ao, Ay [ O

We have a commutative diagram

M(p°)

/ l (3.4.8)
M

Z(T)1/p] —— M.
The forgetful morphism M (p®) — M|[1/p] is representable by schemes and a finite étale surjection.
Thus, M (p®) is representable by a separated Deligne-Mumford stack of finite type over Spec Op.
We claim that Z(T') — M(p®) is a closed immersion for e > 0. This may be checked fppf locally
on the target. Suppose S — M][1/p] is an fppf cover by a Noetherian scheme S (possible since M
is locally Noetherian and quasi-compact). It is enough to check that Z(T") x .S — M(p®) x s S is
a closed immersion of schemes. Since the morphism Z(7T') — M (resp. M(p¢) — M[1/p]) is finite

and unramified (resp. finite), we conclude that Z(T")[1/p] — M(p®) is also finite and unramified.
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To prove the claim, it remains only to check that the morphism of schemes Z(T") xp S —
M(p®) X pq S is universally injective for e > 0 (for morphisms of schemes, being a closed immersion
is the same as being proper, unramified, and universally injective [SProject, Lemma 04XV]).

We first show that universal injectivity holds fiber-wise over every point s € S for e sufficiently
large (with e possibly depending on s). For any point s on S with residue field k(s), we know
that Z(T)y(s) — M(p°)(s) is universally injective for e > 0 (possibly depending on s) because the
map Hom(A;, A2) — Hom(7T,(A1),T,(Az2)) is injective for abelian varieties A1, Ag over any field of
characteristic # p (apply this over a geometric point mapping to s and use finiteness of Z(T)).

Being universally injective may be checked fiber-wise over S, so we need to show that there
is a value of e which works for all points s € S simultaneously. We can select e > 0 so that
Z(T) xpm S — M(p®) X S is universally injective (hence a closed immersion) over the generic
point of each irreducible component of S. For such e, a limiting argument (“spreading out”) implies
that Z(T) xp S — M(p®) xam S is a closed immersion over an open dense subset of S. Applying
Noetherian induction on S proves the claim.

To finish the proof of the lemma, we observe that M(p®) x g M Khpe) — M K (p°) is a fi-
nite disjoint union of isomorphisms, corresponding to the constant sheaf valued in Home,, (Lo ®7
Z)p°Z,L @7 7]p°Z)™. Hence Z(T) Kh(pe) = M K(p) is a disjoint union of closed immersions. [J
3.5. Generic smoothness. We explain a generic smoothness result for special cycles (Lemma
3.5.5). The other lemmas are auxiliary. The proof proceeds by reducing to p-divisible groups over
a base where p is locally nilpotent, and then checking formal smoothness using Serre-Tate and
Grothendieck—Messing deformation theory.

We first consider p-divisible groups (see Section B.1 for a review of terminology). For primes p,
set OF, = OF ®z Zy. Suppose p { A and consider schemes S over Spf Op,, i.e. S is a scheme over
Spec O with p locally nilpotent on S. We consider tuples (Y, ¢, \) over S where

Y is a p-divisible group over S of height 2n and di-
mension n
t: O, — End(Y) is an action satisfying the (n —r,r) Kottwitz sig- (3.5.1)

nature condition, i.e. for all a € Op,, the char-
acteristic polynomial of ¢(a) acting on LieY is
(z —a)""(z—a?)" € Oslz]
Y SyY is a principal polarization whose Rosati involution
T on End(Y') satisfies L(a)T =(a?) foralla € Op,.
In the signature condition described above, we view Og as an Op, -algebra via the structure map
S — SpfO Fp-

Parts of the next formal smoothness result (Lemma 3.5.1) may exist in some form in the literature,
see e.g. discussion about formal smoothness for “unramified Rapoport—Zink data” in [RZ96, 3.82]
and the reference to [Kot92, §5] given there.

Following [SProject, Section 04EW], we use the term thickening to refer to a closed immersion
which is a homeomorphism on underlying topological spaces, and the term first order thickening

for a thickening defined by a square zero ideal.
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Let S be a scheme over Spf O,, and suppose (Y,¢,A) is a tuple over S as in (3.5.1). There is
an associated deformation functor Def(y, ) (possibly non-standard usage, and it will not appear
after Lemma 3.5.1) which sends a thickening S — S’ to the set of (isomorphism classes of) lifts
of (Y,1,A) to S’. Write S[e] and Sle, €] as shorthand for S Xgspecz SpecZ[e]/(€2) and S Xgpecz
SpecZle, €'/ (€2, €€, €?), respectively. In the proof of Lemma 3.5.1, we will see that the canonical

map
Def (v, x)(Sle, €']) = Def (v, 1) (S[e]) XDety., ,(5) Def(vr) (S[€]) (3.5.2)

is an isomorphism. More generally, if M is a finite rank free Og-module and Og & M denotes
the quasi-coherent Og-algebra with M an ideal of square zero, we will see that the functor M +—
Def (y,, »)(Specg(Os @ M)) preserves fiber products over the base M = 0 (note that this holds
when Def y, ) is replaced by any scheme, and this is essentially the method of proof). Here MS
denotes relative Spec.

For any scheme S over Spf Op,, the above considerations imply that the set Def(y,, x)(S]e])
has the natural structure of a I'(S, Og)-module in the standard way (as a “tangent space”) as in
[SGA3II, Proposition 3.6] or [SProject, Section 0612].

Lemma 3.5.1. Let p be a prime which is unramified in Op. The deformation problem for triples
as in (3.5.1) is formally smooth of relative dimension (n —r)r in the following sense. Let S be any
scheme over Spf OF,, and let (Y, 1, ) be a triple over S as in (3.5.1).

(1) The triple (Y,t,\) lifts along any first order thickening of affine schemes S — S’, i.e. the
map Defy,, 1) (S") — Defy,, 1) (S) is surjective.
(2) When S = Speck for a field k, the k vector space Def (v, \)(kle]) has dimension (n —7)r.

If (n—1r)r =0, then (Y, 1, \) lifts uniquely along any first order thickening of schemes S — S’.

Proof. We study this lifting problem for p-divisible groups in terms of Grothendieck—Messing de-
formation theory. Let S — S’ be a first order thickening of schemes (not necessarily affine). View
S < S’ as a PD thickening, with trivial PD structure on the square zero ideal of the thickening.

Write D(Y) for the covariant Dieudonné crystal of Y, and write D(Y)(S) and D(Y)(S’) for the
evaluation of this crystal on the PD thickenings id: S — S and S < S’ respectively. We have a
short exact sequence of Og-modules given by the Hodge filtration

0— Qyv = D(Y)(S) = Liey — 0 (3.5.3)

with Qyv = (Lieyv)Y and each Og-module above being finite locally free.

We may decompose the Hodge filtration into eigenspaces with respect to the action ¢: Op, —
End(Y) (and the structure morphism S — SpecOp,). We use superscripts (—)* and ()~ to
denote these eigenspaces, where O, acts linearly (resp. o-linearly) on (—)% (resp. (—)7) via ¢

Then we have short exact sequences

0— Qfv = DY)(S)" — Liej: =0 (3.5.4)
0— Qpv = DY)(S)” — Liey, — 0 (3.5.5)
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where each Og-module above is finite locally free and, for example, we have D(Y) = D(Y)*aD(Y) ™.
From left to right, the modules in (3.5.4) have ranks r, n, and n — r, and the modules in (3.5.5)
have ranks n — r, n, and r respectively.

Using the polarization A\, we may identify (3.5.4) with the dual of (3.5.5). There is a choice of
sign in this identification, which plays essentially no role in this proof.

We have D(Y)(S")|s = D(Y)(S) canonically (as D(Y) is a crystal), and Grothendieck-Messing
theory implies that lifting (Y, ¢, \) to S’ is the same as lifting the Hodge filtration (3.5.3) compatibly
with the action ¢ and the polarization A\. Compatibility with the ¢ action means that we should
lift the eigenspace decomposition in (3.5.4) and (3.5.5), and compatibility with the polarization A
means that the resulting exact sequences should again be dual to each other (as determined by A).
It is equivalent to lift either one of the exact sequences of (3.5.4) and (3.5.5) (one determines the
other) to a filtration of D(Y)(S")* or D(Y)(S’)~ respectively (with no additional restrictions).

Consider the lifting problem for, say, the + eigenspace of the Hodge filtration as in (3.5.4).
Zariski locally on S’, this lifting problem may be identified with the problem of lifting an .S point
to an S’ point on the Grassmannian parametrizing rank r subbundles of the rank n trivial bundle.
This Grassmannian is smooth of relative dimension (n —r)r, which proves the claims in the lemma

statement. O

The next three lemmas are used to prove Lemma 3.5.4. This latter lemma is in turn used in
the proof of generic smoothness in Lemma 3.5.5, to reduce to bases where p is locally nilpotent for
some unramified prime p. This will allow us to reduce to formal smoothness for deformations of
p-divisible groups (with certain additional structure) as proved in Lemma 3.5.1.

Lemma 3.5.2. Let A be an adic Noetherian ring, and let X be a locally Noetherian scheme over
Spec A. If Xgpra — Spf A is flat, then X — Spec A is flat at every point of X which lies over
Spf A. If X — Spec A is locally of finite type, then the same holds with “flat” replaced by “smooth”.

Proof. Here, flatness (resp. smoothness) of Xgp,r 4 — Spf A is equivalent to the requirement that,
for every scheme T' with a map T — Spf A, the base changed map X — T is flat (resp. smooth).

We first check the flatness assertion. Passing to an affine open of X, we may reduce to the case
where X = Spec B for a Noetherian ring B. Let I C A be an ideal of definition. Then Xgpf 4 is
described by a completed tensor product, and we have Xg,r 4 = B where B is the I-adic completion
of B. Since B is a Noetherian ring, the canonical map B — B is flat. Since Xspf 4 — Spf A is flat,
we know that A — B is a flat ring map. We conclude that B is flat over A at every prime in the
image of SpecB — Spec B. These are precisely the points of X lying over Spf A.

Next, assume Xgpra — Spf A is smooth. By Noetherianity of A, the map f: X — SpecA is
locally of finite presentation. We have just shown that X — Spec A is flat at every point x € X
which lies over Spf A. Thus, for such z € X, the map f: X — Spec A is smooth at x if and only
if Xy — Speck(f(z)) is smooth at z, where k(f(x)) denotes the residue field of f(x). But since
Speck(f(x)) — Spec A factors through Spf A — Spec A, we conclude that Xy, — Speck(f(z)) is
indeed smooth. ]
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Lemma 3.5.3. Let f: X — Y be a locally of finite type (resp. locally of finite presentation)
morphism of schemes, and assume that'Y is a Jacobson scheme. Then f is smooth (resp. flat) if
and only if f is smooth (resp. flat) at every point of X which lies over a closed point of Y.

Proof. Since f is locally of finite type (resp. locally of finite presentation), we know that X is a
Jacobson scheme (i.e. closed points are dense in every closed subset). Since f is smooth (resp. flat)
on an open subset of X, it is enough to check that f is smooth (resp. flat) at every closed point of
X. As f is locally of finite type and Y is Jacobson, we know that f maps closed points to closed
points [SProject, Lemma 01TB] which gives the lemma claim. O

Lemma 3.5.4. Let X be an algebraic stack, let Y be a Jacobson locally Noetherian scheme, and
let f: X =Y be a morphism which is locally of finite type. For points y € Y, write @Y,y for the
completion of the local ring at y. Then X — 'Y is smooth (resp. flat) if and only if Xspf@m —
Spf 6y7y is smooth (resp. flat) for every closed point y € Y.

Proof. Select any scheme U with a surjective smooth morphism U — X. Then U — Y is a locally
of finite type morphism of Jacobson locally Noetherian schemes, and X — Y is smooth (resp. flat)
if and only if U — Y is smooth (resp. flat). By Lemma 3.5.3, we may check smoothness (resp.
flatness) of U — Y at points of U lying over closed points of Y. If x € U and y = f(z), then
U — Y is smooth (resp. flat) at x if and only if Ug . Oy,
checking flatness, then checking smoothness in the fiber over the closed point). For any y € Y,

— Spec @y,y is smooth at = (first

Lemma 3.5.2 implies that U — Y is smooth (resp. flat) at all points z € U lying over y if and only

if Uspf@m — Spf @y’y is smooth (resp. flat). By Lemma 3.5.3, we then see that U — Y is smooth

(resp. flat) if and only if Uspf By,

This is equivalent to the condition that XSpf Oy
Y
points y € Y, since U — X is a smooth surjection. (|

— Spf @Yy is smooth (resp. flat) for every closed point y € Y.
— Spf @Ky is smooth (resp. flat) for all closed

Lemma 3.5.5. Let L be any non-degenerate Hermitian Op-lattice, with associated moduli stack
M. Fiz T € Herm,,(F).

Then there exists N € Z such that Z(T)[1/(NdpA)] is either empty*' or smooth of relative
dimension (n —r — rank(T"))r over Spec Op[1/(NdpA)].

We may take N such that for p{ NdpA, there exists g € GLy(OF,) with

Id 0
tgTg = [ k@ 3.5.6
gTg ( 0 0 (3.5.6)

where 'g denotes the conjugate transpose of g.

Proof. Fix a prime p { dA such that there exists g € GL,,(OF,) satisfying (3.5.6). By Lemma
3.5.4, it is enough to check that the base change Z(T")gps Or, is either empty or smooth of relative
dimension (n —r — rank(T"))r over Spf OF,.

The morphism Z(T)spt O, = Spf OF, is representable by algebraic stacks and locally of finite
presentation. Thus Z(T")gpt O, — Spf OF, is smooth if and only if it is formally smooth [SProject,
Lemma 0DPO].

2Following the Stacks project [SProject, Definition 0055], our convention is that dim () = —oo.
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Let S — S’ be a first order thickening of affine schemes, and assume S’ is equipped with a
morphism to Spf OF,. To check formal smoothness of Z(T")gpf Or, = Spf OF,, we need to show
that every object (Ao, to, Ao, 4,1, A\, 2) € Z(T)(S) admits a lift to S’

Form (Xo, t0, Ao), where Xo = Ao[p™] is the p-divisible group of A with induced action ¢o: OF, —
End(Xj) and principal polarization A\g: Xy — X. Similarly associate (X,¢,A) to (4,¢, ), where
X = A[p*] is the p-divisible group of A. Note that the polarization A\: X — XV is principal because
p {1 dpA. Write also z = [z1,...,x,] for the corresponding m-tuple of morphisms z;: Xg — X.
By Serre-Tate, lifting (Ao, 0, Ao, A4, ¢, A\, z) from S to S’ is the same as lifting (Xo, 1o, A, X, ¢, A, 2)
from S to S

Using an element g € GL,,(OF,) satisfying (3.5.6) as a “change of basis” for X", we obtain we

(T)

obtain an Op-linear “orthogonal splitting” X = Xgank x Y. That is, Y is a p-divisible group

with action ¢ty : O, — End(Y’), and a principal polarization Ay : Y — Y whose Rosati involution

1 satisfies ty (a)t = 1y (a”) for all @ € Op. Under the described identification X =2 Xéank(T) xY,

the polarization A on X is given by ()\O)rank(T) X Ay. The map z: X" — X may be identified with

the projection Xy — X(l;ank(T)

X(l;ank(T) N X(l;ank(T) <Y,

Note that the actions of Op, on Xy, X, and Y have signatures (1,0), (n —r,7), and (n — 7 —
rank(7T),r) respectively (in the sense of (3.5.1)). These considerations also show that rank(7") <

onto the first rank(7") factors, followed by the canonical inclusion

n —rif Z(T)gpt Op, is nonempty.

The triple (Xo, to, Ao) admits a unique lift to S” as in Lemma 3.5.1. The projection map z: X" —
Xéank(T) clearly lifts to S" as well. So it remains only to lift (Y, ty,Ay) from S to S’. Such a lift
exists by formal smoothness of the corresponding deformation problem described in Lemma 3.5.1.
We apply the same lemma to compute tangent spaces (e.g. after passing to an étale cover by a

scheme), which shows that the relative dimension is (n — r — rank(7"))r. O

Remark 3.5.6. Taking 7= () (or T'= 0) in Lemma 3.5.5 and varying over non-degenerate Hermit-
ian Op-lattices L satisfying L C LY and |LV/L| = d, we see that .# (n—r,7)¥ — Spec Op[1/(dA)]
is smooth of relative dimension (n — r)r for every d € Zso. If M is associated with any non-
degenerate Hermitian Op-lattice L (not necessarily with L C L), this then implies that M —
Spec Op[1/(drA)] is smooth of relative dimension (n — r)r.

4. ARITHMETIC SPECIAL CYCLE CLASSES

4.1. Hermitian vector bundles. Given a smooth algebraic stack X over SpecC, a Hermitian
vector bundle € on X is the following functorial assignment: for every morphism S — & with S a
scheme smooth over Spec C, the assignment gives a vector bundle on S with a smooth Hermitian
metric on the analytification. We sometimes write & = (£, ||—||) where & is the underlying line bun-
dle on X’ and ||—|| is the norm associated with the smooth Hermitian metric (on the analytification),
defined functorially.

Let (R, Y, ¢x) be an arithmetic ring in the sense of Gillet—Soulé [GS90, §3.1], i.e. R is an excellent

regular Noetherian integral domain (e.g. Dedekind domains with fraction field of characteristic 0
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or fields), ¥ is a finite nonempty set of injective homomorphisms 7: R — C, and coo: C¥ — C¥ is
a conjugate-linear involution of C ®7 R-algebras. Write K for the fraction field of R.

Suppose & is an algebraic stack which is flat and finite type over Spec R. Write X; = X Xgpec kv
Spec C. Assume that the generic fiber Xk is smooth over Spec K. A Hermitian vector bundle on
X is a vector bundle £ on X equipped with a smooth Hermitian metric on &|y, for each 7 € %,
such that this collection of metrics is conjugation invariant (meaning coo-invariant). We write

Isi\c(X ) for the group of (isomorphism classes of) Hermitian line bundles, with group structure

given by the tensor product. We use the notation £ = (£, ||—||) for a Hermitian line bundle with
underlying line bundle £ and ||—|| its norm (meaning a collection of norms {||—||, }-ex). We also
write || =l = [T ex =l

Next, we discuss stacky degrees of Hermitian line bundles. We fix the arithmetic ring (R, X, coo )
associated with R = Og[1/N] for a number field K and an integer N € Z, i.e. ¥ is the set of all
embeddings 7: K — C, and ¢, is induced by complex conjugation. For the rest of Section 4.1, we
assume that

X is a reduced 1-dimensional Deligne-Mumford stack which is proper and flat (4.1.1)
over Spec R.

Here, dimension is used in an absolute sense rather than a relative one (e.g. we could have X =
Spec R).

Let £ = (L,||—||) be a Hermitian line bundle on X. For each complex place v of O, we
set [[—|l, = [, [[=|l,, where 71,72: K — C are the two embeddings corresponding to v. The

Arakelov arithmetic degree d/e\g(f) of £ on X is valued in Ry = R/(ZpINQ -logp), and may be
described as follows. If X = Spec Og[1/N] for a number field E, we have the standard definition

deg(L) =~ logllsll, with [ls]l, = ¢; " if v < 00 (4.1.2)
vIN

where the sum runs over all places v of E (Archimedean included) with v { N, the quantity ¢, is
the cardinality of the residue field at v, and s is any rational section of L.

If X is integral (equivalently, reduced and irreducible by quasi-separatedness), select any number
field E with a finite surjection Spec Og[1/N] — X and set

-~

. 1 .
deg(L) = mdeg(£|8pec0E[l/N]) (4.1.3)

where deg(E /X ) denotes the degree of the finite étale morphism Spec E — X . This definition
does not depend on the choice of E or the morphism Spec Og[l/N] — X, since any two such
choices may be covered by finite surjections from a third such choice Spec Og/[1/N] (and these
finite surjections can be made compatible with the maps to X).

Remark 4.1.1. Existence of E as in the preceding paragraph follows from some general theory.
Indeed, a general fact about Noetherian Deligne-Mumford stacks with separated diagonal [LMBO0O0,
Théoréme 16.6] implies that there exists a scheme Z with a morphism Z — X which is finite,
surjective, and generically étale (in the sense that Z;; — U is étale for a dense open substack

U C X). Selecting an irreducible component of Z which surjects onto X', we may assume that Z
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is also integral. Thus Z is a 1-dimensional integral scheme which is proper and flat over Spec R.
Such a map Z — Spec R must be quasi-finite, hence also finite. If £ denotes the fraction field of
Z, the normalization of Z must be Z = Spec Og[1/N].

One can check that the definition of stacky arithmetic degree in (4.1.3) recovers the definition of
[KRY04, (4.4)] and [KRY06, §2.1] which counts geometric points weighted by orders of automor-
phism groups.??

In the general case when X is not necessarily irreducible, we take

deg(L) := Y deg(L]|x,)
13

where the sum runs over generic points £ of irreducible components X¢ of X'

The preceding discussion showed that X admits a finite surjection from a scheme which is finite
over Spec R, hence X — Spec R is also quasi-finite (in the sense of [SProject, Definition 0G2M]).

Suppose X’ and X are Deligne-Mumford stacks which both satisfy the hypotheses from (4.1.1),
and consider a morphism f: X’ — X over Spec R. Let L be a Hermitian line bundle on X.
First consider the case where X is irreducible. We say that the morphism X} — Xk has de-
gree deg(Xj;/Xk) = deg(X}/K)/deg(Xk/K) (with stacky degrees of 0-cycles over fields as in
(A.1.10)). We have d/(%(f*z,\) = deg(X[’(/XK)c/léE(E). Next, consider the general case where X is
not necessarily irreducible. We say that X} — Xk has constant degree d if X}, X x, Xe x — Xe i
has degree d for every irreducible component A; of X'. In this case, we have

deg(f"L) = d - deg(L). (4.1.4)

4.2. Arithmetic Chow rings. We fix definitions for arithmetic Chow rings with rational coeffi-
cients.

Let (R, 3, ¢x) be an arithmetic ring (Section 4.1) and write K for the fraction field of R. Suppose
X is a scheme which is separated, flat, and finite type over Spec R with smooth and quasi-projective
generic fiber Xg. There are associated Gillet-Soulé arithmetic Chow groups (/]Tlm(X ) in codimen-
sions m > 0. If X is moreover regular, these groups form an arithmetic Chow ring Ch* (X)o (with
Q-coefficients) [GS90, Theorem 4.2.3].

Let L be any non-degenerate Hermitian Op-lattice of rank n, with associated moduli stack M.
Consider the arithmetic ring (R, X, ¢ ) associated with R = Spec Op[1/dr]. We define arithmetic
Chow groups for M by limiting over level structure: for any nonzero integer N, set

Ch™(M(1/N])g = lim Ch* (M [1/N])g (4.2.1)
!
where K } varies over all small levels as in Section 3.4 (so that each Mg is a scheme). Similar
limiting procedures appeared in [BBKO07] and [BH21, §4.4]; see also [Gil09] for more on arithmetic
Chow rings of Deligne—Mumford stacks.

Since M — Spec Op[1/dy] is smooth, we know that M is regular. Hence we obtain an arithmetic

Chow ring Ch* (M[1/N])qg via the intersection product for each Ch* (MK}[l/N])Q

2211 loc. cit., the functorial definition of Hermitian line bundle should also include the additional assumption of

complex conjugation invariance as above.
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Suppose Z — M is a finite morphism of algebraic stacks with Z — Spec Op[1/d] proper and
Z equidimensional of dimension d. Then we define the height of Z with respect to any Hermitian
line bundle £ on M as follows: if Z K, = Z X M K the quantity

deg(2d| Z) =

1 — B
mdeg(ﬁ 21) € Rayvg —R/(ZWLNK}Q log p) (4.2.2)

does not depend on the choice of small level K’,, where d/e\g(fd\ z,, ) is the arithmetic height as

in [BGS94, Proposition 2.3.1, Remarks(ii)| (see also [Zha95]) calculated by replacing ZK} with

its pushforward cycle on M K- Varying K }, we obtain the height d/e\g(fd\ z) € Ry,. We will be
primarily interested in the case where d = 1 with Z reduced and flat over Spec Op[1/dr]. In this
case, deg(L|z) is the (stacky) arithmetic degree of L restricted to Z, as discussed in Section 4.1.

4.3. Hodge bundles. Given an abelian scheme 7m: A — S of relative dimension n, we consider
the Hodge bundles Q4 = W*Q}L‘/S and wg = m, \" Q4. Here Q4 and wy are locally free of ranks
n and 1 respectively. If e: S — A denotes the identity section, there are canonical isomorphisms
Q4 = ey g = (LieA)Y. These Hodge bundles are (contravariantly) functorial in A, and their
formation commutes with arbitrary base change [BBM82, Proposition 2.5.2].

When S is a scheme which is smooth over SpecC, the analytification of w4 may be equipped
with a Hermitian metric (Faltings or Hodge metric), normalized as follows. The fiber of wy over
any s € S(C) is canonically identified with HY(As,wa,). Viewing H°(A,, wa,) as the 1-dimensional
C-vector space of holomorphic n-forms on A4(C), we take the metric on w4 at s to be

(a,8) = (;ﬂ)n /AS@ BAa (4.3.1)

for o, 3 € H%(As,wa,). We call the resulting Hermitian line bundle @4 = (wa, ||—||) a metrized
Hodge bundle. This metric on w4 is functorial for isomorphisms between abelian schemes A over
S.

Next, suppose S = Spec C and suppose A\: A — AV is a quasi-polarization. There is an associated
Hermitian metric on QY = Lie(A4) which we normalize as follows: if X is a polarization and A(a) =
(t:£) ® L' for an ample line bundle £ on A (where t, is translation by a), then the Chern
class ¢1(£) € H?(A,Z) defines a Z-valued alternating form 1 on H;(A,Z) (following the usual
conventions, [Mum85, §1], except our Hermitian pairings are conjugate linear in the first variable)
and a positive definite Hermitian pairing

(2,9) = mV/|A|(Y(iz, y) — ip(2,y)) (4.3.2)

on Lie A. If instead \ is a quasi-polarization, the associated Hermitian pairing is m™! times the
Hermitian pairing of mA for any m € Z~ such that mA is a polarization. If dim A = 1 and if A is
the unique principal polarization of A, the induced dual metric on Q4 = (Lie A)" is |A]71 times
the Faltings metric (cf. the proof of [BHKRY20II, Lemma 5.1.4]).

Over an arbitrary smooth scheme S — SpecC, any quasi-polarization \: A — AV defines a
smooth Hermitian metric on Lie A, given fiberwise by the construction above. We also call the

resulting Hermitian vector bundle ﬁl\f‘ a metrized Hodge bundle.
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Next, let (R,Y,cx) be an arithmetic ring, and suppose X is an algebraic stack which is flat
and finite type over Spec R, and whose generic fiber is smooth. Suppose we are given a relative
abelian scheme A over X (equivalently, a functorial assignment of abelian schemes A — S to
objects x € X(S), for R-schemes S). Formation of the metrized Hodge bundle &y is functorial,
hence defines a metrized Hodge bundle & on X. If A is equipped with a quasi-polarization, then
there is similarly a metrized Hodge bundle QY on X.

Let L be a non-degenerate Hermitian Op-lattice of rank n, with associated moduli stack M. If L
is self-dual and signature (n—1, 1), we write & for the pullback of the tautological bundle (Definition
3.2.6) along M — .#(n—1,1)°. Otherwise, we write & for the pullback of the tautological bundle
(Defintion 3.1.7) along M — .#(n — r,r)[1/A]. We similarly write © for the pullback to M
of the Hodge bundle from .#(n — r,7)[1/A] in the non exotic smooth case (resp. .#(n — 1,1)°
in the exotic smooth case) to M (where €2 is the rank n Hodge bundle). After base change to
Spec Op[1/A], the (dual) Hodge bundle ¥ on M admits a (canonical) decomposition QV[1/A] =
QV[1/A]TeQV[1/A] (with QY[1/A]” = &V[1/A]) where the Op-action (via ¢) on QV[1/A]" (resp.
QV[1/A]7) is Op-linear (resp. o-linear).

Equip QY[1/A] with the Hermitian metric which is

(2,y) = 4x"e /| Al (v (iz,y) — iv(x,y)) (4.3.3)
in complex fibers (i.e. multiply the Hermitian metric from (4.3.2) by 4weY) where ~ is the Euler—

Mascheroni constant. We remark that the normalization constant 4we” has appeared previously
in similar contexts, e.g. [KRY04, (0.4)] [KRY06, §7] [BHKRY?20, §7.2]. We refer to loc. cit. for
possible conceptual explanations of this constant.

Then &V[1/A] C QV[1/A] (via decomposition in previous paragraph) inherits a Hermitian metric
by restriction. This makes &V into a Hermitian vector bundle &V,

Write Qg for the Hodge bundle on .#). Equip the dual QY with the metric described fiberwise
by (4.3.2), giving a Hermitian line bundle (AZ(\]/ . By the metrized dual tautological bundle on M, we
mean

=0y ® &Y (4.3.4)
where we have suppressed pullbacks from notation. The metric on £V is the tensor product of
the metrics described above. This definition of €Y is similar to [BHKRY?20, §2.4, §7.2], though in
a different setup (we are considering not-necessarily principal polarizations). Taking a dual gives
the metrized tautological bundle &. For more discussion on these metric normalization choices, see
Section 12.2. We write £V for underlying line bundle of V.

For readers interested in Faltings height, we also consider the metrized Hodge (determinant)
bundle @ on M, which is pulled back from the Hodge determinant bundle w on .#(n — r,r) and
with metric normalized as in (4.3.1).

Suppose Ay — Spec Op is any (relative) elliptic curve with Op-action, where E is a number
field. If @4, denotes the associated metrized Hodge bundle (normalized as in (4.3.1)), we recall
that the Faltings height of Ag is

CM )
= ——d w = = + = + -1 Al —=1 27 4.3.
Ml = g e8(@40) = 3 L(1,n) ' 2TQ) 4 0g|A[ = 5 log(2m) (43.5)




where 7 is the quadratic character associated to F//Q, and T' is the usual gamma function. This
comes from the classical Chowla—Selberg formula (the statement above is as in [KRY04, Proposition
10.10]). It will be convenient to define the height constants

tau tau *

1 1 1
M — _pSM 4 1 log |A] — 5 log(4me”) hg\/{ = —hSN — 1 log |A| + hSM (4.3.6)
These will re-appear in Sections 11.9 and 22.1.

4.4. Arithmetic special cycle classes. Let L be a non-degenerate Hermitian Op-lattice of rank
n, with associated moduli stack M. For the rest of Section 4, we assume L has signature (n—1, 1).
Consider an m x m Hermitian matrix 7' € Herm,,(Q), assume m < n, and form the associated
special cycle Z(T) — M. One expects to be able to construct an associated arithmetic special
cycle class [Z(T)] € éﬁm(M)@

For arbitrary singular T, there is no proposed definition of [Z,A’ (T)] in the literature. In gen-
eral, Z(T), has larger-than-expected dimension. The stack Z(7T) could also have components
with larger-than-expected dimension in positive characteristic (occurs already for nonsingular 7).
Available methods in the literature for treating the non-Archimedean theory (K-theoretic and
derived algebro-geometric) do not incorporate the Archimedean place in general, as needed for
arithmetic intersection theory (see introduction).

The analogue of the “linear invariance” approach of [KRY04, §6.4] (there for Shimura curves) is
to first define [Z(T?)] for nonsingular 77, to consider "yTy = diag(0,T”) for some v € GLy,(OF)
with T” nonsingular, and to define [Z(T)] by intersecting [Z(T”)] with a power of some metrized
tautological bundle (possibly with additional Archimedean adjustment). This is not literally pos-
sible in the unitary setting, where Op may have class number # 1 (in particular, v as above may
not exist). One also needs to verify independence of the choice of ~.

For arbitrary T € Herm,,(Q), we propose to define [Z(T)] as a sum

[Z(D)] = [ZM)w]+ Y. [FZ(T)y,) € Ch™(M)q. (4.4.1)
p prime

pldr

~

We construct [Z(T') ] using the horizontal part Z(T), and an appropriate Green current gr,,
(4.5.5) with an additional parameter y € Herm,,(R)so. The element [“Z(T)y ,] arises from a
class “Z(T)y, € gty K\ (Z(T)r,)q corresponding to the “vertical part” of Z(T) at p (4.6.10).
The classes “Z(T)y , will be zero for all but finitely many primes p. We define “Z(T)y , using a
“p-local” variant of the linear invariance strategy above.

~

We will show that [Z(T")] satisfies the “linear invariance” property

~ ~

(1)) = [2(7T7) (1.4.2)

for all ¥ € GLy(OF), where [Z(T)] is formed with respect to y € Herm,,(R)so and [Z(T)] is
formed with respect to y~lyt7 1.

In fact, we prove refined statements. We show

[Z(T) ) = [Z('3T7) ] (4.4.3)
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for the Green currents g7, defined in Section 12.4 (where the current g: -1 is used on

FTyy~tyty

the right-hand side). Moreover, we show g7, —1 (Section 12.4); this property is also

= 93Ty Yty
satisfied for the Garcia—Sankaran currents in [GS19, (4.38)] (which we do not use for our arithmetic
Siegel-Weil results).

For any v € GLn(OF,(p)) N Mpm(OF), we show that the pullback
g Ko(2(T)r, e + eriKo(Z(FT)F, g (4.4.4)
along Z(T)g, = Z("JT7)r, (defined in (3.3.6)) sends “Z("4T)y , to “Z(T) 5, (4.6.11).

4.5. Horizontal arithmetic special cycle classes. Consider any m x m Hermitian matrix
T € Herm,,(Q). The horizontal arithmetic special cycle class [Z(T) | should involve some extra
Archimedean data, e.g. from a Green current g7, (which we allow to depend on a parameter
y € Herm,,,(R)~0, as is typical in the literature).

Given an equidimensional complex manifold X, recall that a (p, q)-current on X is a continuous
linear map QgimX*p’dimX*q(X) — C on compactly supported smooth forms of degree (dim X —
p,dim X — q), where QI X~ PAMX=0(¥) hag the usual colimit topology. A (p,p)-current is real
if it is induced by a continuous real-valued linear map on real (p,p)-forms. Given a top degree
current g on X (i.e. a distribution), we say that g is integrable or that [ g converges (possibly

non-standard usage) if g extends (necessarily uniquely) to a continuous map Cp°(X) — C, where
CoP(X) ={f e C®X) :|f(x)] <1 forall z € X} (4.5.1)

with topology given by sup-norms ranging over all compact subsets K C X. In this case, we write
[ g for the value of g on 1 € Cp2(X). Suppose « is a (measurable) locally L' form of top degree
on X. If « is integrable, then the associated distribution [a] on X is integrable, and we have
Jxla] = [ a. We use the orientation and sign conventions of [GS90].

Returning to the moduli stack M — Spec O from above, choose any embedding F — C and
form the base changes Mc = M Xgpec 0, Spec C and Z(T')¢ == Z(T") Xsgpec 0 SpecC, etc.. By a
(p, q)-current on Mc, we mean a system of currents g = (QK})K} = (Q?_l_p’n_l_q(/\/l}(},@) — (C)K/f
compatible with pullback of currents as we vary K} among all small levels. We say a (p, ¢)-current
on Mc is real if the associated current at each small level K } is real. If g is a current of top degree
on M its integral is defined as

w7 )
gi= gK (4.5.2)
//\/l@ [K}/,f : K}] MK},C f
for any sufficiently small level K } (conditional on convergence). This definition does not depend
on the choice of small level.

Suppose gry is any real (m — 1,m — 1) current on Mc which satisfying a modified current
equation, i.e. such that

1
~ 550097y + 0zr)c A [er ()™ D) (4.5.3)

is (represented by) a smooth (m,m)-form (for all small levels K';), where cl(é'A(\C/ ) is the Chern form
of the Hermitian line bundle cz%. We call g7, a Green current. We typically write gr, instead of

97.y.K; to lighten notation, for understood level K }
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For each small level K }, pick a representative (2, go) for the self-intersection arithmetic cycle
class ¢ (EV)m—rank(T) ¢ Chm-—rank(T) (M K})@. We can assume that Z intersects Z(T) K properly
in the generic fiber (moving lemma) and that gg is a Green form of logarithmic type for Zj (in the
sense of [GS90, §4]).

The intersection pairing for Chow groups with supports (as in [GS90, §4]) gives a class Z(T) Ky
AR ChTZn(T)K}Y%mZO (MK})Q. We set

[Z(T) k), 3= (Z(T) k) o+ 20 970 + 90 N Oz1),, )] € CH™ (M [1/N])g (4.5.4)

(where we have suppressed the 1/N notation from the left). As in [GS19, (5.158)], a short com-
putation (using well-definedness of arithmetic intersection products) shows that this class does not
depend on the choice of (Zy, go). One can verify that g7, + go A d Z(T) 0 ¢ satisfies a Green current
equation for (Z(7T) K4 N Zy)c by combining the Green current equati(;cn for go with the modified
current equation of g7, (see also [GS19, §5.4]).

~

These classes [Z(T) K},f] thus form a compatible system as K'; varies, and hence give an element

E(T)or) = (BT e, € CHMMIL/N)g. (45.5)

This construction of [Q(T)%ﬂ] is essentially that of [GS19, 85.4]. If g7y = gizp. 1,51, nOte that
we automatically have the “linear invariance” equality

[Z(T) ) = [2('FT7) ). (4.5.6)

Currents gr, satisfying (4.5.3) were studied by Garcia-Sankaran [GS19, Theorem 1.1 and §4].
We choose to use the star-product approach of Kudla [Kud97b] to define currents g7, for our main
results (for rank7T > n — 1 or det T # 0 with T not positive definite), and postpone the explicit
description of g7, to Section 12.4 (12.4.11). Our definition of g7, is that of [Liull, Theorem 4.20]
in the nonsingular cases. When T' € Herm,(Q) is singular with rank(7') = n — 1, our definition
is new (still based on star products). These Green currents satisfy gr, = G5y 1yt -1 (Section

7
12.4), so linear invariance (4.5.6) is satisfied.

4.6. Vertical special cycle classes. We define vertical special cycle classes via Ky groups. We
remind the reader that d;, € Z is an integer associated to the lattice L as discussed before Definition
3.1.2. Recall that dy, = 1 if L is self-dual of signature (n —1,1) with 2 { A.

For our notation and definitions regarding Ky-groups for Deligne-Mumford stacks, we refer to
Appendix A. Note that the stacky Ky groups we use are different from those used in [HM22]. It is
also possible to avoid stacky Ky groups entirely by working with compatible systems of classes in
towers of level structure.

Fix any prime p t d, and set

M(p) =M XSpecZ Spec Z(p) Z(T)(p) = Z(T) X SpecZ Spec Z(p) (4.6.1)

for any T' € Herm,,,(Q). Since M ;) admits a finite étale cover by a scheme (add away-from-p level

structure), we may consider filtrations for K{, groups as in Definition A.1.2.
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Let T € Herm,,(Q) be any m x m Hermitian matrix (with entries in F'). We first describe a
“p-local” derived special cycle class “Z(T),) € F K§(Z2(T)(p))q (with 3y, = Fn-m denoting
the m-th step of the codimension filtration) before extracting a “vertical” piece.

For any ¢t € Q, we define LZ(t)(p) € F/{/l@) Ky(Z(t)(p))q to be the element

(@] if t £0
I (e
[Om, | —[€] ift=0.
Write %1, ...,t,, for the diagonal entries of T. Using the intersection pairing of Lemma A.2.1 as

well as compatibility with dimension filtrations from Lemma A.2.2 via Lemma 3.4.5, we form the
intersection “Z (t1) ) - L Z(tm)(p) and define “Z(T)(,) by the restriction

FRE(Z(t) ) XMey - XMy Z(Em)m)e — Fii, Ko(Z(T)p))o 62)

LZ(t)p) M2 () Lz(T),

p) p)-

This displayed restriction map comes from the disjoint union decomposition in (3.3.3). We call
Lz (T)(p) the p-local derived special cycle class® associated with T

The following lemma is a “p-local” version of linear invariance, and is proved using a variant on
ideas from [How19; HM22]. The map in (4.6.3) was defined in (3.3.6).

Lemma 4.6.1. Given any T € Herm;,,(Q) and any v € GLyn(OF ) N Mynm(OF), the pullback
along

Z(T) ) = Z2(7T7) ) (4.6.3)
sends “Z("T) ) to “Z(T) ).

Proof. By Lemma 3.3.3, we know that (4.6.3) is an open and closed immersion.

The ring OF, () is a Euclidean domain, with Euclidean function ¢(a) ==, vy, (a)- fi for nonzero
a € Op,p) (summing over primes p; in Op lying over p, with residue cardinality p/#). Row reducing
via the Euclidean algorithm shows that GLm(OFV(p)) is generated by elementary matrices.

Any v € GL;,(Op,(;)) may thus be expressed as v = 717y, ! where each 1 and 79 are products of
elementary matrices lying in GLy(OF,p)) N M, m(OF). If moreover v € GLp (OF () N M m (OF),

the commutative diagram

Z(3,T71) ()

/ ‘\ (4.6.4)

Z(T)p Z("9T7) )

shows that it is enough to prove the lemma when v € GL;,(OF, () N My, m(OF) is an elementary

matrix.

23This is the construction of [HM22, Definition 5.1.3] (there for orthogonal Shimura varieties). This construction
also underlies the intersection numbers considered in [KR14] for non-degenerate T. We differ slightly from those
references by localizing at p, since we will only be interested in the “vertical” part of H‘Z(T)(p). The “horizontal part”
is accounted for by Section 4.5.
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If v is a permutation matrix, the lemma is clear. Next, consider a € (’);i ) NOp. For any t € Q,
note that Z(t),) — Z(ata),)
implies the present lemma for the case where v = diag(a,1,...,1).

is an open and closed immersion (by Lemma 3.3.3 again). This fact

It remains to check the case where v is an elementary unipotent matrix. This case follows as
in the analogous result [HM22, Proposition 5.4.1] (there for GSpin).2* The latter is proved using
methods from [How19] (the analogous local linear invariance result on Rapoport—Zink spaces). We
are also using global analogues of [LL22, Lemma 2.36, Lemma 2.37, Lemma 2.41] (there about a
tautological bundle on an exotic smooth Rapoport—Zink space) which may be proved similarly, e.g.
our Lemma 3.2.5 replaces [LL22, Lemma 2.36] in the global setup. Alternatively, linear invariance
for v € GL,,,(OF) should also follow from the derived algebro-geometric methods in [Mad23]. O

Next, we define a derived vertical special cycle class
F2(T)yp € gt Ko(2(T)s, o (4.6.5)

at p, where Z(T)g, = Z(T') Xspecz SpecF,.

First consider the case where detT # 0. Using Lemmas 3.5.5 and A.1.5 as well as (3.3.5), we
decompose

&1, Ko (Z(T) ) = 8, Ko(Z(T) .o ® i Kb (Z(T)s, o (4.6.6)
into a “horizontal” part and a “vertical” part. This uses nonsingularity of 7' (via Lemma 3.5.5), so
that Z(T') (), » N Z(T)r, is of dimension < n —m. We are also using the dévissage pushforward
identification K{(Z(T)r,) — K((Z(T)y p), with Z(T)y p as in (3.3.5). The above decomposition
of gr%(p) K((Z(T) ) is independent of the choice of e, in (3.3.5). We define “Z(T) , to be given
by the projection
e Ky (Z(T) g —— g KH(Z(T)s, )

(4.6.7)
LZ(T)py ———— Y20y
If T = diag(0,7”) (with det T® # 0), we set
FZ(T)yy = (EV) ) L Z(T)y ), € e Ky (2(T)r, g (4.6.8)

where £V stands for the class [Oaq,] — [€] € Fflvt(p) (Mp))g- Given arbitrary T' (not necessarily
block diagonal), select any v € GLy,(OF,p)) N My 1 (OF) such that

4T = diag(0, T") (4.6.9)
where det 7" # 0. Set T" = diag(0,T"). We define “Z(T)y , to be the pullback class

g (Z(T)r,)o ——— erfu(Z2(T)r, o (4.6.10)

LZ2(T)yp «———LZ(T)yy
along the open and closed immersion Z(T)r, — Z(1")g, induced by ~.

24Strictly speaking, our setup for stacky K groups is slightly different from that of [HM22], see Appendix A. This
makes no difference in the proof of the cited result. Alternatively, one can replace M, by a finite étale cover by a
scheme to reduce to the case of schemes, where our setup agrees with [HM22, §A.2].
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By Lemma 4.6.1 (applied to T”, in the notation above), the preceding definition of ILZ(T)%p does
not depend on the choice of v. Moreover, the class Z(T')y , is linearly invariant in the following
sense: given any v € GLy(Op, () N Mmm(OF) (no additional assumptions on “4T%), the pullback
along

Z(T)r, = Z(AT)r, (4.6.11)

sends “Z("4Ty)y , to “Z(T)y ,. This follows from the construction of “Z(T)y .

We see that L2 (T)yp = 0 for all but finitely many primes p. Taking pushforward, we obtain
associated cycle classes [“Z(T)y ,) € alm(/\/l)@ The preceding constructions may be repeated
(essentially verbatim) with K } level structure away from p. The resulting classes “Z (T)(p), K and

Lz (T)y p, K will be compatible with pullback for varying level.

4.7. Degrees of arithmetic special cycles. The moduli stack M — Spec Op[1/dy] considered
in Section 4.4 may not be proper. For a robust arithmetic degree theory via arithmetic Chow
groups for arbitrary T € Herm,,(Q), one might instead consider arithmetic special cycle classes on
a suitably compactified moduli space.

If the special cycle Z(T') is already proper over Spec Op[1/dy], we can directly define the arith-

metic degree without boundary contributions which should result from a compactification: set

—

dea((E(T)]- & (EYy—) = ( [ oranes @c)"—m) (4.7.1)
+ deg((EV)" kD 50 )

+ Y degy, ("Z(T)yp- (EY)" ™) logp
p prime
pld

conditional on convergence of the integral. Since compactification of M plays no other role in this
work, we take this approach. As in Section 4.5, the notation M¢ mean M Xgpec 0, SpecC for a
choice of F' — C (the choice does not matter).

The quantity in (4.7.1) is an element of Rq, =R/(3_,4, Q-logp). Here d/e\g((gv)"_mb(T)%) is
the height of Z(T), with respect to the metrized tautological bundle £ (Sections 4.2 and 4.3).
The symbol “Z(T)y ,, - (€V)"~™ is shorthand for the intersection product

F2(T)yp - ([OM] = [E)"™™ € gl Ko(2(T)z,)o = groKo (2(T)r, o, (4.7.2)

defined in Lemma A.2.1. With Z(T)r, viewed as a proper scheme over [, the notation degp,
refers to the degree map deg: groKy(Z(T)r,)o — Q as defined in (A.1.12).
Certainly Z(T') — Spec Op[1/dy] is proper if Z(T') is empty (e.g. if T' is not positive semidefi-
nite). In this case, the right-hand side of (4.7.1) consists only of the integral ch gry Nl (SA(\C/)"_m.
We show below that Z(T') — Spec Op[1/dy] is also proper if rank(7") > n — 1, so (4.7.1) applies
in this case as well.

Lemma 4.7.1. Fiz a Hermitian matriz T € Herm,,(Q) with rank(T) > n — 1 and m > 0. Let

k be a field, and consider (Ao, to, No, A,t,\,z) € Z(T)(k). There exists an Op-linear isogeny
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(Ag)" ' x A= — A where A~ is an elliptic curve with Op-action. After replacing k by a finite

extension, we may take A~ = Af where A§ = Ao but with Op-action vgoo.
Proof. Write x = [z1,...,Zn], where the z; are Op-linear homomorphisms z;: Ay — A. Since T
has rank > n— 1, we may assume (rearranging the elements z; if necessary) that 2’ = [z1,...,2Zy_1]

has nonsingular Gram matrix (z°,2°). Then the map

\/Zo(xix-uxzrjkl)

£ A An-1 (4.7.3)

is a homomorphism and a surjection of fppf sheaves. We form the “isogeny complement” in the
standard way, i.e. we let A~ be the reduced connected component of ker f. If j: A= — A is the

T1 X XTp—1XJ . . .
————""% Ais an Op-linear isogeny.

natural inclusion, then the map (Ag)" ! x A~

Note that A~ is Op-linearly isogenous to an elliptic curve with Op action of signature (0,1):
if char(k) = p > 0 with p nonsplit in Op, then A~ is supersingular, so apply Skolem—Noether to
End(A™) ® Q; otherwise, A~ automatically has signature (0, 1) because A has signature (n —1,1).

If k is algebraically closed, any two elliptic curves over k with Op-action of the same signature
are Op-linearly isogenous. This is classical: lift to characteristic zero to reduce to k = C (the
moduli stack .#y — Spec OF is étale; more classically, see Deuring [Deu4l]); recall that elliptic
curves over C with Op-action are defined and isogenous over Q. By a standard limiting argument,
we conclude that A~ and A§ are Op-linearly isogenous over a finite extension of the (not necessarily

algebraically closed) original field x. O

Remark 4.7.2.If p is a prime which splits in Op and if rank(T) > n, then Z(T)r, = 0.
This is a standard argument (e.g. [KR14, Lemma 2.21]): if x is a field of characteristic p and
(Ao, o, Aoy A, 1, N\ x) € Z(T)(k), arguing as in Lemma 4.7.1 shows that A is Op-linearly isogenous
to Aj. This contradicts Lemma 4.7.1, because there is no nonzero Op-linear map Ay — Af as Ag
and A§ have Op-action of opposite signature (e.g. there are no nonzero maps of the underlying

ordinary p-divisible groups).

We say a characteristic p > 0 geometric point (Ao, to, Ao, 4, ¢, A) of M lies in the supersingular
locus if Ag and A are supersingular abelian varieties (i.e. the associated p-divisible groups are
supersingular). The following corollary also holds in arbitrary signature (n — r,7) (i.e. all but the

last sentence of Lemma 4.7.1 is valid for arbitrary signature (n —r,7)).

Corollary 4.7.3. Let p be a prime which is nonsplit in Op. Fiz T € Herm,,(Q) with rank(7T") >
n—1 andm > 0. The morphism Z(T)E] — ./\/le factors (set-theoretically) through the supersingular

locus on Mg .
P

Proof. Follows from Lemma 4.7.1 and Deuring’s classical results on endomorphisms of elliptic curves
in positive characteristic [Deudl] (i.e. over a field of characteristic p > 0, the p-divisible group of
an elliptic curve with Op-action is supersingular (resp. ordinary) if p is nonsplit (resp. split) in
Or). Here we used the notation Z (T)Fp = Z(T) Xspecz Spec E) and similarly for M. O

Lemma 4.7.4. Fiz T € Herm,,(Q) with rank(T) > n —1 and m > 0. Then the horizontal special

cycle Z(T') 4 is proper and quasi-finite over Spec Op[l/dyr].
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Proof. By Lemma 3.5.5, we know the generic fiber Z(T') » p — Spec F' is smooth of relative di-
mension 0. Hence each generic point of Z(T'), is the image of a map Spec E — Z(T') for some
number field E, corresponding to an object (Ag, to, Ao, 4,1, A\, z) € Z(T)(F). By Lemma 4.7.1, we
know that A is isogenous to a product of elliptic curves with complex multiplication by Op. It is
a classical result of Deuring that such elliptic curves have everywhere potentially good reduction,
so Ap and A have everywhere potentially good reduction [Deudl; ST68]. Enlarging F if necessary,
we can thus extend Spec E — Z(T') to a morphism Spec Og[l/dr] — Z(T) (the Néron mapping
property ensures that the datum (co, Ao, ¢, A, z) extends as well; the polarizations must extend to
polarizations as in the proof of [FC90, Theorem 1.9]).

Hence each irreducible component of Z(T') » may be covered by a morphism Spec Og[1/dr] —
Z(T) for some number field E. Since Z(T) is quasi-compact and separated, this implies that
Z(T) — Spec Op[1/dy] is proper and quasi-finite. O

Lemma 4.7.5. For m > 0, suppose T' € Herm,,,(Q) has rank(T") > n — 1. Then the structure map
Z(T) — Spec Op[1/dyL] is proper.

Proof. We already know that the horizontal part Z(T')_,» is proper over Spec O[1/d], so it suffices
to check that every irreducible component of Z(T') in characteristic p { dy, is proper over Spec[F).
It is enough to check that Z(T )E — Spec Fp is proper by fpqc descent (e.g. use away-from-p level
structure to replace Z(T )Fp with a finite cover by a scheme, then use fpqc descent for morphisms of
schemes). It is enough to check properness of the map Z (T)ﬁp,r od — SpecF;, on reduced substacks
(e.g. by local Noetherianity of these algebraic stacks, or because Z (T)Fp — SpecF,, is locally of
finite type).

The supersingular locus on MFP is proper (follows from the proof of [Oor74, Theorem 1.1a|; and
finiteness of the forgetful map .#(®? — A, 4 in Section 3.1). Properness of Z(T)ﬁp — SpecF,, now
follows from Corollary 4.7.3. O
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Part 2. Local special cycles
5. MODULI SPACES OF p-DIVISIBLE GROUPS

We review some unitary Rapoport—Zink spaces [RZ96] and their special cycles, which will be
used in p-adic uniformization of the moduli stacks from Section 3. Some notation on p-divisible
groups is collected in Appendix B.1.

Fix a prime p and let F//Q, be a degree 2 étale algebra, i.e. F'/Q, is an inert quadratic extension,
a ramified quadratic extension, or F' = Q, x Q,. If F/Q, is ramified, we assume p # 2. Write
a + a? for the nontrivial automorphism o of F' over Q,. We write Op for the integral closure of
Zp in F (hence Op = Zp X Z;, in the split case). If F'/Q,, is ramified, we write w for a uniformizer
of O satisfying w? = —w.

We use the usual notation Qp for the completion of the maximal unramified extension of Q,,
with ring of integers Zp.

For F'//Q, nonsplit, let F be the completion of the maximal unramified extension of F. If F/Q, is
split, set F= @p, and view F as an F -algebra by choosing one of the two morphisms of Q,-algebras
F — F. We also equip F with the structure of a @p—algebra (taking the identity map if F'/Q, is
split).

In all cases, let Op C F be the ring of integers and let k& be the residue field of F. There is a
canonical map Or — O (using the above choice of F' — F when F /Q, is split).

We write A C Z,, (resp. 0 C Op) for the discriminant ideal (resp. different ideal), which is
A =7, and 0 = OF in the split case. We also abuse notation and write d for a chosen generator
of the different ideal satisfying 0° = —0, taking 0 = w in the ramified case.

In the split case, let et (resp. e~) be the nontrivial idempotent in Op which maps to 1 € Op
(resp. 0 € Op). Given an Op-module M, we write M = M™* & M~ where et projects to M+
and e~ projects to M~. We use similar notation f = f* @& f~ for morphisms f: M — M’ of
Op-modules. We often use this for p-divisible groups X with O action, e.g. X = X+ x X~ (and
similarly for Op-linear quasi-homomorphisms).

5.1. Rapoport—Zink spaces.

Definition 5.1.1. Let S be a formal scheme and let n > 1 be an integer. By a Hermitian p-divisible
group over S, we mean a tuple (X, ¢, \) where

X is a p-divisible group over S of height 2n and dimension n
t: Op — End(X) is a ring homomorphism
A X — XV is a quasi-polarization satisfying:

(1) (Action compatibility) The Rosati involution t on End®(A) satisfies
t(a)T = 1(a”) for all a € OF.

An isomorphism of Hermitian p-divisible groups is an isomorphism of underlying p-divisible

groups which respects the Op-actions and polarizations.
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In Part 2, we only consider Hermitian p-divisible groups over formal schemes S equipped with a
morphism S — Spf O}, and we assume that X is supersingular (resp. ordinary) if F'//Q, is nonsplit
(resp. split).

We primarily discuss Hermitian p-divisible groups satisfying either of the following two condi-
tions.

(2) (Principal polarization) The quasi-polarization A is a principal polarization.

(2°) (Polarization condition o) Assume n is even if F'/Q, is ramified. The quasi-polarization A\
is a polarization, and ker(AX) = X[¢(0)].
In these cases, we say that (X, ¢, \) is principally polarized or o-polarized respectively.?” If F/Q,, is
ramified, we also use the alternative terminology w™-modular-.

Given an integer r with 0 < r < n, we next consider

(1) (Kottwitz (n — r,r) signature condition) For all a € Op, the characteristic polynomial of
t(a) acting on Lie X is (T'— a)"~"(T — a%)" € Og[T].
for pairs (X, ¢), i.e. n-dimensional p-divisible groups X over a formal scheme S with action ¢: Op —
End(X). Here we view Og as an Op-algebra via S — Spf Oz — Spec Op.
If (X, ¢, ) is a Hermitian p-divisible group of signature (n — r,r), then (X7,.7, A7) with

X=X =100 A=A (5.1.1)

is a Hermitian p-divisible group of signature (r,n — r). We use similar notation (X,:¢) <> (X7,:7)
without the presence of a polarization. This allows us to switch between signatures (n — r,7) and
signature (r,n —r) (e.g. for comparison with the literature).

From here on, we always implicitly restrict to signature (n —1,1) (and even n) when discussing
o-polarized Hermitian p-divisible groups for ramified F'/Q,. In this case, we also impose

(2) (Pappas wedge condition) For all a € Op, the action of ((a) on Lie X satisfies
2 n
/\(L(a) —a)=0 and /\(L(a) —a?) =0.
(3) (Pappas—Rapoport—Smithling—Zhang spin condition) For every geometric point 5 of S, the
action of (¢(a) — a) on Lie X5 is nonzero for some a € O
The signature (n — 1,1) condition implies that the equation involving A" in the wedge condition
is automatic, and that the wedge condition is empty if n = 2.

We temporarily allow p = 2 even if F//Q, is ramified. Recall that there exists a supersingular
(resp. ordinary) p-divisible group Xg of height 2 and dimension 1 over k, and that Xg is unique up
to isomorphism (this also holds for any algebraically closed field x over k). In the supersingular case
X is given by a Lubin-Tate formal group law, and in the ordinary case we have X¢ = ppoc X Qp/Z,,.
We have End(X) = Op (resp. End(Xy) = Z, X Z,) in the supersingular case (resp. ordinar@)
where Op is the unique maximal order in the quaternion division algebra D over Q, (e.g. [Gro86]
or [Wew07, §1]).

Quasi-polarizations on X exist and are unique up to Q; scalar, and there exists a principal
polarization Ax, on Xy (unique up to Z; scalar). The induced Rosati involution on End(Xy) is

25The local analogue of Footnote 18 applies as well.
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the standard involution (this can be verified on on the Dieudonné module, see e.g. [RSZ17, Page
2205]), hence induces the nontrivial Galois involution on F for any embedding F' < End®(X,) (if
such an embedding exists).

From now on, we assume Xg is supersingular (resp. ordinary) if F//Q), is nonsplit (resp. split).
Then there exists an embedding j: O — End(Xy). Given such a j, form (Xo, j) and (X, j7) as
above. There is an Op-linear isogeny of degree |[A|; 1

X @z, Op —— Xo x X§
(5.1.2)
r®a —— (j(a)zx,j(a%)z).

where X ®z, OF is the Serre tensor p-divisible group (B.1.1), with its Serre tensor Op-action. See
also [KR11, Lemma 6.2] (there in the inert case for p # 2, but the version in (5.1.2) allows for
p=2).

Suppose Ax, is a principal polarization of Xy. Under the map in (5.1.2), the (Op-action com-
patible) product polarization Ax, X A%, on X x X7 pulls back to the polarization

)‘Xo R Air: Xo ®Zp O — (Xo ®Zp O}) = X(\)/ ®Zp O}} (5.1.3)

where OF = Homg, (Op,Zp) and A: Op — O3 is induced by the symmetric bilinear pairing
trp/g,(a’b) on Op. Indeed, after picking a Zy-basis {1,a} for Op to identify Xo ®z, O = X2,
the map in (5.1.2) is given by the matrix

¢ = (i jﬁ,) € M2 2(OF) (5.1.4)

and det ¢ generates the different ideal of Op/Z; (so Smith normal form shows deg¢ = [A[; b,
Identifying X ®z, Op = Xy? using the basis of O% dual to {1,a}, the preceding claim about
pullback polarizations follows because (!¢7)¢ (where '¢° means conjugate transpose) is the Gram
matrix for the basis {1, a} and the trace pairing on Op.

If p # 2, the polarization Ax, ® A coincides with the polarization on Xy ®z, OF described in
[KR11, (6.2)] (inert case, with modification as in [RSZ17, Footnote 4]) and [RSZ17, (3.4)] (ramified
case, though we normalize differently).

Suppose tx,: O < End(Xy) is an action of signature (1,0). The pair (Xo,tx,) exists and is
unique up to isomorphism. In the split case, the element tx,(e™) is projection to gy and tx,(e™)
is projection to Q,/Z,. In the ramified case, note that (Xo,tx,) is simultaneously of signature
(1,0) and (0,1).

Fix (Xo,tx,) as above, and form (X§,:%, ). We have

Or if F/Q, is nonsplit
0 if F'/Q, is split

12

Homop,, (Xo, X)) (5.1.5)
as Op-modules by precomposition. Using End(X) = Op in the nonsplit cases, we find that the Op-
module Homp,, (X, X§) is generated by any isogeny of degree p if F//Q), is inert, and is generated
by an isomorphism if F/Q, is ramified (namely any element a € O such that conjugation by a

induces the nontrivial Galois involution on F'). We have Endp, (Xo) = Op in all cases.
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Suppose Ax, is a principal polarization of Xg. If F//Q, is unramified, the triple (Xo, tx,, Ax,)
is unique (up to isomorphism): given another polarization X , we have )\)_(ﬁ o N, € Z, and know
that the norm map Np/q, : Op — Z, is surjective. If ' /Q, is ramified, the same reasoning shows
that there are two choices of \x, (differing by a Z, scalar) because Np/q,(OF) C Z, has index 2.
Fix a choice of (Xo, tx,, AX,)-

We now re-impose our running assumption that p # 2 if F'//Q, is ramified. Fix any o-polarized
Hermitian p-divisible group (X, tx,Ax) of signature (n — r,r) over k. Such triples exist and are
unique up to F-linear quasi-isogenies preserving polarizations exactly. This uniqueness may be
proved via Dieudonné theory: see [Voll0, §1] (inert case, but we allow p = 2 by the same proof)
and [RSZ17, Proposition 3.1] [RSZ18, §6] (ramified case). In the split case, we have a stronger

uniqueness statement.

Lemma 5.1.2. For F//Q, split, the triple (X, 1x, Ax) is unique up to isomorphism. This also holds
over any algebraically closed field extension k of k.

Proof. Decompose X = Xt x X~ using the idempotents in the Op = Z, x Z, action given by tx.
Then X' and X~ are the unique ordinary p-divisible groups over  of height n and the correct
dimension (n — r and r, respectively). Uniqueness of Ax (up to isomorphism) corresponds to the
following fact: there is a unique self-dual Hermitian Op-lattice (up to isomorphism) of any given

rank. O
For existence, we may construct (X,tx,Ax) as follows. For F/Q, unramified, we can take
X = (Xp)"" x (X§)" (with the product Op-action and polarization).
For F/Q, ramified, we can take X = (Xg)" 2 x (X ®z, OF) using the Serre tensor construction

(B.1.1). The Op-action 1x is diagonal on (X()"~2 and given by the Serre tensor Op-action on
Xo ®z, Op. We can take the product quasi-polarization Ax of X given by

— X, (w)_2 o ()‘Xo X )\tr) on Xo ®Zp Op, and (5.1.6)
( 0 Ax, © —LXO(W)I) . ( 0 Ax, © —LXU(W)1> on X1,

Ax, © 1x, ()7 0 Ax, © 1x, (@)1 0

(n—2)7§ times
This is the construction of [RSZ17, §3.3] (but rescaled).
Given a principally polarized triple (X, g, Ag) of signature (1,0) over some base scheme S, a

framing similitude quasi-isogeny pg is an F-linear quasi-isogeny Xo5 — XO,§ such that
po(Ax,5) =bAg5 for some b € Q) (5.1.7)

where the subscript indicates base-change to S := S X Spec 0 Spec k (and where b € Q; really means
a section of the constant sheaf). We call (X, to, Mo, p) a framed similitude tuple. An isomorphism
of framed similitude tuples f: (Xo,t0, Ao, p0) — (X§, 0, Ay, p) 18 an Op-linear isomorphism of
p-divisible groups f: Xo — Xj such that f*()\y) and Ao agree up to Z-scalar and also pj o fg = po.

Given a o-polarized triple (X, ¢, A) of signature (n — r,r) over some base scheme S, we define a
similitude framing quasi-isogeny p: Xg — Xg in the same way. A framing quasi-isogeny p: Xg —

X3 is given by the stricter requirement b € Z;. In these two cases, we call the datum (X, ¢, A, p)
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a framed similitude tuple and a framed tuple, respectively. In both cases, isomorphisms of two
such tuples are defined as before: isomorphisms of p-divisible groups which are Op-linear, preserve
polarizations up to Z;, and commute with framings.

Definition 5.1.3. We consider three Rapoport-Zink spaces over Spf O, given by the (set-valued)
functors

N(1,0)'(S) == {isomorphism classes of framed similitude tuples (Xo, to, Ao, po) over S}
N (n —r,r)(8S) := {isomorphism classes of framed similitude tuples (X, \, p) over S}
N(n —r,r)(S) := {isomorphism classes of framed tuples (X, ¢, A, p) over S}

for schemes S over Spf Op. Here, signature (1,0) and principal polarizations are understood for
N(1,0). Signature (n — r,r) and o-polarizations are understood for N'(n —r,r) and N'(n —r,r).

These Rapoport—Zink spaces do not depend on the choices of framing objects (up to functorial
isomorphism). The functor N'(n — r,r) is canonically isomorphic to its variant where instead
we require framing quasi-isogenies and isomorphisms of framed tuples to preserve polarizations
exactly (not just up to Z scalar). If S is a formal scheme, we also write e.g. N(n —r,7)(S) =
Hom(S,N(n —r,r)).

Lemma 5.1.4. Fach of N(1,0), N(n—r,r)', and N (n—r,r) is represented by a locally Noetherian
formal scheme which is formally locally of finite type and separated over Spf Op. Each irreducible
component of the reduced subschemes is projective over k.

Proof. Representability, local Noetherianity, and formally locally of finite type-ness follow via
[RZ96, Theorem 2.16]; various closedness statements can be checked via [RZ96, Proposition 2.9],

)

which holds verbatim with “isogeny” replaced by “homomorphism”. Projectivity of the reduced
irreducible components follows from [RZ96, Proposition 2.32], also using [RSZ17, Proposition 3.8]
in the ramified case. Separatedness now follows because this can be checked on underlying reduced

subschemes (then apply the valuative criterion). O

Lemma 5.1.5. The formal scheme N'(n—r,r) is reqular and the structure morphism N (n—r,r) —
Spf O is formally smooth of relative dimension (n —r,r).

Proof. We know the structure map N (n —r,r) — Spf O is formally smooth of relative dimension
(n—r,r) via [Mih22, Proposition 1.3] in the unramified case (also Section 3.5, where we allow p = 2)
and [RSZ17, Proposition 3.8] for the ramified case. We conclude N'(n —r,r) is regular because the
map to Spf O} is formally smooth and formally locally of finite type. O

For F'/Q, ramified, the Rapoport-Zink space N (n — 1,1) is often called exotic smooth in the
literature, following the terminology of [RSZ17].

Lemma 5.1.6. There is an isomorphism

F*)OF ——=— N(1,0)
(5.1.8)
aq ——— (Xo,LXO,)\XO,a . idXO)

where the left-hand side is viewed as a constant formal scheme over Spf Op.
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Proof. In the nonsplit case, [How19, Proposition 2.1] states that N(1,0)" is a disjoint union of
copies of Spf Oy, so it is enough to check the claim on k-points. The claim on k-points follows
from uniqueness of the triple (Xo, tx,, Ax,) (up to isomorphism preserving polarizations up to Ly
scalar) and the equality End%(X,) = F.

The split case holds via the following similar argument. The map N (1,0) (k) — N (1,0)'(x)
is bijective for any extension of algebraically closed fields k C «’ (essentially by uniqueness of the
triple (Xo, tx,, AX,), which holds over any algebraically closed field of characteristic p). So the
reduced subscheme N(1,0)_, is isomorphic to a (discrete) disjoint union of copies of Speck. We
also see that the map F*/OF — N(1,0) is bijective on k-points (this follows as in the nonsplit
case). To finish, note that N (1,0)" is formally étale over Spf O (e.g. by Grothendieck-Messing
theory as in Section 3.5). O

Definition 5.1.7. By the canonical lifting of (Xo, tx,, Ax,), we mean the tuple (Xo, tx,, A\xo, Pxo)
over Spf O corresponding (via Lemma 5.1.6) to the unique section Spf Oz — N (1,0)" associated
to the element 1 € F*/OF.

Definition 5.1.8. We define the open and closed subfunctor N’ C N (1,0) x N(n —r,r)" as

PEk)()‘Xo,E) = bO)‘oE P*()‘X,é) =bAg }

N/5:: X7 7)\7 ,X,,)\, :
(S) {( 0, L0, A0, PO 6 A p) Withbo:bin@g/Z;<

for schemes S over Spf O.

With b as above and a € F* any element with Np/q,(a) = b in Q; /Z, there is an isomorphism

It ~ N(1,0) x N(n —r,7) (5.1.9)

(X07 Lo, A07/)07)(7 L, /\7P) — (X()? Lo, )\07p07 X7 L, )‘7 a_lp)'

Whenever we write (Xo, to, Ao, po, X, ¢, A, p) for a (functorial) point of N, we mean an object as on
the left of (5.1.9) (i.e. p preserves polarizations up to Q, scalar).

The functorial assignment (X, ¢, \, p) — Lie X defines a locally free sheaf Lie on N(n — r, 7).
In the case of signature (n — 1,1), there is a unique maximal local direct summand F C Lie of
rank n — 1 such that the ¢ action on F (resp. Lie /F) is Op-linear (resp. o-linear). The ramified
case is proved in [L122, Lemma 2.36] (and in the unramified case, we have a canonical eigenspace
decomposition Lie = F @ (Lie /F) for the Op-action).

Consider the canonical lifting (Xo, tx,, Axy, Px,) over Spf O (Definition 5.1.7). Given any
Spf Op-scheme S, we write D(Xo,5)(S) for evaluation of the (covariant) Dieudonné crystal D(Xo,s)
atid: S — S, with associated Hodge filtration step F°D(X.s)(S). The assignment S — FOD(X0.5)(S)
defines a (trivial) line bundle on A/, which we denote Liej. The principal polarization Ay, induces
an identification (Lie Xo,5)" = (Lie X )" and the latter is FOD(X0.5)(9).

Definition 5.1.9. The tautological bundle £ on N'(n —1,1) is the line bundle whose dual is £V =
Hom(Liey, Lie /F).

The definition of £ is taken from [How19, Definition 3.4] (at least in the inert case). The line

bundle £ on N(n — 1,1) is a local analogue of the global tautological bundle (Section 4.3, also
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Definitions 3.1.7 and 3.2.6). We are recycling the notation £ (but the global tautological bundle
pulls back to £ under Rapoport—Zink uniformization, see e.g. Section 11.8).

5.2. Local special cycles. We define certain local special cycles on Rapoport—Zink spaces, fol-
lowing [KR11, Definition 3.2] (there in the inert case). Retain notation from Section 5.1.
The space of local special quasi-homomorphisms means the F-module

W = Hom% (X, X). (5.2.1)

If F/Q, is nonsplit, then W is free of rank n (see also [RSZ17, Lemma 3.5] in the ramified case).
If F/Q, is split, then W is a free F-module of rank n — r (because Homp, (Xo,Xg) = 0 in the
split case, in contrast with Home,, (X¢, X§) = Op in the nonsplit cases). In the split case only, set
W+ = Hom?(Xg, X). In the nonsplit cases, set W = 0.
Set
V=WaoW!t  Vj=Hom%(Xg,Xo). (5.2.2)
In all cases, these are free F-modules of rank n and 1, respectively.

We equip W, W, and Vg with the (non-degenerate) Hermitian pairings (z,y) = z'y €
End%(Xo) = F. We give V the Hermitian form making W and W+ orthogonal. We have
e(V) = (-1)" if F/Q, is nonsplit (resp. e(V) = 1 if F/Q,, is split). This follows upon inspecting
the explicit framing tuples constructed in Section 5.1 (see [RSZ17, Lemma 3.5] for the ramified
case).

Definition 5.2.1 (Kudla—Rapoport local special cycles). Given any set L C W, there is a associ-
ated local special cycle

Z(L)Y CN' (resp. Z(L) CN(n—r,r)) (5.2.3)
which is the subfunctor consisting of tuples (Xo, to, Ao, X, ¢, A, p) (resp. (X, ¢, A, p)) over schemes S
over Spf O, such that, for all z € L, the quasi-homomorphism

1

poxzgopy: Xgg— Xg (resp. p !

o0xg0 p%mgi %mg — Xg) (524)

lifts to a homomorphism X¢ — X (resp. Xgg — X). Here (X0, tx,, A\x,,Px,) is the canonical
lifting.

In the preceding definition, such lifts are unique (if they exist) by Drinfeld rigidity for quasi-
homomorphisms of p-divisible groups. We know that Z(L) € N’ and Z(L) C N(n — r,r) are
closed subfunctors (hence locally Noetherian formal schemes) by [RZ96, Proposition 2.9] for quasi-
homomorphisms. From the definition, it is clear that Z(L)" and Z(L) depend only on the Op-span
of L.

The isomorphism N’ = A'(1,0)" x N(n —r,7) of (5.1.9) induces an isomorphism

Z(L) = N(1,0) x Z(L). (5.2.5)
Lemma 5.2.2. Let L CW be any subset. If Z(L)' # 0, then (z,y) € 07! for all z,y € L.

Proof. If Z(L)' # 0, then Z(L)(k) # 0 because Z(L)" — Spf O is formally locally of finite type.
If Z(L)(k) # 0 and x,y € L, we find dz'y € Endp,(Xo) = Of by the o-polarization condition

defining N'(n — r,r), where 0 is the different ideal. O
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If F/Q, is nonsplit, set Z(L) := Z(L) for any subset L C W. If F/Q, is split, we will instead
define Z(L) as a certain open and closed subfunctor (see (5.4.4)) for later notational uniformity.

In all cases, we write Z(L),» C Z(L) (horizontal special cycle) for the flat part of Z(L), i.e. the
largest closed formal subscheme which is flat over Spf O .

5.3. Actions on Rapoport—Zink spaces. Consider the groups
Iy = {70 € End%(Xo) : 740 € Q} I:={y € End%(X) : 7'y € @)} (5.3.1)
I'={(0,7) € Io x I : v{no = 71~} I = {y € End%(X) : vTy = 1}, (5.3.2)

We have Iy = F* (canonically). Using this identification, there is an isomorphism I' — [y x I
given by (79,7) — (70,7617). We have actions

IcNmnm—rr) LCcNn-—rr) (5.3.3)
(X6, A, p) = (X, 1, A, v0p) (X, 6,0, p) = (X, 1, A\, v0p)
I'cN (5.3.4)

(X07 Lo, )\07 p07X7 L, )\7/)) = (X07 Lo, )\07’}/0 o 1007X7 L, )\77 o p)

These actions are compatible with the isomorphisms I’ 2 Iy x I; and N7 2 N (1,0) x N'(n —r,r).
We have isomorphisms

Iy = GU(Vy) I = U(W) x UWL) (5.3.5)

where v € I1 acts on V as & — «y oz, and similarly for V.
For any subset L C W with associated local special cycles Z/(L) € N” and Z(L) € N'(n —r,7),
the actions of I’ and I described above satisfy

(0. N(EWL)) = Z(vLy ) v(Z(L)) = Z(VL). (5.3.6)

We will also have v(Z(L)) = Z(y(L)) (already checked in the nonsplit cases; in the split case, this
will be clear from the definition, see (5.4.4)).

5.4. Discrete reduced subschemes. In the nonsplit cases (at least if p # 2), the reduced sub-
scheme NV'(n —1,1)peq of N(n—1,1) admits a stratification by Deligne-Lusztig varieties, described
by a certain Bruhat-Tits building [VW11; Wul6]. Later, we will use these results implicitly via
citation to [LZ22a; LL22].

In this section, we further discuss some cases where the reduced subscheme is discrete (continuing
to allow p = 2 if F//Q, is unramified).

In the split case, set

L = Homo, (X, X) Lt :=Homp,(X§,X). (5.4.1)

In the nonsplit case, define L in the same way but take L+ := 0. Let K1 CUW) and K11 C
U(W+) be the respective stabilizers.

Lemma 5.4.1. Consider signature (n —r,r) = (1,1) if F/Q, is nonsplit (resp. any signature

(n—r,r) if F/Qy is split).
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(1)
(2)
(3)
(4)

(5)

The framing object (X,ix,Ax) is unique up to isomorphism. This also holds over any
algebraically closed field k over k, at least if F/Q, is unramified.

The reduced scheme N'(n —r,7)eq is discrete (i.e. a disjoint union of copies of Speck). If
F/Q, is inert (resp. ramified), then N'(1,1)yeq is one point (resp. two points).

The lattices L € W and L+ C W are mazimal integral lattices. In the nonsplit cases,
L CW =YV is the unique maximal integral lattice.

The group I = U(W) x U(W+) acts transitively on N'(n —r,7)(k). Consider the resulting
surjection

N(n—rr)(k) — U(W)/Kyi 1 x U(VVL)/KLLL (5.4.2)

(X, 1%, A%, (1,75)) (7:7)-
If F/Q, is unramified, this map is a bijection. If F/Q, is ramified, this map is 2-to-1. If

F/Qy is nonsplit, the set U(W)/Kyy, x UW™*)/K, 11 has size 1.
Consider the bijective identification

mazimal full-rank integral Op-lattices N C'V

UW)/Ki(L) x UW) /K (Lt) +— { where N = M & M+ with

Proof.
(1)

M CW and M+ Cc Wt

(v, 7h) » y(L) & yH(LY).

Given any subset L C W, the subset Z(L)(k) € N (n — r,r)(k) is identified (via (5.4.2))
with the pre-image of the set of lattices {N : L C N}.

In the inert case, this follows from Dieudonné theory as in [Voll0, Proposition 1.10] (but
we allow p = 2 by the same method), diagonalizability of Hermitian Op-lattices, and the
following fact: consider the rank 2 Hermitian Op-lattice A with pairing (—, —) specified by

10
() 5e9

and also write (—, —) for the induced pairing on A ®p,, W (k)[1/p] (which is “sesquilinear”
for the Frobenius on W (k)[1/p]). If z € A®p, W (k)[1/p] is any element with (z,z) € W (k),
then z € A®p, W(k) (so A ®o, W (k) satisfies a certain “unique maximal integral lattice”

the Gram matrix

property). This computation shows that N'(1,1)(k) is a single point if F/Q, is inert.

The ramified case follows from [RSZ17, Lemma 6.1]. The split case was already verified
in Lemma 5.1.2.
In the unramified case, part (1) implies N'(n — r,7)(k) — N(n — r,7)(k) is bijective for
every algebraically closed field extension x over k. Discreteness then follows because N (n —
7,7)rea — Speck is locally of finite type. If F//Q, is inert, N'(1,1)(k) being a single point

was already discussed above. The ramified case is [RSZ17, Lemma 6.1].
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(3) By part (1), we may assume (X, tx,Ax) is the explicit tuple constructed in Section 5.1.
The claim can then be verified explicitly, using (5.1.5) and the surrounding discussion. In
the split case, L and L' will be self-dual. In the inert case, L admits a Gram matrix with
basis diag(1l,p). In the ramified case, L admits a Gram matrix with basis diag(1, —a) for
some a € Z, which is a non-norm, i.e. a &€ Np/g,(F*). This claim in the ramified case
follows from the observation that L is integral and that L € Homp,, (X, Xox X§) C w 1L
(as the isogeny in (5.1.2) has kernel contained in the w-torsion subgroup).

(4) Transitivity of the I; action is immediate from part (1). Note also End(X) N (U(W) x
UWH)) C Kip x K 1,1 so the displayed map is well-defined. In the nonsplit cases, the
assertions follow from parts (2) and (3). Bijectivity in the split case follows because we
then have End(X) N (U(W) x U(W™)) = Ky g, x K 1,1

(5) Follows from the previous parts, i.e. Z(L)(k) corresponds to (y,v1) such that L C v(L). O

Suppose F'/Qy, is split and L C W is any subset (with arbitrary signature (n —r,r)). We take
Z(L) € Z(L) to be the open and closed subfunctor corresponding (via Lemma 5.4.1(4)) to the
locus where 4 (L+) = Lt. By the previous discussion, there is a isomorphism of formal schemes

Z(L) —— 2Z(L) x U(VJ_)/KLLL

(5.4.4)
(X7 X, AX? (’Y?’.YJ_)) — ((X7 X, )\Xv (77 1))7 fYJ_)
In this case, we have a canonical bijection
Z(L)(k) = {M C W : full rank self-dual lattice with L C M} (5.4.5)

via Lemma 5.4.1.

Lemma 5.4.2. Suppose F/Q, is split. If L C W is an Op-lattice of full rank (i.e rank n —r),
then Z(L)(k) is a finite set.

Proof. Our task is to show that the right-hand side of (5.4.5) is finite. For such M, we must have
LCMC MY CLY where LY and MV denote the dual lattices. If L € LY then Z(L) is empty.

Otherwise, LV /L is an Op-module of finite length, so there are only finitely many possibilities for
M. O

5.5. Horizontal and vertical decomposition. For a locally Noetherian formal scheme X', viewed
as a ringed space with structure sheaf Oy, we write

K)(X) == Ko(Coh(Oy))  FyK)(X) C Kj(X) (5.5.1)

for the Ky group of coherent Oy-modules and the subgroup generated by coherent sheaves sup-
ported in (formal scheme-theoretic) dimension < d, respectively. If X’ is moreover formally locally
of finite type over Spf R for a complete discrete valuation ring R, we say that X is equidimensional
of dimension n if every open formal subscheme of X has dimension n. In this case, if Z — X is an
adic finite morphism of locally Noetherian formal schemes, we write

FYE)(Z) = FuonKY(Z)  erPK)(2) = FPKY(Z)/FR K (2). (5.5.2)
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We often work with these groups tensor Q, written as K{(X)q, etc.

The discussion in Section 5.1 implies that the Rapoport—Zink space N (n—r, r) is equidimensional
of dimension (n—r)r+1. For the rest of Section 5.5 we fix signature (n—1,1) and use the shorthand
N = N(n —1,1). The material below is a local analogue of Section 4.6.

Assume F'/Q, is nonsplit for the moment. For any nonzero x € W, the local special cycle
Z(z) is a Cartier divisor on N for any nonzero x € W ([KR11, Proposition 3.5] (inert) [How19,
Proposition 4.3] (inert allowing p = 2), and also [LL22, Lemma 2.40] (ramified exotic smooth)).
For any x € W, set

Lz@z) = 0
(++0=>&=>0Ny—0---) ifz=0

(5.5.3)
in D Coh(O5(s ))((’)N) (bounded derived category of Op-modules with cohomology sheaves coherent
and supported along Oz,)), where the Opr term is in degree 0. For any tuple x € W™, we then
consider the derived local special cycle

LZ@) =LZ@@)e" - e Z(,) € D‘?Coh(oz(z))(om (5.5.4)

Its image “Z(z) € K{(Z(z))q lies in FPK{(Z(z))g by multiplicativity of the codimension filtra-
tion®® and depends only on spany, (z) (“linear invariance”) by [How19, Theorem B] (inert) and
[LL22, Proposition 2.33] (ramified exotic smooth).

Continuing to assume F'/Q, is nonsplit, assume x € W' spans a non-degenerate Hermitian Op-
lattice of rank m’. We define certain derived vertical local special cycles “Z(z)y € grtK}(Z(z)7)0
as follows.

For integers e > 0, we have a scheme-theoretic union decomposition (Lemma 11.7.5)

Z(z) = Z(z)r U Z(z)y (5.5.5)

where Z(z),p is the flat part of Z(x), i.e. the largest closed formal subscheme which is flat over
Spf OF, and Z(z)y = Z(z)spro,/pe for e > 0. Since Z(z) is equldlmensmnal of dimension
n—m” (Lemma 11.7.4), and since Z(z) » N Z(z)y has dimension < n —m” — 1, there is an induced
decomposition

b b b
gy Ko(2(2)) = gy Ko(2(2)r) ® g Ko(2(2)5) (5.5.6)
independent of e (cf. [Zha2l, Lemma B.1]>"). Here we have used the pushforward dévissage

isomorphism K{)(Z(z)z) = K{(Z(z)y) for for K, groups.

b

If m = m”, we define “Z(z)y to be given by the projection

ngKO(Z(g))Q — ng/K(l)(Z@)E)Q (5_5.7)

FZ(a) —————— "Z(@)y

26There is a technicality here, as A is a formal scheme rather than a scheme. So we instead prove filtration
multiplicativity via uniformization (Corollary 11.7.8) by reducing to the analogous filtration multiplicativity statement
for global special cycles. We will make a few other forward references to Section 11.7 where we verify some properties
of local special cycles via uniformization.
27Strict1y speaking, our setup for K| groups may be different from Zhang’s in non quasi-compact settings. The
proof of the cited lemma is the same in our setup.
72



By the linear invariance property for “2Z (z) discussed above, the class Lz (z)y depends only on

spang,,. (z).
For possibly m # m”, we say that = [z1, ..., 2] is in minimal form if z* = [T g1s - -+ > T
satisfies spang, . (z°) = spany, (z). In this case, set 2% = [z1,...,2,, ] and define*®

LZ()y = "Z@?) - L2(@)y € a2 (@)p)e- (5.5.8)

For z possibly not in minimal form, select any v € GL,,(Op) such that z - v is in minimal form,
and set “Z(z)y ="Z(z-v)y (note Z(z) = Z(z - 7v)).

We claim that “Z(z)y depends only on m and spany,(z), and not on the choice of z or a
minimal form (“hnear invariance”). For z in minimal form and with notation as above, we already
explained that “Z(z°), depends only on spang . (z). Recall Z(z) = Z (z). Consider any element
z; of the tuple z#. Then z; € span@F(j) = spanp, (z). In particular, Z(z") C Z(x;). But
Grothendieck—Messing theory provides a canonical isomorphism

El 2w = T(w:) /T (2:)? (5.5.9)

if x; # 0, where Z(z;) C Oy is the ideal sheaf of the Cartier divisor Z(z;) € N (follows from
[How19, Definition 4.2] (inert) and [LL22, Lemma 2.39]). Hence we have

LZ(Q#”Z(@’) = LZ(Qm_mbNZ@b) (5.5.10)

as elements of Dbooh(oz(@))» where 0,,_,» € W™= is the tuple with all entries equal to 0. Then

we have
FZ(z)y ="Z(0p- ) F2@)y € e KG(Z(2)p)0- (5.5.11)

We have explained that the right-hand side does not depend on any auxiliary choices.

Next, suppose F'/Q,, is split, and assume z € W™ has Op-span which is a lattice of rank n — 1
(full rank). We have grxflK(’)(Z (z)z) = 0 for dimension reasons (the reduced subscheme of N is
dimension 0, see Section 5.4 and Lemma 11.7.3). Constructing “Z(z)y € grftK{(Z(z)z) as above
gives the derived vertical local special cycle “Z(x)y = 0.

Next, consider z € W™ which is a basis for its Op-span L’ := spang,. (z). If F/Q, is split, we
also assume m = n — 1. In this situation, we set “Z(L?)y =L Z(z)y, since the latter depends only
on L’. If n = 2 and m = 1, we have “Z(z)y = 0 since the reduced subscheme N;eq has dimension
0 (Section 5.4) and since N has dimension 2 in this case.

5.6. Serre tensor and signature (1,1). The case of signature (1,1) plays an important role for

describing local special cycles via the Serre tensor construction.

280ne needs to show that the map o — “Z(z#) - « sends F',([nb+1K(l](Z(&)E)Q — FM K§(2(x)7)q. This is clear
if m* > n—1, but we do not know a proof of this in general as N is a formal scheme and not a scheme. Since we are
mostly interested in the case m” > n—1, we do not pursue this point further. Even when m’=n—1landm= n, one
still needs to check that “Z(z)y lies in FX-(Z(z)5)o (rather than F{'(Z(z)z)g). This follows e.g. because Z(z);
is a Noetherian scheme (Lemma 11.7.3) whose reduced irreducible components are projective over k. The definition

b

of “Z(z)+ should thus be treated as conditional unless m = m’ or m” > n — 1.
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As above, let X be the unique supersingular (resp. ordinary) p-divisible group over k of height
2 and dimension 1 if F'/Q, is nonsplit (resp. split). For schemes S over Spf O, we consider pairs
(X, p) where X is a p-divisible group over S and p: X5 — X, 5 is any quasi-isogeny.

We form the Rapoport—Zink space ./\7271 over Spf O, given by

/\72,1(5 ) := {isomorphism classes of framed tuples (X, p) over S}. (5.6.1)

This is a locally Noetherian formal scheme which is formally locally of finite type over Spf O (via
the by-now standard representability result [RZ96, Theorem 2.16]). There is an isomorphism of
formal schemes Isog®(Xg) — 1\72,1 given by p — (Xo, p), where Isog?(Xy) is viewed as a constant
formal scheme. Indeed, this follows as in the proof of Lemma 5.4.1 by uniqueness of X over any
algebraically closed field x (any quasi-endomorphism of X descends to k as well, as may be checked
on isocrystals).

We let ./\/’2’1 C ./\~/’2’1 be the open and closed locus where the framing p is fiberwise an isomorphism.
Then N3 is representable by a formal scheme, and there is a (non-canonical) isomorphism N3 ; =
Spf Ox[t] (e.g. by Grothendieck-Messing theory).

For arbitrary signature (n — r,r) in the split case, we can form /\N/'n,r and Nn,r as above, where
we replace Xy with the unique ordinary p-divisible group of height n and dimension r. The
previous asssertions for /\7271 and /\/’271 hold in this case as well, except we now have ./\/'m« =
Spf Oplt1, .-, t(n—r)] (again by Grothendieck—Messing theory).

Lemma 5.6.1. Given any (X, p) € N21(S), any principal polarization Ax, of Xo lifts uniquely to

a principal polarization on X.

Proof. Uniqueness follows from Drinfeld rigidity. Any two principal polarizations on X differ by
Z, scalar (since this holds for Xp), so it is enough to show existence of a principal polarization
on X. Since N1 == Spf O4[t], it is enough to check the case where the scheme S is a finite order
thickening of Spec k. By Serre-Tate, we can view X as the p-divisible group of an elliptic curve over
S (deforming an elliptic curve over Spec k with p-divisible group Xg). Any elliptic curve admits a
(unique) principal polarization. O

The preceding (possibly standard) argument also appeared in the proof of [RSZ17, Proposition
6.3] (for the same purpose), there in the supersingular case.

Recall the triple (X ®z, OF, t, Ax, ® Atr) described in Section 5.1, arising from the Serre tensor
construction (fixing some choice of Ax,). For any (X, p) € N21(S), the same construction gives a
tuple (X ®z, OF, t, A\xy ® Az, p®z, OF) where Ax, denotes the unique lift to X as in Lemma 5.6.1
(by abuse of notation), and where p ®z, Of: Xg ®z, Op — X0,§ ®z, OF.

Lemma 5.6.2 (Serre tensor isomorphism). For any F-linear quasi-isogeny ¢: Xo ®z, O — X
preserving polarizations exactly, the induced map

NQJ N(l, 1)

(5.6.2)
(X,p) — (X ®z, Op,1,—0% - (Ax, @ M), dg © (p @z, OF))
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(defined on S-points for schemes S over Spf Op) is an open and closed immersion whose set-

theoretic tmage is a single point.

If F/Qy is split, the inverse is given by restricting (X, ¢, A, p) — (X7, (¢§)_1 op~) to the appro-

priate component of N'(1,1).

Proof. For the ramified case, we refer to [RSZ17, Proposition 6.3]. In the unramified case, the
lemma follows by identifying the deformation theory of N2 and AN(1,1) using Grothendieck—
Messing theory, using the eigenspace decomposition for the Op-action on the Dieudonné crystals
of objects in N(1,1)(S) as in (3.5.4) and surrounding discussion (so the deformation problem for

“

/\/271 identifies with the deformation problem of the “— eigenspace” of the Hodge filtration for
objects in A (1,1)(S) in the notation of loc. cit..). This is essentially how we verified generic formal

smoothness of special cycles in loc. cit.. O

When F/Q, is split and the signature (n—r, r) is arbitrary, recall that any (X, ¢, A, p) € N'(n—r,7)
admits a decomposition X = X+ x X~ and p = p* x p~ where p: X+ — X* using the nontrivial
idempotents e* € Op.

Lemma 5.6.3. Suppose F/Qy, is split, and consider arbitrary signature (n —r,r). For any formal
scheme S over Spf O, the forgetful functor

Hermitian p-divisible groups (X, ¢, \)

groupoid of principally polarized
{ over S of height n and dimension r

groupoid of ordinary p-divisible groups }
over S of signature (n —r,r)

(X, 0, A) X~

(5.6.3)
1 an equivalence of categories. The same holds if we consider the groupoids with morphisms being

quasi-isogenies (rather than isomorphisms).

Proof. An explicit quasi-inverse is given by (X ~) — (X, ¢, A) (over a scheme S) with
X=(X")"xX" (5.6.4)
vet): X — (X)) e™): X = (XY projections

0 1 v _ _ —\v

A= 10:(X)><X—>X><(X).
This is analogous to the following phenomenon: if L is a free Op-module of rank n equipped with
a perfect Hermitian pairing, then U(L) = GL, (L) (and similarly with F' instead of Op). O

Remark 5.6.4. Suppose F/Q, is split, and suppose R is a complete Noetherian local ring with
algebraically closed residue field k. If n > 2 and if Q,/ Zp”_Q x X~ is an ordinary p-divisible group
of height n and dimension 7, then (X0)" % x (X~ ®z, Op) (with the product Op-action and product
polarization (Ax,)" 2 x (Ax, ® A\;), for some choice of isomorphism X, = X) is a pre-image under

the equivalence in (5.6.3). Here (Xo,tx,, Ax,) is the canonical lift (over S) as in Definition 5.1.7

(forgetting the framing).
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Remark 5.6.5. If we drop the ordinary hypothesis on both sides of Lemma 5.6.3, the lemma still
holds (by the same proof).

Lemma 5.6.6. Suppose F'/Q, is split, and form ]\~/n7r using the framing object X~. For arbitrary
signature (n — r,r), the forgetful map
Nn=rr) — N,
( ) o (5.6.5)
(X7L7)‘7p) — (X_7p_)

18 an isomorphism.

Proof. This is immediate from Lemma 5.6.3. Alternative (less elementary) proof: first observe that
the forgetful map is an isomorphism on s-points for any algebraically closed field x over k (see
Lemma 5.4.1 and above discussion). As in the proof of Lemma 5.6.2, the claim now follows from
Grothendieck—Messing theory. O

Remark 5.6.7. In the situation of Lemma 5.6.6, the open and closed subfunctor Nn,r - ./\N/'m« =

N(n — r,r) has N, (k) being a singleton set, corresponding (via Lemma 5.4.1) to the lattice
Lo LY C W@ WH (ie. the locus where the framing p is a fiberwise isomorphism).

For F/Q, in all cases (inert, ramified, split) and for any x € W, the local special cycle Z(x) —
N (1,1) pulls back along the Serre tensor isomorphism (Lemma 5.6.2) to a certain local special
cycle on N3 1 associated with an element 2/ € Hom"(Xg, Xo) (arising from adjunction in the Serre
tensor construction). The ramified case is explained in [RSZ17, §6.2]. The inert and split cases
may be formulated in a similar way (we omit a more detailed statement, which we will not need).
This may be viewed as a local version of [KR14, Proposition 14.5] (see also Section 22.2).

For F'/Q, nonsplit (at least if p # 2), Kudla-Rapoport [KR11, Proposition 8.1] and Rapoport—
Smithling-Zhang [RSZ17, Proposition 7.1] use this to describe Z(z) in terms of certain quasi-
canonical lifting cycles on N3 1, corresponding to closed immersions Spf OE“S — Na associated
with (Xg, p) € Spf O where (Xs, p) arises from a quasi-canonical lifting of (Xq,j) for suitable
j: Op — End(Xj) (in the notation and sense of Section 7.2 below). This was extended by Li-
Zhang [LZ22a] (inert) and Li-Liu [LL22] (ramified) to flat parts of 1-cycles in signature (n —1,1),
for arbitrary n in the inert case and even n in the ramified case. We will need this result, which
we recall in Section 7.3 below (to the precision we need).

We will need an analogue of the previous paragraph when F/Q,, is split (allowing p = 2). This
is accomplished in Section 6 below (statement given in Section 7.3). Our method in the split case
is somewhere different from the proofs cited above.

6. MORE ON MODULI OF p-DIVISIBLE GROUPS: SPLIT

Retain notation from Section 5. Throughout Section 6, we assume F/Q), is split.

6.1. Lifting theory for ordinary p-divisible groups. We discuss lifting theory for ordinary
p-divisible groups over an algebraically closed field x of characteristic p. The case of height 2

dimension 1 ordinary p-divisible groups is discussed in [Mes72, Appendix|. We spell out the case
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of general height and dimension (which reduces to the results in [Mes72, Appendix]). See also the
exposition in [Meu07] (or the sketch in [Gro86, §6], though we will need some additional material
on homomorphisms between liftings.

Take integers r1,72 > 0. The unique ordinary p-divisible group X over x of height r; 4+ ry and
dimension 71 is X = ppte x Qp/Zy".

Next, let R be an adic Noetherian local ring (with maximal ideal being an ideal of defini-
tion) with residue field k. The p-divisible groups ppe and Q,/Z, lift uniquely to Spf R (e.g. by
Grothendieck-Messing deformation theory), which we still notate as pp and Q,/Z,. If X is a

lift of X over Spf R, its connected-étale exact sequence must be 0 — ,u,;;}x; — X = Qp/Z,* — 0.
Classifying lifts X is thus the same as classifying such extensions, which are in canonical bijection
with Extépf r(Qp/Zy", w) (using also Drinfeld rigidity, as well as the fact Hom(pupe, Q,/Zy) =
Hom(Qp/Zyp, pp~) = 0). Here, Extépf r is calculated in the abelian category of fppf sheaves of

abelian groups over Spf R (this is also [Mes72, Appendix, Corollary (2.3)]). We typically suppress
the R-dependence in Hom(—, —).
Applying Hom(—, ptp) to the short exact sequence of sheaves (fppf sheaves over Spf R)

0 — Z — Z[1/p] — Qp/Z, —— 0 (6.1.1)

gives a boundary morphism §: Hom(Z, ppee) — Extépf r(Qp/Zy, pp~) in the associated long exact

sequence. This map 0 is an isomorphism [Mes72, Appendix, Proposition (2.5)].29 By compatibil-
ity of Ext with finite direct sums, it follows that the boundary morphism §: Hom(ZT"’,u;éo) —
Extépf r(Qp/Zy", i) is also an isomorphism.

Given an element o € Hom(Z", %), we can identify the extension corresponding to d(«) with
the bottom row of the diagram

0 7™ Z1/p)”? —— Qp/Z,* —— 0

/D)
la ) l H (6.1.2)

0 —— Py X » Qp/Zy* —— 0

where the rows are exact and the left square is a pushout. This follows from general homological
algebra valid in any abelian category (e.g. [SProject, Section 010I] and [SProject, Section 06XP]).
Given r1,7y, 12,74 € Z>(, we have

!
&1

Hom(uphe x Qp/Zy", pybe x Qp/Zy") = Hom(pghe, ) x Hom(Qp/Zy", Qp/Zy")
= My, (Zp) X My 1y (Zp), (6.1.3)

sT'1
since any p-divisible group over s of height 1 has endomorphism ring Z,. Here M,(Z,) denotes

s X t matrices with entries in Z,. Given

o € Hom(Z™, pik) = Homg, (Z,7, ul%) o € Hom(Z™, pji) = Homg, (Z,", ulk)  (6.1.4)

29In loc. cit. this is stated for Artinian local rings R, but one can pass to the limit and obtain the statement here
(compare [Mes72, Appendix, Remark (2.2)]).
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with corresponding lifts X and X' (of g5 x Qp/Z," and u;/éo x Qp/ Zpré respectively) over Spf R,
a morphism (f1, f2) € My ., (Zy) X M,y ., (Zp) lifts to a map f: X — X' if and only if

fioca=a' o fo (6.1.5)

again by general facts about Ext in abelian categories (compare with the proof of [Mes72, Appendix,
Proposition (3.3)], which discusses the case 11 = ro = 1] = ry = 1). We will repeatedly use this
criterion for lifting to maps f: X — X’. In (6.1.4), the subscripts Z, indicate Z,-linearity (not the
base Spf Zy,).

6.2. Quasi-canonical lifting cycles: split. Throughout Section 6.2, we write R for an adic
Noetherian local ring (with maximal ideal being an ideal of definition) equipped with a morphism
Spf R — Spf O inducing an isomorphism on residue fields.

Allowing arbitrary signature (n—r, r) for the moment, form the Rapoport-Zink spaces N (n—r,r),
Ny, and ./Vm« as in Section 5.6. With (X, tx,Ax) denoting the framing object for N'(n — r,r),
we take X~ to be the framing object used to define N, , and /\~/'n7r. There are non-canonical
isomorphisms X~ = proc x Q,/Z,"" and Xy = Q,/7Z,.

Definition 6.2.1. Given a subset L~ C W~ = Hom"(X;,X~), consider the associated local
special cycle

V(L) C Ny (6.2.1)
which is the subfunctor consisting of pairs (X, p) over schemes S over Spf O such that, for all
x~ € L7, the quasi-homomorphism

plo s o Py S X, — Xg (6.2.2)

lifts to a homomorphism X; — X.

As in Definition 5.1.7 (also Section 7.1), the notation Xy refers to the canonical lifting of X
(and Xo = %ar X X is the decomposition via the nontrivial idempotents et € Op, with Xar = oo
and X, = Qp/Zy). Again, Y(L™) C N, is a closed subfunctor (hence a locally Noetherian formal
scheme) by [RZ96, Proposition 2.9] for quasi-homomorphisms.

Lemma 6.2.2. Suppose L C W = Hom% (X, X) is a subset with Lt C L+ = Hom(X{,X*). The

natural commutative diagram

Y(L™) Z(L)
l - J (6.2.3)
Nn,r € Nn,r = N(n - T)

is Cartesian.

Proof. The lower horizontal arrows are as described in Section 5.6 and Lemma 5.6.6 (the composite
is an open and closed immersion). The lemma amounts to the claim that, for any (X, ¢, A, p) € X(S)
(for some scheme S over Spf Op), if z = 27 x 2~ € Hom%(Xo,X) with 27 € Homo, (Xg, X ™),
then x lifts to a homomorphism Xg — X if and only if 2™ lifts to a homomorphism X, — X ™.

Stated alternatively, this is the claim that x™ always lifts to a homomorphism %8' — X, Since
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Ny = Spf O gty . .. ,t(n,T),,]], this is clear because .’fg — X1 automatically factors through a
homomorphism to the connected part (X+)0 = By of X, over any base Spf R where R is
Noetherian Henselian local ring (alternative proof: apply (6.1.5)). O

Choose isomorphisms (X7)° = p7o and (X7)¢ = Q,/Z,"" for the connected and étale parts
of X~ respectively. Any element (X,p) € N, (Spf R) (i.e. a morphism Spf R — N, ,) then
corresponds to a class a € Extépr(%n%,p,;oo) = Homg,, (Z," ™", ppe) via the lifting theory in
Section 6.1.

Lemma 6.2.3. Fiz any isomorphism Xy = Qp,/Z,. Consider ¢: Spf R — N, ,, corresponding to
(X, p) € Ny (Spf R) and hence a class o’ € Extépr(Qp/anfr,p;oo). Given any subset L~ C L™,
the morphism ¢ factors through Y(L™) C N, , if and only if the map

" EXtépr(Qp/an_ral‘;w) - EXtépr(Qp/val‘;OO) (6.2.4)
satisfies *(a') =0 for all x € L™.

Proof. In the lemma statement, we have viewed € L™ as a morphism Q,/Z, — Q,/Z,""" via

the various identifications. The lemma follows from the lifting criterion in (6.1.5) (in the notation
of loc. cit., take a = 0). O

Next, we restrict to the case of signature (n —1,1).

Lemma 6.2.4. Assume that R is moreover a domain and that Spf R — Spf O is flat. There is a

natural map

such that t(M) <1 and val(M) = s (6.2.5)

{ cyclic subgroups of order p*
and M+ =L7T

Full rank integral lattices M C L
) _ —
m EXtépr(@p/an 17/‘10‘”) }

(functorial in R on the left). If R contains a primitive p°-th root of unity, then the map is a
bijection. Otherwise, the left-hand side is empty.

Proof. Recall the identification Homgz, (@”_1, Ppoo) = Extépf 1(Qp/Z," 1 pyee) from Section 6.1.
Suppose o € Homg, (@"_l,p,poo) generates a cyclic subgroup of order p* (possible if and only

if R contains a primitive p*-th root of unity). Let M,_1,—1(Zp) act on Homgz, (Z," "', pyee) by
pre-composition. The annihilator of o is generated (as a one-sided ideal) by an element fo €
My 1 n-1(Zy) which has Smith normal form diag(1,...,1,p%).

We have a canonical identification L~ = Hom(Xg, (X)%). Via the identification (X~)% =
Q,/Z,"", we obtain an action of M, 1,_1(Z,) on L~ (post-composition). We then set M~ =
fo(L7), and let M = L+ @ M~. Note that M~ does not depend on the choice of generator fs.

Conversely, given a lattice M C L as in the lemma statement, select any fo € My_1,-1(Zp)

satisfying M~ = fo(L™), and note that fs necessarily has Smith normal form diag(1,...,1,p%). If
R contains a primitive p*-th root of unity, then fs acting on HomZP(Zp”_l7 fp) has kernel which

is cyclic of order p®. This gives the inverse map. (|
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For s € Z>, set E, = F[Cps] with ring of integers Op = OCps], where (ps is a primitive
p-th root of unity. Suppose M C L is an integral full rank Op-lattice satisfying M™ = LT,
with type t(M) < 1 and val(M) = s. By Lemma 6.2.4, there is an associated cyclic subgroup of
Extépf Oy, (%n_l, Mp=). Any generator of this cyclic subgroup defines a morphism Spf O o
N1 (via the lifting theory from Section 6.1). Changing the choice of generator corresponds precisely
to the action of Gal(E,/F) (by Lubin-Tate theory for gy ). This morphism Spf O i, — N1 must
be a closed immersion: if the morphism factors through Spf R — N, 1 for some sub O ;-algebra
R C OE’S’ then Lemma 6.2.4 implies that R = OES‘

We write Spf OE} ~ Z(M)° C N, for the resulting closed subfunctor, and call it a quasi-
canonical lifting cyéle. This closed subfunctor Z(M)° does not depend on the choices of isomor-
phisms (X~)% 2 pyee and (X~)¢ = Q,/Z," " appearing in the statement of Lemma 6.2.4.

Lemma 6.2.5. With M as above, view Z(M)° as a morphism Spf OE’S — N1 corresponding to
(X,p) € Npa(Spf Oj ).

Ifn=1 then X & ;upoo. Ifn > 2 then X = @p/Zpr“2 x X4 (forgetting p) where X4 is a p-divisible
group of height 2 and dimension 1 with End(X,) = Z,+p°*OF (a quasi-canonical lifting in the sense
of Section 7.2).

Proof. Let o/ € Homg,, (@"71,;1,1;00) be the element corresponding to (X, p). If n =1 then o/ =0

and X = Hp>.
If n > 2, then (after replacing p by ¢op for some ¢ € GL,,—1(Z,;)), the lift (X, p) of Qp/an_l X oo
is associated with o/ of the form (0,...,0,(ps) for (s € O . @ primitive p-th root of unity. For

some X as in the lemma statement, we obtain a commutative diagram
0 Zn—l Z[l/p]nfl @p/anfl 0
(0,0, )l l H (6.2.6)

0 —— fpo —— Qp/Zp”_2 X Xy —— Qp/Zp"_1 — 0,

using the lifting criterion of (6.1.5) again. O

Lemma 6.2.6. Suppose M C L is an integral full rank Op-lattice satisfying M = L+ with type
t(M) <1 and val(M) =s. Let L= C W~ be any subset. We have Z(M)° C Y(L™) if and only if
L= CM.

Proof. If n =1 then W~ = 0 and Z(M)° = Y(L~) = Ny1, so the lemma is trivial in this case.
We thus assume n > 2 below.

It is enough to check the case where L~ consists of a single element, i.e. a quasi-homomorphism
x: (Xo)~ — X~ (or equivalently, z: (Xo)~ — (X7)% since X = Q,/Z, is étale). If z ¢ L~ then
Y(L™) =0 (while Z(M)° # 0), so we may assume x € L. -

Pick any identification Xy = Qp/Z,. Set s = val(M). Use the setup and notation in the proof
of Lemma 6.2.4. -

View Z(M)° as a closed immersion Spf O — Ny, 1, corresponding to an element o’ € Homg,, (Z," 71 o).

By Lemma 6.2.3, our task is to show that o’ o z = 0 if and only if &/ € M~. Since fo gen-

erates (in M,_1,-1(Zp)) the annihilator of o (as a one-sided ideal), we see that o/ ox = 0
80



if and only if x € fo(L™) = M~ (for example, view = as a column vector and observe that
(2,0,...,0) € My—1,-1(Zp) lies in the one-sided ideal generated by fa). O

Definition 6.2.7. Let M C W be a full rank integral Op-lattice, with type ¢(M) < 1 and val(M) =
5. Select any v € U(W) satisfying y(L*) = M7 (also write v for (y,1) € U(W) x U(W1), by
abuse of notation).

The quasi-canonical lifting cycle associated with M is the closed subfunctor
Spf 05, = Z(M)° = 7(Z(y"'(M))*) € N(n —1,1) (6.2.7)
where v € U(W) x U(W+) acts on N(n —1,1) as in Section 5.3.

In the situation of Definition 6.2.7, the closed subfunctor Z(M)° does not depend on the choice
of v. We have also viewed N, 1 as an open and closed subfunctor of N'(n —1,1) (as in the lower

horizontal arrows in Lemma 6.2.2).

Lemma 6.2.8. If L C'W is any subset and M C W is any full rank integral lattice with t(M) < 1,
we have Z(M)° C Z(L) if and only if L C M.

Proof. After acting by U(W), it is enough to check the case where M = L*. In this case, we
have Z(M)° C N,1. If L € L, then Z(L)NZ(M)° = 0 by Lemma 5.4.1(5) and Remark 5.6.7 (and
Z(M)° is nonempty). So assume L C L. Then Z(L) = Y(L™) (Lemma 6.2.2). This reduces to the
case proved in Lemma 6.2.6. O

Corollary 6.2.9. Let L C W be any subset. Form the horizontal (flat) part of the local special
cycle Z(L), which we denote as Z(L) . We have an inclusion of closed formal subschemes

U zwnyeczw)e (6.2.8)

LCMCM*
t(M)<1

in N(n—1,1).

Proof. The union is a scheme-theoretic union (i.e. intersect associated ideal sheaves). The claim
follows from Lemma 6.2.8 because each Z(M)® is flat over Spf O . O

Lemma 6.2.10. Let M C W and M’ C W be integral full-rank Op-lattices with t(M) < 1 and
HM') < 1. If M # M, then Z(M)° # Z(M')°.

Proof. Let N C W (resp. N’ C W) be the unique self-dual full rank lattice such that N* = M™*
(resp. N'* = M'"). On reduced subschemes, we have Z(M)S,, = Z(M')S,, if and only if N = N’
by Lemma 5.4.1 (more precisely, Remark 5.6.7, Definition 6.2.1, and the action on special cycles in
(5.3.6)). So we may assume N = N’. Using the U(W) action on A'(n —1, 1), we also reduce to the
case where N = L.

Set s = val(M) and s = val(M'), and view Z(M)° and Z(M')° as closed immersions ¢: Spf Oy —
N(n —1,1) and ¢': Spf OES/ — N(n —1,1). Lemma 6.2.4 implies that M = M’ if and only if
both s = s’ and the morphisms ¢, ¢’ are the same up to Gal(E,/F)-action (this is equivalent to
requiring that the corresponding elements of Ext! in that lemma generate the same subgroup).
This is satisfied if and only if Z(M)° = Z(M')°. O
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Lemma 6.2.11. Let L C'W be a full rank Op-lattice. Assume that R is moreover a domain and
Spf R — Spf Oy is flat. Any morphism ¢: Spf R — Z(L) factors through some quasi-canonical
lifting cycle Z(M)°.

Proof. Again, we may act by U(W) on N(n — 1,1) to assume that p: Spf R — Z(L) factors
through the open and closed component Nn,l C N(n —1,1) described in Section 5.6 and above.
This implies L C L (as Z(L) NN, 1 is otherwise empty, see Lemma 5.4.1).

Fix isomorphisms as in the statement of Lemma 6.2.4. Then ¢ corresponds to some (X, p) € N, 1,
and this lift of X~ corresponds to a class o € Ext!(Q,/Z," ", pye) via the lifting theory in Section
6.1. -

By Lemma 6.2.4, it is enough to show that o is p*-torsion for some s € Z>( (then ¢ must factor
through Z(M)° where M is the lattice associated with the cyclic subgroup generated by «). Select
s > 0 such that p°L C L (such s exists because L is full rank). Then Lemma 6.2.3 implies p®a’ = 0,
since ¢ factors through Z(L) (and hence through Y(L7)). O

7. CANONICAL AND QUASI-CANONICAL LIFTINGS

We retain F'/Q, and accompanying notation as in Section 5. In Sections 7.1 and 7.2, we allow
p = 2 even if F//Q, is ramified. We collect some needed facts about canonical and quasi-canonical
lifts in all cases (inert, ramified, split). See also [Gro86], [Wew07], [Meu07]. Our conventions differ
slightly from [Wew07], due to the phenomenon explained in [KR11, Footnote 7] (there in the inert
case, which we also modify to apply in the ramified case).

7.1. Canonical liftings. As in Section 5.1, let Xy be the unique supersingular (resp. ordinary)
p-divisible group of height 2 dimension 1 over k if F//Q, is nonsplit (resp. split). Let j: Op —
End(Xjp) be a ring homomorphism. We reserve the notation tx, to mean a signature (1,0) action,
and allow j to have either signature (i.e. (1,0) or (0,1)) for its action on Lie Xj.

Let E be any finite degree field extension of F , with ring of integers O . The pair (Xo, j) admits
a lift (Xo, tx,,px,) over Spf Oy (ie. (Xo,tx,) is a p-divisible group over Spf O with Op-action
Lxy, and px,: %O,E — Xy is a Op-linear isomorphism with respect to ¢ and j).

In the supersingular case, the pair (Xg, tx,) may be described via Lubin-Tate formal groups. In

the ordinary case, we have X = ppo X Qp/Z,,.

By the signature of (Xo,tx,, px,) (or (Xo,tx,)), we mean the signature of tx, acting on Lie Xy
(either (1,0) or (0,1)). If F/Q, is unramified (resp. ramified), then (X, tx,, px,) must have the
same signature as (Xo, j) (resp. can have either signature).

After fixing a signature, the triple (Xo, tx,, px,) is unique up to unique isomorphism, and we call
it the canonical lifting®® of (Xg,7). The canonical lifting over Spf O} is defined over Spf O (i.e.
is the base change of the canonical lift over Spf O ).

30When j has signature (1,0), what Gross [Gro86] calls a canonical lifting is what we call a canonical lifting of
signature (1,0). This change in terminology allows additional flexibility when discussing quasi-canonical liftings, to
account for e.g. [KR11, Footnote 7).
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The map tx,: O — End(Xy) is an isomorphism, since End(Xy) is commutative and Op is
self-centralizing in End(Xo) (in the nonsplit case, note End(Xo) < End(Lie Xo) = O so End(X)
must be commutative).

If (X§,:%,) is as in (5.1.1), we have Homo,. (X, X§) = 0 because End(Xo) = OF.

Example 7.1.1. Assume F'/Q, is nonsplit, and let Xy be the canonical lifting over Spf O, (of some
fixed signature). Drinfeld rigidity for quasi-homomorphisms implies End®(%) = End®(Xy) = D,
where D is the quaternion division algebra over Q,. On the other hand, if X{, denotes the p-divisible
group over Spec O, associated with X via Lemma B.3.1, we have End’ (X)) & End(X{)®z,Q, = F.
Thus, by our conventions (explained in Appendix B.1), quasi-homomorphisms do not necessarily
lift along the equivalence of p-divisible groups over Spec O, and Spf O, from Lemma B.3.1. See
also Remark B.3.5.

7.2. Quasi-canonical liftings. Let E and (Xp,7) be as in Section 7.1. For integers s > 0, let
OF.s = Zp+p°Op be the order of index p*® in Op. When F'/Q,, is nonsplit (resp. split) the subgroup
OF, € Op (resp. (1+p°Z,)* C Z)) has an associated finite totally ramified abelian extension B,
of F by local class field theory. The index is
.o (1 — - s>1
B =47 (L=nlp™) s= (7.2.1)
1 if s =0.
where 7(p) := —1,0, 1 in the inert, ramified, and split cases respectively. In the split case, we have
Op. =05 [Cps] where (ps is a primitive p*-th root of unity.
In all cases, a quasi-canonical lifting of level s of (X, j) is a triple (X5, tx,, px,) where

Xs is a p-divisible group over Spf O,
tx,: Ops — End(X;) is a ring isomorphism
px,st Xyz — Xo is a Ops-linear isomorphism of p-divisible groups over k.

Note that a quasi-canonical lifting of level s = 0 is the same as a canonical lifting. As above, we
speak of the signature of a quasi-canonical lifting, which means the signature of the action tx,|Lie x. -
The signature of (Xo, j) and the signature of a level s quasi-canonical lifting must be

same if F//Qp is inert and s is even, or F/Qy, is split
opposite if F'/Qy is inert and s is odd (7.2.2)
either signature if F'/Q, is ramified.

Quasi-canonical liftings of level s > 0 exist in all such situations, and are defined over Spf O B The
property of being a level s quasi-canonical lifting is preserved under base change along Spf O, —
Spf O, for any finite degree field extension E' over E. If F /Q, is split, a choice of level s quasi-
canonical lifting corresponds to a choice of nvlorphism Z,, — ppeo over Spf O of exact order p* (i.e.
a choice of primitive p®-th root of unity in Fy) via the lifting theory in Section 6.1.

The group Gal(Es / F ) acts simply transitively on the set of level s quasi-canonical liftings for
any fixed signature (if such liftings exist). By Lubin—Tate theory, this action is compatible with the

identification Gal(Es/F) = O3 /Oy, via local class field theory (normalized to send uniformizers
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to geometric Frobenius) where a € O} acts on the set of quasi-canonical liftings as (X, tx,, px,) —
(X5, tx,,apx.). In the split case, we have used the isomorphism

Op/Op, — Ly /(1 + p°ZLp)* (7.2.3)
r—— et (z)e  (z71)

if (Xo,7) has signature (1,0) and its reciprocal if (Xg,j) has signature (0,1). In particular, the
quasi-canonical liftings of a fixed level s are all isomorphic if the framing px, is forgotten.

Let (Xo, tx,, px,) and (Xs, tx,, px,) be canonical and quasi-canonical lifts over Spf O, for some
(Xo,7) and (Xp, ') respectively (possibly j # j'). Then

Hom(Xo, Xs) = ¢s - O (7.2.4)

(no Op-linearity imposed) is a free Op-module of rank 1 (where Op acts by pre-composition),
generated by some isogeny 15 of degree p*. The isogeny s is defined over Spf O .- If Xy and X,
have the same signature, then 1 is automatically O s-linear. When F/Q, is split, we may take
s to be the map inducing the map Xy — X which is

Valxot X915 X5 e XE T X (7.2.5)

on the connected and étale parts, respectively. This follows from the lifting criterion in (6.1.5).
For any generator 1 of Hom(X, X;), we have

lengthOE (e*Ql%:erws/Spec OE) = %[E : @p] El :z_jiill) : ZZEIP;;; (726)

where 7(p) = —1,0,1 in the inert, ramified, split cases respectively and where e: Spec O — ker 1),
denotes the identity section.®! We are passing between Spf O » and Spec O}, as in Appendix B.3.
The nonsplit case of (7.2.6) is essentially a computation of Nakkajima and Taguchi [NT91] (see
also [KRY04, Proposition 10.3] and its proof). The split case follows from (7.2.5), which implies
that ker 1), is étale over Speck (cf. the closely related [KRY04, Proposition 10.1]).
The following constant dgay(s) € Q (“local change of tautological height”) will be crucial for the
formulation of our local main theorems. With notation as above, we define

1 1 *
(Stau(S) = _§’Up(deg ’lps) + W lengthoé (6 Qierw,s/Spec OE) (727)
© P

_ 1 A=p7)( = np()
= ( TR np<p>>> (7.28)

for integers s € Z, with n,(p) := —1,0,1 in the inert, ramified, split cases respectively. We used

(7.2.6) for the second equality.

The quantity d¢au(s) depends only on s and 7,(p), and does not depend on the choice of 15. We
also set Opa)(s) == —20tau(s). In Part 3 below, we will explain the relation of diay(s) and dpa(s)
with local decompositions of “tautological” and Faltings heights of special cycles.

31In Part 5, the notation n: Qp — {£1} will mean the quadratic character associated with F/Q,. Hence the
assignment 7, (p) := 0 when F'/Q, is ramified is an abuse of notation.
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7.3. Quasi-canonical lifting cycles. We state how certain local special cycles decompose into
quasi-canonical lifting cycles (Section 6.2). We continue to use the notation in Section 5.2, now
restricting to signature (n —1,1). We also assume p # 2 unless F'/Q), is split (in the inert case, this
is so that we may cite [LZ22a, Theorem 4.2.1]).

Suppose M? C W is an integral Op-lattice of rank n — 1 with t(M”) < 1. Set s = [val(M?)]
(notation as in Section 2.2). There is an associated quasi-canonical lifting cycle Z(M®)° C N(n —
1,1), which is a certain closed subfunctor such that

Spt O, if F/Q, is unramified
Spt Op USptOp  if F/Q, is ramified.

I

Z(M")° (7.3.1)
Suppose ¢: Spf Op — N(n —1,1) is a morphism representing any component of Z(Mb)o, with
corresponding tuple (X, ¢,A,p) € N(n —1,1)(Spf O ). If n = 1, then M’ =0and X = Xg. If
n > 2, then there exists a polarization-preserving Op-linear isomorphism (forgetting p)

X = (X0)"? x (X, ®z, OF) (7.3.2)

for some level s quasi-canonical lift X (and Xy being the canonical lift), where Xs®z, OF is equipped
with the polarization as in (5.6.2), where %6‘_2 has the diagonal polarization )\§0_2 for some principal
polarization \x, on X¢ if F'/Q, is unramified, and where 368_2 has a product polarization as in
(5.1.6) (with respect to some principal polarization Ay, on Xy) if F/Q, is ramified.

For the inert case of the above assertions, see [LZ22a, §4.2] (we are using the same notation),
and also [KR11, Proposition 8.1] (there for n = 2).

For the ramified case, see [RSZ17, Proposition 7.1] (there for n = 2) and also the proof of [LL22,
Proposition 2.44] (also [LL22, Definition 2.45|; we are using their notation but with N replaced
by Z). In the ramified case, the two components Z(M”)° correspond to the two components of
N(n —1,1) (as in in Lemma 5.4.1, particularly part (5)), i.e. Z(M”)° — N(n —1,1) is surjective
on underlying topological spaces.

For the split case, Z(M”)° was defined in Definition 6.2.7. The assertion X = (%) 2 x (X, Rz,
Or) follows from Lemma 6.2.5 (note that X in loc. cit. is X~ in the present notation) and Remark
5.6.4.

Proposition 7.3.1. Let L’ C W be an Op-lattice of rank n — 1. Form the horizontal (flat) part
of the local special cycle Z(L”), which we denote as Z(L") . We have an equality of closed formal
subschemes

Ze= |J zary (7.3.3)

ngMbgMb*
tH(MP)<1

in N(n —1,1), where the union runs over full rank lattices M° C Lg,.

Proof. The union is the scheme-theoretic union (i.e. intersect associated ideal sheaves).
The inert case is [LZ22a, Theorem 4.2.1]. The ramified case is [LL22, Lemma 2.54] (if F/Q,
is ramified, the condition ¢(M”) < 1 implies t(M”) = 1 since we have assumed n is even in the

ramified case).
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For the split case, the inclusion C is Corollary 6.2.9. By Lemma 6.2.11, the inclusion 2 will hold
if we can verify that Z(L”), = Spf R for some finite flat Op-algebra R with R ®o, F reduced
(with R not necessarily a domain). We will check this later by passing to global special cycles via
uniformization (Lemma 11.7.4). O

For readers interested in Krédmer integral models for F//Q, ramified, we mention the analogous

[HSY23, Theorem 4.2], which we will not need.

8. HERMITIAN SYMMETRIC DOMAIN

8.1. Setup. We recall/fix some notation, mostly as in [Liull, §4B] (see also [GS19, §2.2.2]). Let
n > 1 be an integer, and let V' be the non-degenerate C/R Hermitian space of signature (n —1,1).
We write (—, —) for the Hermitian pairing on V. Consider the Hermitian symmetric domain

D = {maximal negative definite C-linear subspaces of V'}. (8.1.1)

Choosing a basis {e1,...,e,} of V with Gram matrix diag(1,-1,—1), we take the identification

D—" s {zeCvl:z| <1}
(8.1.2)
(a1::an) —— (a1/an, ..., an—1/an)
and write z; = a;/ay,. Here (aj : --- : a,) stands for the complex line spanned by aje; + - - + apep.

We implicitly use the (standard) orientation i"~'dz; A dz1 A -+ Adzp_1 A dZ,_1 on D.

We write £ for the tautological line bundle over D, whose fiber over a point z € D is identified
with the corresponding C-line in V. We give £ the following metric: if w, € &€ lies over z € D, set
|w.|? = —(w., w,). We write ¢; (é\) for the corresponding Chern form, given locally by

~ 1 9
al(€) = %&)log I|'s]| (8.1.3)
for local nowhere vanishing holomorphic sections s of &£.

8.2. Local special cycles. Given any tuple z = (x1,...,z,,) with 2; € V| there is a local special
cycle
D(z) ={2z€D:zLx; foralli} CD. (8.2.1)

This is a closed complex submanifold of D.

Given x € V, there is an associated global holomorphic section s, of the dual metrized tauto-
logical bundle £Y, given by sg(w.) = (z,w,). For z € V and z € D, we set R(z,z) = ||s4(2)|]> =
— (2, x,) where ||—|| is the norm on £, and z, is the orthogonal projection of z to the C-line z.

We write Ei(u) == — floo e®t~1 dt for the exponential integral function, where u € R is negative.
We will use the asymptotics

| Bi(u)| < —u~te" lim (Ei(u) — log |u]) =7, (8.2.2)

u—0~

where v is the Euler—Mascheroni constant. These may be verified by brief computations (omitted,

but see the integral representation for v in [WW73, §12.2 Example 4]).
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Given z € V nonzero, we set>?

¢(z) = —Ei(—4nR(x, 2)) (8.2.3)

which is a smooth function of z € (D \ D(x)) with singularity of log type along D(z) (in the sense
of [GS90, (1.3.2.1)]).

For locally L!-forms ¢ on D, we write [¢] for the associated current. With z as above, we have
the Green current equation

1 _
L OBlE(a)] + bpge) = (o) (8.2.4)
where w(x) is a smooth (1,1)-form on D coinciding with the Kudla-Millson form up to a normal-

ization [Liull, Proposition 4.9]. Given a linearly independent tuple z = (z1,...,zmn) € V™, we

consider the current

[€(2)] = [&(z)] * ([E(z2)] % - - ([€(zm—1)] * [E(@m)])) (8.2.5)
defined via star product (compare [GS90, §2.1.3]), e.g.

[E(@)]*([€(x2)]*[€(23)]) = E(21) AOD (@)D (ws) TW (1) AE(22) NOD () Hw (1) Aw(22) AE (23). (8.2.6)

We then have the Green current equation
1
o O0E()] + by = [o(a)] (327
where w(z) = w(z1)A- - Aw(zy,) (follows from (8.2.7) as in the proof of [GS90, Theorem 2.4.1(i)]).
For any nonzero z € V and a € C*, we have
I = (&Y 2.
a%w(ax) ca(EY) (8.2.8)
where the convergence is pointwise and uniform on compact subsets of D\ D(z) (the derivatives also
converge uniformly on compact subsets). This limiting statement follows upon inspecting [GS19,
(2.40)] (sce also (8.3.1) and (8.3.3)). For convenience, we set w(z) := ¢1(£¥) when z = 0.
The group U(V') acts on D via the moduli description. For any g € U(V'), we have

9g(Dw)) =D(g-w)  g«[&(x)] = [£(g - z)] (8.2.9)
where w € V™ is any tuple and z € V™ is any linearly independent tuple.
8.3. Green current convergence. We record some convergence estimates for the integrals ap-
pearing in our main Archimedean local identities (Section 19.1). We work with the explicit coor-

dinates z = (z1,...,2p—1) on D from Section 8.1 above (via the choice of basis {e1,...,e,} for V).
For any nonzero x € V', we have

1 = 1 ROOR — ORAOR
e (&Y) = 5 00log R= 5 — 851)
Ly dy Adzy (30 Zdz) A (X 2dZ5)
- 2mi < [ (1—22)? : (8.3.2)

32Note that Liu instead uses — Ei(—2wR(z, z)) [Liull, §4B]. This is because he considers Gram matrices T =
(2, z) while we consider Gram matrices T = (z,z) (to match our global and non-Archimedean conventions). This
also affects other normalizations, e.g. our w(z) is Liu’s w(v/2x). .
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and

1 = 1
w(x) = —%885@) = 2—7”,6_4”}% (

on D\ D(z), where R := R(x, z) for short.

—4mdRADR | 99R ORA 8R>

E + 5 = (8.3.3)

Lemma 8.3.1. For any fizedx € V' (possibly x = 0) with w(x) =)

(1 — 22)3w(x);; are bounded on D.

i w(@)ijdziNdZ;j, the functions

Proof. If x =) aje;, we have

(@1Z1 4 -+ an—1Zn—1 — ap)(@21 + - + Gp—12n—1 — Gn)

R = . 8.3.4
(@.2) U (83.4)
This expression and the formulas for w(z) (see above) yield the lemma via straightforward compu-
tation (omitted). O
Lemma 8.3.2. Let x = (z1,...,2m) € V™ be an m-tuple with nonsingular Gram matriz (z,z).

Assume either that m > n — 1 or that (z,x) is not positive definite. Then exists € > 0 such that

n—1

3" R(ziz) > — (8.3.5)

1—2z

for all z € D with |z] > 0.

Proof. Given x = zj aje; € V, we use the temporary notation = - 2z = a1Z1 + -+ + ap—12Zn—1 — ap
for 2 = (21,...,2n-1) € C" L. Note R(z, 2) = |z-2|>(1—22) ! for 2 € D. View C"! as a standard
coordinate chart in the projective space of lines in V' (i.e. the lines which are not orthogonal to
en). The zeros of Y, |x; - z|* on C"~! correspond to those lines in V' (in the given chart) which are
orthogonal to span(z). This (closed) set of zeros is disjoint from the set {z € C"~! : |z| = 1}, which
corresponds to isotropic lines in V' (i.e. no isotropic lines in V' are orthogonal to span(z)). Hence
> ; R(z, 2)(1—2%) is bounded below (as a function of z € D) by a positive constant as |z| — 1. O

Lemma 8.3.3. Let z = (z1,...,Zm) € V™ be an m-tuple with nonsingular Gram matriz (z,x).
Assume either that m > n — 1 or that (x,z) is not positive definite.

Let w =) wr,jdzr NdZ; (multi-indices) be any smooth complez differential form on D such that
each (1 — 22)°wy, s is bounded on D for some real constant b > 0. Then the integral

/ E(xw(za) A Aw(Tm) Aw (8.3.6)
D
1s absolutely convergent.

Proof. After making a unitary change of basis for V, we may assume

aen, if (z1,21) <0
1 = § aer if (z1,21) >0 (8.3.7)
én—1+e, if (r1,21) =0
for some nonzero a € R (where (e1,...,e,) is the basis of V used to define the coordinates
(#1,-..,2n—1) in Section 8.1). This will aid calculation in coordinates.
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Lemma 8.3.1 shows that it is enough to check (absolute) convergence of
/ £ (1 e~ (R@2 )t +R@n2)) (] _ yz)=b (8.3.8)
D

for any b € R (for the Euclidean measure on D). It is enough to check convergence when b > 0, so
we assume b > n for convenience.

Set
Re(z;) Im(z;)
- - "3/ 8.3.9
1 v1—2z2z v v1—2z ( )
for j=1,...,n— 1. A change of variables gives
/ E(zy)e (B2 2) ot Blzm,2)) (1 _ )= (8.3.10)
D

= [ et e e 1 uf? o

where |u|? = > uj2 and |v|? = > ’UJQ-, with R(x;, z) a function of u,v via (8.3.10), and with the
Euclidean measure duy dvy - - - du,—1dv,—1 understood on the right-hand side.
The asymptotics for Ei(u) as in (8.2.2) show it is enough to check convergence of the integrals

/ e 4m(Rl@1,2) +R(w2,2)+Rlam.2)) (1 4 |y|2 + |p]2)0" (8.3.11)
R2(n—1)

and R2(n—1) log(4n R (21, 2))e TR @22+ +R@m ) (1 4 [y)? 4 |o|2)P—" (8.3.12)

R(z1,2)<1/(8n)
(where the second integral is over the set of (u,v) € R~ satisfying R(z1,z) < 1/(87)).
Since we have (1 — 2Z)™! = 1 + |u|? + |v|?, Lemma 8.3.2 implies that (8.3.11) is absolutely
convergent (by exponential decay of the integrand as |u|? 4 |v|? — o).
For convergence of (8.3.12), the same lemma shows that it is enough to check convergence of the

integral

oy log(8TR(a1, 2))e T+ (1 4 g2 4 |o)2)bm (8.3.13)
R(z1,2)<1/(87)
for all € > 0 (using also R(z1,z) < 1/(87)). We check this convergence via casework.

Case when (x1,21) < 0: In this case, we have R(z1,2) = a®(1 + |u|?> + |[v|?). The integrand in
(8.3.12) is bounded on the compact set {(u,v) € R% ™Y : R(z1, z) < 1/(87)}, hence the integral is
convergent.

Case when (x1,21) > 0: In this case, we have R(z1,2) = a®(u? + v?). To check convergence of
(8.3.13), it is enough to check that

_ 2 2 ... 2 2 _
oy Jog(dma®(uf o))ttt ) (1 fof bl oy )

a?(uf+v3)<1/(87)
(8.3.14)

is convergent (using R(x1,2) < 1/(87)). The integral over (uj,v;) converges because the singularity
at u; = v; = 0 is logarithmic, and the integral over (ug,vo, ..., up—1,v,—1) converges because of

the exponential decay.
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Case when (x1,21) = 0: In this case, we have R(x1,2) = (u1 — /1 + [u]2 + [v]?)? + v?. Under
the condition R(x1,z) < 1/(87), we may bound |log R(z1,2)| < C - (1 + |u;|) for some constant
C > 0. To check convergence of (8.3.13), it is thus enough to check that

Lo (e e o2 (8:3.15)
is convergent, which follows from exponential decay of the integrand. O

Remark 8.3.4. The convergence result of Lemma 8.3.3 fails in general if m <n —1 and (z,z) is
positive definite. For example, if n = 3, if m = 1, and if € V with (z,z) > 0, the integral

/Dg(x) A w(0)? (8.3.16)

is not absolutely convergent.
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Part 3. Local change of heights

Fix an imaginary quadratic field F//Q. Write A for the discriminant and o for the nontrivial
involution. We allow 2 | A in Part 3 unless otherwise specified. We set F, = F' ®g Q, and
OFP = Or ®7 Zp.

Throughout Part 3, we write F for a number field, with ring of integers Op. Given a prime p,
we set Op () = Op ®z Z(,). We use E to denote a finite degree field extension of Qp, with ring
of integers Op. We write 9, C O, for the different ideal of OF, /q,. We abuse notation and also
mean 0, == \/Z, which is a generator of the different ideal.

By a place w of F ®q @p, we mean a prime ideal of F ®q Qp (equivalently, an element of
Hom(@]p (E ®q Qp, C,) up to automorphisms of C,). We write Ey for the residue field of w, with

ring of integers OEw‘ We use the shorthand @ | p to indicate a place of E ®q va and may use
subscripts (e.g. X/, and ¢y in Section 10.2) to indicate base-change from Spec OE,(p) to Spf OEm‘

Whenever an Op-action or F-action is mentioned (e.g. on a sheaf of modules on Spec Og), we
assume that Op (resp. Op) is equipped with morphism O — Og (resp. O — O).

We write X, for a level s > 0 quasi-canonical lifting of signature (1,0) over Spec O, with its
OF,-action tx,, as explained in Section 7. The framing px, of loc. cit. is unimportant in Part 3
(and will be omitted). As before, the notation X7 means X, but with O, -action pre-composed by
.

Given a group scheme G over a base S, we typically write e: S — G for the identity section. We

[19%}]

abuse notation and use “e” simultaneously for different group schemes.

9. FALTINGS AND “TAUTOLOGICAL’ HEIGHTS

9.1. Heights. Suppose A — Spec O is a semi-abelian Néron model of an abelian variety over E.
The Faltings height of A (or its generic fiber Ag) is

1 —
hea(Ag) == hpa(A) = mdeg(c«m) (9.1.1)
where Wa = (wa, ||—|) = (e* A" 9114/(9,37 |I—||) is the Hermitian line bundle with norm ||—|| normal-

ized as in (4.3.1). The usual arithmetic degree d/e\g was recalled in Section 4.1. Any abelian variety
over a number field has everywhere potentially semi-abelian reduction, and the Faltings height of
any abelian variety B over Spec E is defined so that hg, (B) is remains constant under finite field
extensions E — E’. (We only consider stable Faltings height, as defined above.)

We also consider certain “tautological heights” to describe the arithmetic intersections appearing
in Section 4.7. The terminology we introduce for this (e.g. “Kramer datum”) is likely nonstandard.

Definition 9.1.1.

(1) Given a scheme S over Spec Op, a Kramer datum (of signature (n—1,1)) is a tuple (A4, ¢, F)
where A — S is an abelian scheme, where ¢: O — End(A) an action of signature (n—1,1),
and where F C Lie A is a t-stable local direct summand of rank n — 1 such that the Op
action via ¢ on F (resp. (Lie A)/F) is Op-linear (resp. o-linear). We say that F is the

associated Kramer hyperplane.
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(2) Given a formal scheme S over Spf OF,, a local Krdmer datum (of signature (n —1,1)) is a
tuple (X, ¢, F) where X is a p-divisible group over S of height 2n and dimension n, where
t: Op, — End(X) is an action of signature (n — 1,1), and where 7 C Lie X is a t-stable
local direct summand of rank n — 1 such that the O action via ¢ on F (resp. (Lie X)/F)
is Op-linear (resp. o-linear). We say that F is the associated Krdmer hyperplane.

(3) A quasi-polarized Kramer datum (resp. quasi-polarized local Kramer datum) is a tuple
(A, \, F) (resp. (X,t,\,F)) where (A,,\) is a Hermitian abelian scheme (Definition
3.1.1) (resp. (X,¢,A) is a Hermitian p-divisible group (Definition 5.1.1, but we allow p = 2
even if F'/Q, is ramified)) and (A,¢, F) is a Krdmer datum (resp. (X,¢, F) is a Kramer
datum).

The name “Kramer datum” refers to the Krdmer model mentioned in Remark 3.2.7. For an un-
derstood Kramer datum (A, ¢, A, F), we will use the shorthand &V := (Lie A)/F (cf. the “tautolog-
ical bundles” of Definition 3.1.7 and Definition 3.2.6). We use the same notation & := (Lie X)/F
given an understood local Kramer datum (X,:, F). In both cases, the sheaf &V is locally free of

rank 1, and we call it the associated Kramer hyperplane quotient.

Definition 9.1.2. A morphism (resp. isogeny) of Kramer data (Aq,t1,F1) — (Asg,to,F2) is an
Op-homomorphism (resp. isogeny) A; — Aa such that im(F;) C Fa, where im(F;) is the image
of 1 under Lie Ay — Lie Ay. A morphism (resp. isogeny) of local Kramer data is defined in the

same way.

Lemma 9.1.3. Let S be a scheme over Spec Op. Assume either that S is a scheme over Spec Op[1/A]
or that S = Spec R where R is a Dedekind domain with fraction field of characteristic 0.

(1) Suppose A — S is an abelian scheme with an action v: Op — End(X) of signature (n—1,1).
Then the pair (A,.) extends uniquely to a Kramer datum (A, ¢, F) over S.

(2) Given pairs (A1,t1) and (Az,t2) as above, any Op-linear homomorphism (resp. isogeny)
A1 — As induces a morphism (resp. isogeny) of Kramer data.

(8) If S is a scheme over Spec Op[1/A], the exact sequence

0—F—Led—&Y =0 (9.1.2)
has a unique Op-linear splitting.

Proof. If S is a scheme over Spec Op[1/A], the claims hold because there is a unique decomposition
LieA = (Lie A)™ @ (Lie A)~ characterized by ¢ acting Op-linearly on the rank n — 1 subbundle
(Lie A)™ (resp. o-linearly on the rank 1 bundle (Lie A)™).

Suppose instead that S = Spec R is a Dedekind domain with fraction field K of characteristic 0.
By localizing, it is enough to verify the lemma when R is a discrete valuation ring. Then part (1)
amounts to the following fact: given a finite free R-module M and any K-subspace W C M ® K,
there is a unique summand M’ C M such that W = M’ @ K (namely M’ = M N W; note that
M’ C M is a saturated sublattice). We are applying this when M = Lie A and W = (Lie A® K)™,
in the notation above (and taking 7 = M’). The signature (n—1,1) condition forces the Op-action
on (Lie A)/F to be o-linear. These considerations also verify the claim in part (2) (since it holds

in the generic fiber). O
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Lemma 9.1.4. Let S be a formal scheme over Spf OF,. Assume either that p is unramified in Op
or that S = Spf R for an adic ring which is a Dedekind domain with fraction field of characteristic
0. Then the following conclusions hold.

(1) Suppose X is a p-divisible group of height 2n over S with an action v: Op, — End(X) of
signature (n—1,1). Then the pair (X, 1) extends uniquely to a local Kramer datum (X, ¢, F)
over S.

(2) Given pairs (X1,t1) and (X2,12) as above, any OF,-linear homomorphism (resp. isogeny)
X1 — Xo induces a morphism (resp. isogeny) of local Krdmer data.

(3) If p is unramified, the exact sequence

0—F—Lied— &Y =0 (9.1.3)
has a unique OF,-linear splitting.

Proof. This may be proved in the same way as Lemma 9.1.3. If S = Spf R for R a Dedekind domain
with fraction field of characteristic 0, note that R must be a complete discrete valuation ring. [

In the situations of Lemma 9.1.3 and 9.1.3, we also use the alternative terminology dual tauto-
logical bundle for the Kramer hyperplane quotient &V.

If (A,t,\) is a Hermitian abelian scheme of signature (n — 1,1) over Spec Op with associated
quasi-polarized Kramer datum (A, ¢, A, F), we thus obtain a Hermitian line bundle &V = &Y, -1
on Spec O as follows: the metric ||—|| is given by restricting the metric on Lie A induced by A
(which we take to be normalized as in (4.3.3)) along the Op-linear splitting &V [1/A] — (Lie A)[1/A]
(where (—)[1/A] means restriction to Spec Og[1/A]). We say &V is the associated metrized dual
tautological bundle. We also make the same construction over Spec O () and Spec E.

Definition 9.1.5. Let (A, ¢, \) be a Hermitian abelian scheme of signature (n— 1, 1) over Spec Op.
The associated tautological height is

htau(AE) = hiau(A) = deg(&Y). (9.1.4)

1
[E: Q]

The tautological height depends on the auxiliary data in the definition (not just Ag or A), which
we have suppressed from notation. If (A, ¢, A) is a Hermitian abelian scheme of signature (n — 1, 1)

over Spec E such that A has everywhere potentially good reduction, we define the tautological height
htau(A) so that it is invariant under finite degree field extension E — F'.

Remark 9.1.6. If we instead work over Og[1/N] for some integer N > 1, we may define Faltings
height and tautological height as above, but where deg now takes values in Ry =R/ Zpl N Q-logp
(as explained in Section 4.1).

9.2. Change along global isogenies. Let Ay — Spec O and Ay — Spec O be semi-abelian
Néron models of abelian varieties over . We have

p—

[E : Q)(hrai(A2) — hiai (A1) = deg(@a,) — deg(@a,) = —deg(Hom (@ 4y, Ba, ))- (9.2.1)
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Any isogeny ¢: A; — As defines a section ¢ of the Hermitian line bundle Hom(&4,,@4,), which

gives
1
hai(A2) — hpa (A1) = E.q <10g ¢l + UZO:O log ”¢|v> (9.2.2)
1 1 «
=3 log(deg ¢) — E:Q 10g | ey /0, (9.2.3)

(sum is over places v of E) as in [Fal86, Lemma 5], where |e*( /05 | denotes the cardinal-
ity of the finite length Og-module e lerWO Note |e* ler¢/oE| = |coker(¢*: wa, — wa,)| =
|coker(¢y: Lie Ay — Lie Ag)|. Also note

hra(Az) — hpa (A1) Z aplogp = Z aplogp (9.2.4)
pldeg ¢
for some a, € Q independent of ¢.
Given Hermitian abelian schemes (A1, 1, A1) and (Ag, t2, A2) of signature (n—1,1) over Spec Of
with associated Hermitian line bundles éAalV and éAaQV, we similarly have

htan(A2) — heau(A1) = deg(Hom(&), &)). (9.2.5)

1
[E: Q]
Any Op-linear isogeny ¢: A1 — Ag defines a section ¢ of the Hermitian line bundle Hom(g”lv, é/\z\/),

and we have

Pral(42) = ha(40) = -5 (—log 6]l = 3 log Hmu) (9.2.6)
’ V<00
= [ElQ] (—log||¢|l s + log|coker(¢py: & — &)|) . (9.2.7)

9.3. Change along local isogenies: Faltings. Given an isogeny ¢: A1 — As of abelian schemes

over Spec O, (), we define the semi-global change of Faltings height

p)’

1 1
Opal,(p) (@) = —5 log | deg ¢, — E:.qQ log [e*Q ker¢/OE (m‘ (9.3.1)

where | — |, is the usual p-adic norm. We have o, ) (¢) € Q - logp. The formula for change of
Faltings height (9.2.2) shows that 0p.; () (¢) = aplogp, in the notation of (9.2.4). In particular,
OFal,(p)(¢) does not depend on the choice of isogeny ¢ (and depends only on A; and Aj). If A; and
Ao have everywhere potentially good reduction, we have

hgal(A2,E) — hral(A1,E) Z5Fa1 ¢) =Y Orae)(9) (9.3.2)
¢|deg ¢
where ¢ also denotes the induced isogeny on Néron models over Spec Op, () for each prime ¢ (after
enlarging F if necessary).
Given any isogeny ¢: X1 — X of p-divisible groups over Spf O, we have (Lie X;)" = e*Qﬁ( PV]/ Spec O,
(canonically) for N > 0 by [Mes72, Corollary 11.3.3.17] (passing to the limit over O /p*O as
k — 00), so there is a canonical exact sequence

0 (Lie X5)" %5 (Lie X1)¥ = €Ol speco, — 0 (9.3.3)
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of finite free O z-modules (note that Lie X; — Lie X» is injective, e.g. by Lemma B.2.2). If X and
X are moreover height 2n and dimension n, we define the local change of Faltings height

< 1 1 *
OFal (@) = 3 log(deg ¢) — Wlengthoé (e* QL. &/ Spec OE‘) -log p. (9.3.4)
“Np

We have 5Fal(¢) = Q- logp, as well as
Sral (¢ © §) = dpar(&) + Spat (9) Sea([N]) = 0 (9.3.5)

where ¢’: Xy — X3 is any isogeny of p-divisible groups and [N]: X; — X is the multiplication-by-
N isogeny (follows from (9.3.3)). Unlike gy (p)(—) from above, the quantity dpa1(¢) may depend
on the isogeny ¢.

Given isogenous abelian schemes over Spec Op, () and an isogeny ¢: X1 — X3 of the associated

p-divisible groups, set

> [Eis : Qplora(da). (9.3.6)

5Fal,(p)(¢) = [E . Q]

where ¢ denotes the base-change of ¢ to Spf Oﬁ“w‘

Lemma 9.3.1. Let Ay, Ay be isogenous abelian schemes over Spec O, (). Let X; be the associated
p-divisible groups. Given any isogenies b: A1 — Ay and ¢: X1 = Xo, we have

Oral,(p) (@) = Opa () (9)- (9.3.7)

Proof. The lemma is clear if ¢ is the isogeny associated with ¢. If ¢': X; — X is another isogeny,
we have [pN] o ¢ = ¢ 0 ¢ for some isogeny ¢”: X1 — X, (Lemma B.2.2). By additivity of dpa and
since dpar([p™N]) = 0, it is enough to show Opal,(p) (@) = 0 if X7 = Xo. For this purpose, we may also
assume A; = As.

Write A = A; and X = X; to lighten notation. As usual, Arp and Xg denote the respective
generic fibers (over Spec E'). We write Isog(A) and Isog(X) for the set of self-isogenies of A and X.

We have canonical identifications
End(X) = End(Xg) = End(T,(XE)). (9.3.8)

The first equality holds by a theorem of Tate [Tat67a, Theorem 4] (base-change along Spec E —
Spec Op,(p) is fully faithful on p-divisible groups) and the second equality holds because Xp is an
étale p-divisible group. Here, the notation End(7,(Xfg)) means endomorphisms of T,(Xg) as a
Galois module.

Equip the finite Zy-module End(7),(Xg)) with the p-adic topology, and give Isog(X) the subspace
topology. We have 0pai () (¢ © ¢') = Opal (p)(¢) for any ¢ € Isog(X) and ¢' € End(X) with ¢’ =
(mod p), since any such (25/ is an automorphism of X. The map Isog(X) — R given by ¢ — OFal,(p) (9)
is thus locally constant.

We also have canonical identifications

End(A) ®7 Z, = End(Ag) @7 Z, = End(Ty(Ag)) = End(T,(Xg)). (9.3.9)
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The first equality holds by the Néron mapping property, and the second equality holds by Faltings’s
theorem [Fal86, §5 Corollary 1]. Hence Isog(A) = Isog(X) N End(A) is a dense subset of Isog(X).
Since G, (p) (¢) = 0 for any ¢ € Isog(A), this proves the lemma. O

Corollary 9.3.2. In the situation of Lemma 9.3.1, the quantity (5Fa17(p)(<b) does not depend on the
choice of isogeny ¢: X1 — Xo.

Proof. In the notation of the lemma, this follows immediately from ¢ independence of 5Fa1,(p)(q3)
(discussed above). O

We will use Lemma 9.3.1 to compute Faltings heights without producing isogenies on abelian
varieties, only isogenies on underlying p-divisible groups over Spec O, ;). The analogous lemma
for tautological height (Lemma 9.4.5) serves a similar purpose.

9.4. Change along local isogenies: tautological. To locally decompose the change of tauto-
logical height along an isogeny, we impose an additional condition.

Definition 9.4.1.

(1) A Hermitian abelian scheme (A, ¢, A) of signature (n — 1,1) over E is special if A is Op-
linearly isogenous to a product of elliptic curves, each with Op-action. A Hermitian abelian
scheme of signature (n — 1,1) over Spec Op or Spec O () is special if its generic fiber is
special.

(2) A Hermitian p-divisible group (X, ¢, A) of signature (n — 1,1) over Spf O is special if X is
Op,-linearly isogenous to 366“1 x X7

We only use the term “special” this way in Part 3 (but we have global special cycles in mind, cf.
Lemma 4.7.1). The norm ||—||,, below is as in (9.2.6).

Lemma 9.4.2. Let (A1, 1, 1) and (Asg, o, A2) be special Hermitian abelian schemes of signature
(n—1,1) over Spec E. For any Op-linear isogeny ¢: A1 — Aa, we have ||¢|\§O € Q-o-

Proof. Given such ¢, form a diagram
By x B 25 A1 % Ay 2 By x BY (9.4.1)

where each ¢; is an Op-linear isogeny, each B; is a product of (n — 1) elliptic curves each with
Op-action of signature (1,0), and each B~ is an elliptic curve with Op-action of signature (0, 1).
Signature incompatibility implies that A; pulls back to a diagonal quasi-polarization A, X Ap L
on By x Bf (e.g. Homp,. (BY,Bi") = Home, (Bi?, BY) = 0). Similarly, Ay pulls back along the
quasi-isogeny ¢ ! to a diagonal quasi-polarization A By X Ap .

With these quasi-polarizations, we have |[¢p20¢od1]l, = [P2llo 10l |01l = @]l since
61l = llo2llc = 1 (because ¢ and ¢ preserve quasi-polarizations, by construction). On
the other hand, if ¢’: B{- — Bj is the induced isogeny (signature incompatibility again implies
Home,.(B1, By') = Homo,. (Bi, B2) = 0), we must have ||¢2 0 ¢ o ¢1] = ||¢/||,, (the latter norm
is taken with respect to Ap. and /\B;). For each embedding 7: E — C, the quantity ||¢’Hi must
be the element of Q¢ satisfying

¢ Apr = ||#|I7 Mgy, (9.4.2)
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(quasi-polarizations on elliptic curves are unique up to Qs scalar), so we have ||¢’ Hio =1L. goclld ||z €
Q>0 ]

For the rest of Section 9.4, we let (A;, ¢, A;) for i = 1,2 be special Hermitian abelian schemes of

signature (n — 1,1) over Spec O (,), with associated Krdmer hyerplanes F; and dual tautological

p)
bundles &". We also let (X;, i, A;) f())r 1 = 1,2, 3 be special Hermitian p-divisible groups of signature
(n—1,1) over Spf O, and reuse the notation J; and & for the respective Kramer hyerplanes and
dual tautological bundles.

Given (X1,t1,A1) and an Op,-linear isogeny Y1 x YlL — X1 with Y7 being a product of n — 1
canonical liftings of signature (1,0) and Y;* being a canonical lifting of signature (0, 1), there is an
induced decomposition

TP(XI)O = Tp(Yl)O ©® Tp(Yll)o (9-4-3)

on rational Tate modules (of the generic fibers). Equip Y7 X YlL with the pullback of A;. This
gives a product quasi-polarization Ay, X )\YIL on Y] X Yﬁ (by signature incompatibility as in the
abelian scheme case, i.e. Homo,, (Y, YY) = Homo,, (Y{-7,Y}Y) = 0). Hence the decomposition
in (9.4.3) is orthogonal for the Hermitian pairing on 7,(X1)°.

Consider (Xa, t2, A2) with OFp—linear isogeny Y5 X Y2L — X5 as above and, and suppose ¢: X —
X, is an Op,-linear isogeny. Then the induced map ¢.: Tp(X1)? — Tp(X2)° sends T,(Y1)° to
T,(Y2)? and similarly for 7,(Y;%)° (again by signature incompatibility, i.e. Homo,, (Y1,Y55) =
HomOFp(YlL7 Y2) = 0). In particular, the decomposition in (9.4.3) does not depend on the choice
of Y1 x Vi — Xj.

Any Op, -linear isogeny ¢: X1 — X thus gives a nonzero element ¢ € Homp, (T,(Y75)°, T,,(Y55)?).
We then set

19llep = 14l (9.4.4)

where ||—|| on the right means the norm for the (one-dimensional and non-degenerate) Fj,-Hermitian
space Homp, (Tp(Yf-)O7 Tp(YQL)O).

We may now proceed as in the Faltings height case. Given an Op-linear isogeny ¢: A1 — Ao,
we define the semi-global change of tautological height

1
[E: Q]

where | — |, is the usual p-adic norm (well-defined by Lemma 9.4.2). We have dy,y ) (¢) € Q- logp.

Otau,(p) (@) = (log | 4]l |p + log [coker (s : 6 — &37)]) (9.4.5)

Since A; and Ag have everywhere potentially good reduction (implied by the special hypothesis:
elliptic curves with Op-action over number fields have everywhere potentially good reduction) the
formula for change of tautological height (9.2.6) implies

htau(AQ,E) - htau(Al,E’) = Z(Stau,(f)(gb) = Z 5tau,(£)(¢) (9'4'6)
l

£|deg ¢

where ¢ also denotes the induced isogeny on Néron models over Spec O, () for each prime ¢ (after

enlarging F if necessary). In particular, 5tau7(p)(q§) does not depend on the choice of isogeny ¢.
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Given any OF,-linear isogeny ¢: X1 — Xo, we define the local change of tautological height

Oau(®) = 10g [|¢]l o, + lengthe_ (coker(g,: & = &')) - logp. (9.4.7)

9] o

[E

ol

We have 5tau(¢) € Q- logp, as well as

5tau(¢/ o ¢) - 5tau(¢/) + gtaU(@ gtaU([N]) =0 (9-4-8)

where ¢": Xy — Xy is any Op,-linear isogeny and [N]: X; — X is the multiplication-by-N isogeny.
For use in later calculations, we note the identity

lengthep . (coker(¢y: Lie(X;) — Lie(X2))) (9.4.9)
= lengthe (coker(py: F1 — Fa)) + lengthOE(coker(gb*: & — &)

(by the snake lemma).

Lemma 9.4.3. If F,,/Q, is nonsplit, we have Stau(gﬁ) = Stau(qﬁ’) for any two Op-linear isogenies
¢, ¢/: X1 — XQ.

Proof. Set X = %6‘_1 x X7, and equip X with any Op-action-compatible quasi-polarization. Select
any Op-linear isogeny ¢”: X — X;. Using the additivity property dguu(¢o ¢”) = dtan(®) + drau(¢”)
and similarly for ¢’, this reduces us to the case where X = Xj.

As in the proof of Lemma 9.3.1, there exists an isogeny ¢”: X — X such that [p¥]o ¢ = ¢' 0 ¢”
for some N > 0, so the additivity properties of Stau reduce us to showing Stau(qﬁ) = 0 when
(X1, 01, A1) = (Xo, 12, \2).

Since Homo,. (X0, X§) = Homp, (X5, Xo) = 0, we must have ¢ = f x f+ where f: X§71 — X
and f: X§ — X§. We find Stau(gb) = Stau(fL) = 0 since f*: X§ — X7 is an automorphism times
[pN] for some N > 0. O

Remark 9.4.4. If F,,/Q, is split, then Lemma 9.4.3 fails (consider multiplication by (1,p) and
(p,1) in O, = Zj, x Zy). This is the reason for Lemma 9.4.5 below, which allows us to uniformly
treat all cases of F},/Q,.

Continuing to allow F},/Q, inert/ramified/split, now suppose that (Xj,¢;, A;) is the Hermitian
p-divisible group associated with (A;, ¢, A;), for i« = 1,2. Since each (A4;,;, \;) is special, there
automatically exists an Op-linear isogeny A; — Ao after possibly replacing E by a finite extension
(by the theory of complex multiplication for elliptic curves). Given any OF, -linear isogeny ¢: X1 —

XQ, set
1 o e,

Ey: Otau( P 4.1
[E:Q];[w Qpldtan(w) (9-4.10)
w|p
where ¢4 denotes the base-change of ¢ to Spf O o

5tau,(p) (¢) =

Lemma 9.4.5. Suppose that (X;, 1;, A;) is the Hermitian p-divisible group associated with (A;, tiy A\i),
fori=1,2. For any Op-linear isogenies ¢: Ay — Ao and ¢: X1 — Xo, we have

5tau,(p) ((b) = 5tau,(p) (d)) (9411)
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Proof. This may be proved exactly as in Lemma 9.3.1, now requiring isogenies and endomorphisms
to be Op-linear. I

Corollary 9.4.6. In the situation of Lemma 9.4.5, the quantity d¢ay (p)(¢) does not depend on the
choice of isogeny ¢: X1 — Xo.

Proof. In the notation of the lemma, this follows immediately from & independence of dyy, (p) ((5)
(discussed above). O

9.5. Serre tensor. We compute local changes of Faltings and tautological heights for isogenies
involving the Serre tensor p-divisible groups Xs®z, Op,. These results will later be used to compute
heights of arithmetic special 1-cycles.

Given s € Z>( and a quasi-canonical lifting Xs over Spf Oy, we write Ay, for an understood
principal polarization of X;. Recall that Ay, exists and is unique up to Z,; scalar (Lemma 5.6.1 and
its proof). As in Section 5.1, we consider the map A, : Of, — (’)}p determined by the Z,-bilinear
pairing trg, g, (#7y) on Op,, where Of, = Homg, (OF,, Zy).

We equip Xs®z, O, with its Serre tensor OF,-action ¢ and the polarization —L(D%)_l o(Ax, ®Air).
We equip X x X§ with its diagonal OF, action tx, x 1 (of signature (1,1)) and the diagonal quasi-

polarization —(02) 7 o (Ax, X Ax,)-

Lemma 9.5.1. For the OF,-linear isogeny

Xo®z, Op, —2— X0 x X§
(9.5.1)

r®ar——— (L%Q (G)x, Lxo (a‘g)x)
we have dpa (@) = 0. Assuming p # 2 if F,/Qy is ramified, we also have Stan() = 0.

Proof. We already know deg ¢ = |A[! (see (5.1.3) and surrounding discussion).

Pick any OF,-linear isomorphism Lie Xog = O. Then the map ¢.: Lie(Xq ®z, OF,) — Lie(Xo x
X{) may be identified with the map of Op-modules f: Oy ®z, OF, — Op®Op given by f(z®a) =
(azx,a’z). Thus ¢, is given by the matrix in (5.1.4) (the same matrix describing ¢ after identifying
Xo ®z, (’)Fp = %(2) using a Zy-basis of OFp). That matrix has determinant which generates the
different ideal 0,, hence

v v

lengtho_(coker(. Lie(Xo @z, Or,) — Lie(Xo x X5))) = %[E . Qplu,(A). (9.5.2)
This gives 25Fa1(¢>) = logdeg ¢ — v,(A)logp = 0.
We also know that ¢*(Ax, X Ax,) = Ax, ® A (see discussion surrounding (5.1.3) again). Thus
¢/l = 1, in the notation of (9.4.4).
Let 71 C Lie(Xo®z,0F,) and F3 C Lie(Xo x X{) be the (unique) associated Kramer hyperplanes,
with associated Kramer hyperplane quotients & and &). If F,/Q, is unramified, then ¢ is an
isomorphism, hence coker(¢.: &' — &) = 0. If F,/Q, is ramified, assume p # 2 and select a

uniformizer @ € OF, satisfying w” = —w. Then (w® 1+ 1® w) € O} ®z, OF, is a generator of

F1. We thus find coker(¢.: F1 — F2) = Op/wO .
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By (9.4.9), the previous computations imply coker(¢.: & — &) = 0, and hence

9 1
Otau(¢) = log [|8]l ., + T{@]lengthoé(coker((ﬁ*: & — &) -logp = 0. (9.5.3)

(B2 Qp
g

For any given integer s € Z>, recall the constants d¢au(s), drai(s) € Q (“local change of ‘tauto-
logical” and Faltings heights”) as defined in (7.2.7) and surrounding text.

Lemma 9.5.2. Let ¢s: Xo — X5 be any isogeny of degree p. For the OFp,-linear isogeny

Xo ®z, OF, — %, ®z, OF,
(9.5.4)

r®ar——  Ps(r) ®a

we have

5Fal(¢) = _QStau(Qs) = _25tau(5) : Ing- (955)

Proof. Recall that 1, is unique up to pre-composition by elements of (’);p (7.2.4). Write F; and
Fo (resp. &' and &) for the associated Kramer hyerplanes (resp. dual tautological bundles) of
Xo ®z, OF, and X; ®z, OF, respectively.

We have deg ¢ = (deg1)s)? = p?*. Since quasi-polarizations on Xy are unique up to Q; scalar
(follows from Drinfeld rigidity and the corresponding statement for X in Section 5.1), we have
VYidx, = bAx, for some b € p°Z;. Hence we have ¢"(Ax, ® Ar) = b(Axo ® Atr), 80 [[@]| &, = ps/2,

Pick any identifications LieXp = LieX; = Op of Op-modules. With these identifications,
the map 1,.: LieXy — LieX, is multiplication by some ¢ € O satisfying E - Qp}vp(c) =
lengthe (coker(ts «: Lie X9 — Lie Xy)).

We also obtain identifications Lie(Xo ®z, OF,) = Lie(Xs ®z, OF,) of O ®z, Op,-modules, with
induced identifications 7y = F; and &) = &,’. Then ¢.: Lie(Xg ®z, Op,) — Lie(Xs ®z, OF,)
is identified with multiplication by ¢, and hence ¢.: & — &’ must also be multiplication by c.
Hence

lengthe, (coker(¢, : Lie(¥o @z, OF,) — Lie(¥X; @z, OF,))) = 2[E : Qylvy(c) (9.5.6)
lengthe_ (coker(g.: & = &) = [E : Qpluy(0). (9.5.7)

The lemma now follows from the formula for lengthe . (coker(ts«: LieXg — LieXy)) in (7.2.6). O

10. HEIGHTS AND QUASI-CANONICAL LIFTINGS

10.1. A descent lemma. To compute Faltings and tautological heights, we will produce isogenies
of p-divisible groups over Spec O (,) from isogenies over Spf O, for any choice of w | p. We now
explain this descent procedure, in a more general setup.

Lemma 10.1.1. Let S’ — S be a morphism of schemes whose scheme-theoretic image is all of S.

Suppose X is a p-divisible group over S which satisfies End®(X) = End®(Xg). Let Y and Z be
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p-divisible groups over S which are isogenous to X. The base-change maps

Hom(Y, Z) — Hom® (Y, Zg/) Hom(Y, Z) — Hom(Ys:, Zs/)
Isog’(Y, Z) — Isog” (Y, Zs1) Isog(Y, Z) — Isog(Yy/, Zgr)

are bijections.

Proof. Choose isogenies ¢y : X — Y and ¢z: X — Z. There is a commutative diagram

a End’(X) —>— End’(Xg) o
| ] ! |
¢z o0 cb{,l HomO(Y, Z) — HomO(YS/, Zgr) bz 0a o <Z>;,g,

where horizontal arrows are base-change. The vertical arrows are isomorphisms, and the upper
horizontal arrow is an isomorphism by hypothesis. Hence the bottom arrow is an isomorphism.
Suppose f € Hom’(Y,Z) is any quasi-homomorphism. The functor T + {¢ € Hom(T,S) :
¢* B is a homomorphism} is represented by a closed subscheme of T', see [RZ96, Proposition 2.9]. If
Blss is a homomorphism, then 8 must also be a homomorphism, since the smallest closed subscheme
of S through which S’ factors is all of S' (by hypothesis). Hence Hom(Y, Z) — Hom(Yy, Zg/) is an
isomorphism. The statements about (quasi-)isogenies follow from an essentially identical argument,
replacing End and Hom with Isog, and noting Isog?(X) = (End®(X))* (e.g. by Lemma B.2.3). O

Remark 10.1.2. We will be interested in the case where S = Spec O, (,) and S" = Spec O, for
some finite extension F of Fy for some w | p. In this case, Lemma 10.1.1 admits an alternative
proof: a quasi-homomorphism of p-divisible groups over Spec E is a homomorphism if and only if
the map on rational Tate modules preserves (integral) Tate modules, and this can be checked after
base-change to Spec E. Then apply the theorem of Tate [Tat67a, Theorem 4] which states that the
generic fiber functor for p-divisible groups over Spec Op, (,,y (similarly, for Spec O) is fully faithful.

Lemma 10.1.3. Let X be a p-divisible group over a formal scheme S. Suppose there is a decom-
position X = X1 x Xo as fppf sheaves of abelian groups (on (Sch/S)fpps). Then X1 and Xo are
both p-divisible groups.

Proof. Write eq, es € End(X) for the projections to X; and Xo respectively. As being a p-divisible
group can be checked locally on (Sch/S) ¢ppf, assume S is a usual scheme.

It is clear that the multiplication by p map [p]: X — X is a surjection if and only if [p]: X1 — X,
and [p]: Xo — Xy are surjections. We also have X [p"| = X;[p"] x Xa[p"] for all n > 1. Thus the
natural map ligX[p”] — X is an isomorphism if and only if ling X [p"] — X1 and lim X5 [p"] = Xo
are isomorphisms.

Next, note Xi[p] = ker(ez: X[p] — X|[p|) and similarly Xa[p] = ker(e;: X[p] — X|[p]). Since
X|[p] is representable by a finite locally free scheme over S, we conclude that X;[p] and Xs[p] are

represented by schemes which are finite and finitely presented over S. We also have short exact
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sequences
0 — Xi[p] = X[p] = Xa[p] =0
0 — Xa[p] = X[p] = Xi[p] = 0

so Lemma B.2.1 implies that X [p] and X3[p] are finite locally free over S. O

Corollary 10.1.4. Let S’ — S and X be as in Lemma 10.1.1. Suppose Y and Z are p-divisible
groups over S isogenous to X.

If Yo =Y x--- XY/ and Zg = Z| x --- X Z]. for p-divisible groups Y] and Z| over S’, then

(2

there are unique decompositions Y =Y, X ---x Y, and Z = Zy X - -+ X Z, such that Y;|g = YZ-’ and

Zilg» = Z] for alli. For any i, the base-change maps
Hom"(Y;, Z;) — Hom’(Y; &1, Z; &) Hom(Y;, Z;) — Hom(Y; s, Z; s7)
Isog’(Yi, Zi) — Isog”(Yisr, Zig) Isog(Y;, Zi) — Isog(Yi s, Zi.s1)
are bijective.

Proof. The decomposition Yy = Y] x -+ x Y] corresponds to a system of orthogonal idempotents

'y...,d. € End(Ys), i.e. d? = d. for all i and did; = 0 for all i # j. Lifting to a decomposition
Y =Y x---xY, is the same as lifting {d}}; to a system of orthogonal idempotents {d;}; in End(Y").
Such a lift exists and is unique by Lemma 10.1.1. The same applies for Z, and we write {e}}; and

{ei}: for the corresponding systems of idempotents. Using Lemma 10.1.1, we have
Hom(Y;, Z;) = d; Hom®(Y, Z)e; = d; Hom®(Yy, Zs)e; = Hom® (Vi 51, Z; o)
HOID(}/Z', Zl) = dl HOI’I](Y, Z)e, = d; HOIH(YS/, ZS’)(Z; = :[’IOH’I(}/Z"S/7 Zi,S’)'

The statement about Isog? then follows from Lemma B.2.3, and the statement about Isog follows
from the relation Isog(—, —) = Isog’(—, —) N Hom(—, —). ]

10.2. Minimal isogenies. Given any abelian scheme A — S over some base S, we can form the
Serre tensor abelian scheme A ®z Op given by (A ®z Op)(T) = A(T) ®z Of for S-schemes T.
There is a natural action of Op on A ®z OF, as we have discussed for p-divisible groups (B.1.1).
If \: A — AY is a quasi-polarization, then A @ \;: A ®z Op — AY ®7 OF = (A®z Op)Y is a
polarization, where A, : Op — O}, is induced by the trace pairing, as above.

Let Ag — Spec Op, () be any (relative) elliptic curve with Op-action ¢ of signature (1,0), and
let Ag be the unique principal polarization of Ay. For n > 2, set

A= A2 x (Ag ®z OF) (10.2.1)

with Op action ¢ which is diagonal on Agfz and the Serre tensor action on Ay ®z O, and polar-
ization \J % x (JA[7 (Ao ® Ar)). Then (A, ¢, \) is a special Hermitian abelian scheme of signature
(n —1,1). We write (X,¢, A) for the associated special Hermitian p-divisible group of signature
(n—1,1), with

X = X% x (Xo ®z, OF,) (10.2.2)
where X is the p-divisible group of Ag. For any w | p, the base-change X ,; is a canonical lifting.

The preceding notation (e.g. for Ag and Xy) will be fixed for all of Section 10.2.
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In Proposition 10.2.1 and Corollary 10.2.2 below, we equip %8_2 X (X5®z,OF,) with the diagonal
OF, action (which is the Serre tensor action on Xs ®z, O,) and a product quasi-polarization, for
some quasi-polarization of X{~? and the quasi-polarization —L(Dg)_l o (Ax, ® M) on (X5 ®z, OF,).

Proposition 10.2.1. Let (A’,/,X') be a special Hermitian abelian scheme of signature (n — 1,1)
over Spec O (), with associated Hermitian p-divisible group (X',1',\'). Replace E with a finite
extension if necessary, so that A and A" are Op-linearly isogenous.

Suppose there exists a Op,-linear quasi-polarization preserving isomorphism

Xépto, = X57% % (X @z, Op,) (10.2.3)

over Spf O, where E is a finite extension of Op , for some W' | p and s > 0. Fiz an isomorphism
Xo,spfo, = Xo-

(1) Then there exists an OF,-linear quasi-polarization preserving isomorphism
X' X7 x (X5 ®z, OF,) (10.2.4)

over Spec O, (), for some p-divisible group X of height 2 and dimension 1 with fized iden-
tification Xsspto, = X, such that (10.2.4) recovers (10.2.3) upon base-change to Spf Op.
On the right-hand side of (10.2.4), the polarization is the product of a polarization on
Xg‘*Q and a quasi-polarization —(D%)_l “(As @z, Mr) on X ®z, OF,, where A is a principal
polarization on Xs.

(2) For any w | p, the base-change X ; is a quasi-canonical lifting of level s, and hence there
is an identification as in (10.2.4) for all w | p.

(3) There exists an isogeny s: Xo — X of degree p®. The OF,-linear product isogeny ¢: X —

X' given by
¢ = idyn—2 x (s @ 1): X§7% x (Xo ®z, OF,) = X% x (Xs ®z, OF,) (10.2.5)
over Spec O, () satisfies
Oral (D) = —20tau (i) = —26au(s) - log p for all w | p (10.2.6)
OFal,(p) (9) = —20tau,(p) (@) = —20tau(s) - logp. (10.2.7)

Proof. Note that X satisfies the hypotheses of Lemma 10.1.1 with S = Spec Op ,) and S =
Spec OEw for any 0 | p, as End(X) = M,, ,(OF,) over both Spec O (,,y and Spf Oy for any w. The
same holds for S” = Spec O . Again, we pass between Spf O B and Spec O 5, s in Appendix B.3.

The proposition then follows from repeated applications of Lemma 10.1.1 and Corollary 10.1.4,

as we now explain.

(1) and (2) Corollary 10.1.4 implies that (10.2.3) descends to a Op,-linear product decomposi-
tion X' = X" % x (X, ®z, OF,) over Spec O () for some X, descending Xo (first pick any
identification of p-divisible groups X5 ®z, Op, = %g, then descend the C’)Fp—action), and the
fully-faithfulness in Corollary 10.1.4 implies End(X;) = OF, s (with Op, s = Z;, + p*OF, as
in Section 7.2) over Spec O (,,) and also over Spf Oy for any w | p. The fully-faithfulness

in Corollary 10.1.4 also implies that the fixed Op,-linear isomorphism Xy — Xo lifts
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to an isomorphism Xy — X{. The polarization on 366‘_2 X (Xs ®z, OF,) descends to
X§% < (X ®z, Or,) by Corollary 10.1.4 again (applied to X’ and X'V; note that the
property of being a polarization is represented by a closed subfunctor of Spec O (,, hence
can be checked in the generic fiber or over Spec F')

(3) If ¥s: X9 — X is any isogeny of degree p°® (exists and is unique up to precomposition
by (’);p, as discussed in Section 7.2), we apply Corollary 10.1.4 to descend to an isogeny
s Xog — X of degree p®. Equation (10.2.6) now follows from Lemma 9.5.2. Equation
(10.2.7) follows from this (by the definitions in (9.3.6) and (9.4.10)). O

We will use the following reformulation (tailored to our intended application for global heights
via local special cycles). In the corollary statement and proof, AJ and Ag_l x A§ are equipped
with the product quasi-polarizations —A~'Ag and —A~1(\g x --- x A\g) (where A = Ag but with
Op-action ¢ o g, as above).

Corollary 10.2.2. Let S be a reduced scheme which is finite flat over Spec Op. Let (A’ N | F')
be a quasi-polarized Krdmer datum over S (of signature (n — 1,1)) for n > 2, with associated
metrized line bundles & and &" on S. Assume that (A, N) is special at all generic points of S.
Let (X',J/,\') be the associated Hermitian p-divisible group.
Suppose we are given a finite étale surjection
[12 = S xspecz SpecZ, (10.2.8)
J
such that each restricted map ©;: Z; — S Xgpecz.Spec Zp has constant degree deg(j) onto its image.
Assume that ©; and ©j have disjoint images for j # j'.
For each irreducible component Z — Hj Z;, write Ez for the residue field of its generic point.

Assume there exists an isomorphism of Hermitian p-divisible groups
X'lspro, = X577 x (Xs; ®z, OF,) (10.2.9)

for all Z, where sz € Z>q is an integer depending on Z.
We then have

deg(&Y) — (degz ) - hean(AF) = ) T Y (degy 2)dian(sz)logp  (10.2.10)
jEJ g j Z‘—)ZJ

RPN n— o 1
deg(©) — (degy S) - hpal (AL x AJ) = Z dcz) Z (degzp Z)dral(sz) logp
jEJ g ] Z‘—)ZJ

1

modulo Z#p Q - log ¥, where the inner sums run over all irreducible components Z — Z;.

Proof. In the corollary statement, the expression “modulo }_, ;ép(@ - log £’ means an equality of
elements in the additive quotient R/(3_, ., Q-log¥). The notation degy S (resp. degzp Z) denotes
the degree of S — SpecQ (resp. Z — SpecZy) in the generic fiber.

By additivity, we immediately reduce to the case where S is irreducible. Then J consists of
a single element j. By normalization, we may assume S = Spec O for a number field E. We
may also enlarge F as necessary so that (Ag, ¢, \g) also extends to Spec Og, and such that there

exists an Op-linear isogeny ¢: Aj~2 x (A ®z OF) — A. We also consider the Op-linear isogeny
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¢ AL X (Ag @7 OF) — AD2 x (Ag x AZ) which is the identity on A7 ™% and given by (z ® a)
(az,a’x) for (Ag ®z Op) — Ag x A§.

Since dtau(¢’) = 0 (Lemma 9.5.1, along with the local decomposition (9.4.10), also Lemma 9.4.5),
the decomposition in (9.4.6) shows

d/e\g(@/) —[E: Q] han(A) ™ x AG) = [E : QJdtau,(p)(¢) mod ZQ -log 4. (10.2.11)
t#p
We have ZZ<—>Z]- (degzp Z) = deg(j) - [E : Q]. Applying Proposition 10.2.1(3) (combined with
the “isogeny independence” result of Lemma 9.4.5) now shows day,(p)(¢) = dtau(sz) logp for any
Z «— Z;. This also shows that all sz are equal (when S is irreducible): the quantity diau(s) takes
distinct values for distinct s € Z>q (in the nonsplit cases, note dyay(s) has strictly decreasing p-adic
valuation as s increases, for s > 2). We also have hgu(Aj~" x AZ) = heau(Ag) (straightforward
from the definition). This verifies (10.2.10) for d/e%(@g V) and the tautological height.
Since dpa1(¢’) = 0 (Lemma 9.5.1, along with the local decomposition (9.3.6), also Lemma 9.3.1),
(9.4.6) similarly shows

deg(@) — [E: Q- hpa (A" x A7) = [E : Qldpay,y(¢) mod Y Q- logl. (10.2.12)

t#p
Applying Proposition 10.2.1(3) (combined with the “isogeny independence” result of Lemma 9.3.1)
verifies (10.2.10) for (TeTg(@) and the Faltings height, just as for tautological height above. O

In the situation above, we have
hiau(A3) = hEM hpa(AD! x AZ) = n - hENY (10.2.13)
in the notation of (4.3.6) and (4.3.5).

Remark 10.2.3. In Proposition 10.2.1(3), it was important that 15 was an isogeny of minimal
degree p®. If ¢ were replaced by an arbitrary isogeny f: X9 — X, we would not be able to
determine SFal( f) or Stau( f) using only deg f in the case when F},/Q, is split (due to Remark 9.4.4).
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Part 4. Uniformization

We use global notation as in Part 1, e.g. F' is an imaginary quadratic field extension of Q with
nontrivial involution a — a” and discriminant A. The notation A (resp. AI}) will always denote
the finite adele ring (resp. finite adele ring away from p) for Q.

For all of Part 4, let Lo := OF be the rank one Hermitian Op-lattice with pairing (z,y) = x%y.
Let L be any non-degenerate Hermitian Op-lattice of rank n and signature (n—r, r), with associated
moduli stack M (Definition 3.1.2 and Section 3.2).

We fix some group-theoretic setup (common in the literature, e.g. [RSZ20; BHKRY20]). Set

VZ)::L0®(’)FF V::L®(9FF
G = {(g0,9) € GU(Vy) x GU(V) : clgo) = clg)} € GU(Vo) x GU(V)

where ¢: GU(Vp) — Gy, and ¢: GU (V') — Gy, are the similitude characters. We use the shorthand
LpI:L(X)ZZp VpZ:V(X)QQp VRZ:V@)QR

and use similar notation for local versions of other Hermitian spaces. Given a tuple z € V™, we
write z, € V" and 2, € Vg" and 2, € (V ®g Ay)™ and 2P € (V ®q Az})m for the corresponding
projections (and similarly for other Hermitian spaces).

There is an isomorphism

G — GU(Vp) xU(V) »
*
(90,9) —— (90,95 '9)-

To avoid potential confusion: whenever we write (go,g) € G', we mean gg € GU(Vp) and g € GU(V)
with the same similitude factor.

We use factorizable open compact subgroups K } = Ko,5 x Ky C G'(Ay) as in Section 3.4, where
Koy CGU(V)(Ay) and Ky CU(V)(Ay) (using also (x)).

Recall the moduli stack with level structure M A defined in Section 3.4. We do not require K }
to be a small level, so MK} is allowed to be a stack.

Notation. In Part 4, we implicitly fix an open compact subgroup K} C G'(Af) as above. We
abusively suppress K } from notation: we write

M Z(T)  FET) FEZ(D)yy

instead of My, Z(T)x, Lz(T) K} LZ(T)y,, K} etc..

For example, given a Hermitian matrix 7' € Herm,, (Q) (with entries in F') and an appropriate
scheme S, our notation entails

Z(T)(S) = {(Ao, Lo, Mo, A, 1, A, 7o, 7, ) over S}

where (7jo, 7) is a K’} level structure and z € Homo,.(Ag, A)™ satisfies (z,2) =T
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11. NON-ARCHIMEDEAN

Fix a prime p. If p is not inert, we assume the signature is (n — r,7) = (n — 1,1). We assume
that L ®z Zy, is self-dual. If p is ramified, we assume n is even, L is self-dual (for the trace pairing),
and p # 2.

In all cases, we assume the implicit level K } =Ko X Ky at pis

Kﬂ,p = KLo,p Kp = KL,p- (1101)

Recall that these denote the stabilizers of Ly and L, respectively.

Set OF, = O ®z Z; and (’)F,(p) = OF ®7z L) and Fj, '= F ®gp Q,. As in Section 5, we write
F,, for the completion of the maximal unramified extension of F, is p is nonsplit (resp. F, = Q, if
p is split, with a choice of morphism Fj, — Fp). In all cases, O ¥, (resp. k) will denote the ring of

integers (resp. residue field) of Fp.

We discuss Rapoport—Zink uniformization [RZ96, §6], as applied to supersingular loci on special
cycles by Kudla—Rapoport [KR14, §5, §6] (there in the inert case, p # 2). For p inert or ramified,
the material in Sections 11.1 to 11.6 is essentially a repackaging of Rapoport—Zink and Kudla-
Rapoport. However, we need modified arguments at split places: the abelian varieties will be
ordinary. We give a mostly uniform treatment for inert/ramified/split places. We also allow p = 2
if p is inert, except in Section 11.9.

Section 11.9 is the newest part of Section 11. Here, we explain how to use uniformization to
reduce (global) Faltings or “tautological” heights to quantities expressed in terms of local special
cycles and the “local change of heights” from Part 3 (with the main input being Corollary 10.2.2).

Section 11.7 is the next newest part of Section 11. We use global special cycles and an “ap-
proximation” argument to prove certain properties of local special cycles. Some of these results are
available or implicit in the literature (for p nonsplit, sometimes with p # 2 hypotheses and signature
(n — 1,1) hypotheses); we indicate this where relevant. Our methods of proof are different, based
on the approximation argument mentioned above.

Section 11.8 is the next newest part of Section 11. We explain how to reduce global “vertical
intersection numbers” to local “vertical intersection numbers”.

Sections 11.7 to 11.9 will need detailed information on the construction of Rapoport—Zink uni-
formization. This is our other reason for giving an exposition of uniformization in Sections 11.1-11.6,
as we need to explain the relevant maps (and fix notation) to give precise statements.

Sections 11.1 to 11.5 state the precise Rapoport—Zink uniformization map for special cycles.
The proof of uniformization appears in Section 11.6 (and allows p = 2 inert). We differ slightly
from [RZ96] by working directly with formal algebraic stacks (rather than requiring sufficient level
structure) in the sense of [Eme20]. We occasionally need some notions on formal algebraic stacks
which are not defined in [Eme20]; we will define these as needed.

Throughout Section 11, we freely use the relevant Rapoport—Zink spaces and their (Kudla—

Rapoport) local special cycles as in Section 5.
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11.1. Formal completion. Throughout Section 11, the notation T will always mean an m x m
Hermitian matrix with F-coefficients, i.e. T' € Herm,,(Q). If p is split in O, we assume rank(7") >
n — 1. Form the special cycle Z(T) — M.

Suppose p is nonsplit. The supersingular locus on Z(T); = Z(T') XspecOp Speck is the
subset Z(T)% C |Z(T)z| of the underlying topological space® consisting of geometric points
(Ao, Lo, Moy A,y A, 10, 77, ) with A supersingular. The supersingular locus Z(7)% is a closed subset
of |Z(T)| (by the Katz—Grothendieck theorem on specialization for Newton polygons). The formal
completion of Z(T )spec Oy, = Z(T) Xspec Oy Spec OFP along its supersingular locus is the (strictly
full) substack Z(T) C Z(T)spec 0, given by

Z(T) = {a € Z(T)specoy, () : a(|S]) € Z(T)*} (11.1.1)

for schemes S over Spec Oﬁp, where the condition «(]S|) € Z(T)* means that the associated
map on underlying topological spaces [S| — [Z(T)speco,, | factors through Z(T)** (with o €

2
Z(T)spec oy, (S) “viewed” as a morphism S — Z(T)speco,, by the 2-Yoneda lemma).
p p

If p is split, we define
Z(T) = Z(T)spto,, = Z(T) Xspecor SPE O . (11.1.2)

This is also the formal completion of Z(T)spec 0, along its special fiber. For any geometric point
p

(Ao, to, Moy A,y Ay 10,77, ) of Z(T), the abelian variety A is ordinary (because Lemma 4.7.1 implies
A is isogenous to a product of elliptic curves with Op action).

In all cases, Z(T) is a locally Noetherian formal algebraic stack in the sense of [Eme20] (formal
completion is discussed in [Eme20, Example 5.9]). The structure morphism Z(T) — Spf Oﬁp is
formally smooth,3* formally locally of finite type,*® separated, and quasi-compact. If K } is a small
level, then Z (T') is a locally Noetherian formal scheme.

If M = Z(T) (eg. T =0orT =0), we set M := Z(T). If p is nonsplit, this is the formal
completion of Mgpec O, along its supersingular locus M?*5.

11.2. Local special cycles away from p. Given an m-tuple 2? = [z1,...,2,] € (V®q Al})m, we
consider an “away-from-p” local special cycle

Z'(2P) = {(g0,9) : G’(A?)/K}p g Ygox; € L @y ZP for all z; € 2P}, (11.2.1)

33By the underlying topological space |X| of a formal algebraic stack X', we mean the underlying topological space
of its reduced substack Xieq. As Xieq is an algebraic stack, it has an underlying topological space in the sense of
[SProject, Section 04XE].

34Given a morphism f of categories fibered in groupoids over some base scheme, there is a category of dotted
arrows [SProject, Definition O0H18] associated to the infinitesimal lifting problem along each square-zero thickening
of affine schemes. We say that f is formally smooth (rvesp. formally étale) (resp. formally unramified) if each such
category of dotted arrows is nonempty (resp. a setoid with exactly one isomorphism class) (resp. either empty or a
setoid with exactly one isomorphism class).

35We say a morphism of locally Noetherian formal algebraic stacks is formally locally of finite type if it is locally
of finite type on underlying reduced substacks.
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We often view Z’(zP) and G’ (A’}) / K}p as constant formal schemes over Spf Opp. We also define
the “away-from-p” local special cycle

Z(2") = {g: UV)(AR)/K. : g w; € L@y 7P for all z; € 2P}, (11.2.2)
The isomorphism G”(A?)/K}p — GU(Vo)(A})/K§ ; x U(V)(A%}) /K (+) induces an isomorphism
Z(a") = GU(V)(AD)/KE, x Z(a?). (11.2.3)

11.3. Framing objects. To define the uniformization map, we fix an object (Ag, ta,, AAg, A, LA, AA, 1o, 7) €
M(k) (“basepoint of the uniformization”). If p is nonsplit (resp. split), we assume A is supersin-
gular (resp. A is Op-linearly isogenous to Aj~" x (A§)"); such data exists by Lemma 3.1.5 and
Remark 3.2.4. Let (Xo, tx,, AX,, X, tX, Ax ) be the tuple obtained by passing to p-divisible groups
(e.g. X is the p-divisible group of A). We use this as the framing object over k to define the
Rapoport—Zink space N’ (Definition 5.1.8). Set N := N (n — r,r) (Definition 5.1.3).

In the supersingular cases, the abelian variety A is automatically Op-linearly isogenous to Ay™" x
(A§)", since

Hom% (A" x (A)", A) ®g Q, = Hom%(Xp ™" x (Xg)", X) (11.3.1)

by Tate’s isogeny theorem (for any supersingular abelian variety over a finite field, some power of
Frobenius will be a power of p, e.g. by [RZ96, Lemma 6.28]); then use uniqueness of the framing
object (X, tx,Ax) up to isogeny (Section 5.1).

Since Mgpec O, = Spec Oﬁ“p is smooth, this framing object (Ao, ...) admits a lift (Ao, ta(,, Ay, A, L1, Aats Yo, 0) €
M(Spf O Fp)’ which we also fix. We fix representatives

no: TP(Ag) = Lo®z ZP  n: Hom TP(Ag),TP(A)) = L ®@y ZP (11.3.2)

Op®y1P (
for the K}-orbit 7 and the KP-orbit 7 (see Section 3.4). Recall that n preserves Hermitian pairings
but g need not. We also write

Do: TP(g) = Lo ®z ZF  n: Hom,, (TP (Ao), TP(A)) = L @7 7P (11.3.3)

F®zLP
for the identifications induced by 19 and 7.
We define Hermitian F-modules

Hom%(Ag, A) if pis split

W = Hom%(Ag, A) wi = (11.3.4)

0 if p is nonsplit
Vo = Hom%(Ag, Ag) V=WaoWw! (11.3.5)

where the direct sum defining V is orthogonal. In all cases, the Hermitian pairing is (z,y) = 2Ty €
F. All of these Hermitian spaces are positive definite (positivity of the Rosati involution).
The canonical maps

W ®g Q, = HomY, (X0, X) W' ®gQ, = Hom}. (X§,X) (11.3.6)

are isomorphisms of Hermitian spaces. In the nonsplit (hence supersingular) cases, this follows
from Tate’s isogeny theorem as above. In the split case, this follows because A is Op-linearly
isogenous to Aj~" x (A§)". In particular, the local invariant is e(W),) = (—1)" if p is nonsplit

(resp. e(Wp) = 1if p is split).
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If p is nonsplit, the natural map
W @g A} — Hompg (TP(Ag)°, TP(A)?) (11.3.7)

is an isomorphism of Hermitian spaces, by similar reasoning.

If p is split, any Op-linear isogeny Ag_l x Af — A defines an F-linear orthogonal decomposition
TP(A) = TP(Al 10 o TP (AQ). (11.3.8)

This decomposition is independent of the choice of isogeny because Hom% (A, Ag) = Hom%(Ag, Ag) =
0 (e.g. because End’(Ag) = F). Then the natural map

W g A — Hompg, 4 (T"(Ao)°, TP (A5 ™)) (11.3.9)

is an isomorphism of Hermitian spaces.

Given a tuple x € W™ we write
x, € W' = Hom}, (X0, X) (11.3.10)
x € W™ ®q A} C Hompg,r (TP(Ag)?, TP(A))™ = V"™ g AL (11.3.11)

for the respective images of x (using # for the identification with V™ ®@q A’} in the second line).
11.4. Framed stack. We consider the stack Z (T")framed over Spf O i, given by

a = (A()v Lo, )\07 Aa Ly )\7 ﬁOa ﬁag) € Z(T)(S)
v :Ag > Upsand ¢: A — A uasi-isogenies
Z(Damed(S) 1= 4 (o, 0, 9) - 70 A0 Fos and & s duaermos
such that ¢gAe, s = bAg and ¢* Ay 5 = bA
for some b € Qg

for schemes S over Spf O i The similitude factor b is allowed to vary (and is only required to be

locally constant). If M = Z(T), we set Meamed = 2 (T')framed- There is a canonical forgetful map
0: Z(T)framed — Z(T) (11.4.1)

sending («, ¢o, ¢) — «a. This will be the uniformization map (Section 11.6).
There is a canonical isomorphism

9

Z(T)framed = H Z/(Kp) X Z,(Xp) (11.4.2)

5G‘A/'m
(x,x)=T

which we now describe. Here Z'(x,)) is the local special cycle at p from Section 5.2, and Z'(xP) is
the away-from-p local special cycle from Section 11.2.

Consider (a, ¢, ) € 2(T)framed(8) as above. Passing to p-divisible groups gives a datum
(Xo,t0, Ao, X, 0, A) (e.g. X is the p-divisible group of A), along with a framing quasi-isogeny
p: Xg — Xg induced by ¢ (where S = S;) and similarly a framing pg induced by ¢g. We
also obtain go = 1) 0 ¢g . 07y - € GO(A?)/Kgf and g :==1no (¢y "h.)of € U(V)(A?)/K}TZ where
Gox: TP(Ap)? — TP(Ap)? and

b5 "6 Hompgun (T7(40)°, TP (A)°) = Hom g (T7 (o), T7(2)) (11.4.3)
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is pre- and post-composition (when S is connected, pick any geometric point; there is no dependence
on this choice). In general, go and g will be locally constant elements. For any z € Homp(Ag, A)™
over a connected base S, we have ¢ oz o ¢y 1 ¢ W™ (canonically), by Mumford’s rigidity lemma
for morphisms of abelian schemes [MFK94, Corollary 6.2]. In the not-necessarily connected case,
we obtain a locally constant element of W™,

The above constructions give a map

v

Z(T)tramed N x G'(AL) /K] x W™

(11.4.4)
(Oé, ¢07 ¢) —_— ((X0> Lo, )‘07 P0, X7 L, )‘7 p)7 (907 909), ¢ oxo ¢61)

which induces an isomorphism from Z (T)framed to the open and closed subfunctor

[ Z&x)x2&) — N xG(AL)/KF x W™, (11.4.5)
xeW™
(xx)=T
One can verify that the map in (11.4.2) is an isomorphism by decomposing the kernels of framing
quasi-isogenies (rescale to obtain an isogeny) into their p-power and ¢-power torsion subgroups.
The isomorphism implies that Z (T)framed 1s a locally Noetherian formal scheme.

11.5. Quotient. Consider the algebraic groups
Iy=GU(Vy) L:=UW)xUW?) I'=I)xI (11.5.1)

over Q. Unless specified otherwise, an element (yg,7) € I’ will mean 9 € Iy and v € GU(W) X
GU (W) with v5 'y € I,
Uniformization will involve the stack quotient [I’(Q)\Z(T)gamed] for an action of I'(Q) on

Z (T)tramed, Which we now describe. For Q-algebras R, there are canonical identifications
Iy(R) = {0 € End:(Ag) ®q R : yfno € R*} (11.5.2)
L(R) = {7y € End%(A)®q R: vy =1} (11.5.3)

(act on Vi and V by post-composition). View I'(Q) as a discrete group. Then (vy9,7) € I'(Q)
acts on ZU’(T)framed as (a, ¢o, ) — (a, 70 o o,y o ¢). We are abusing notation: the elements 7
and ~ lift (uniquely, by Mumford’s rigidity lemma or Drinfeld rigidity and Serre-Tate) to quasi-
endomorphisms of 2y g and 2g respectively.

In terms of the isomorphism in (11.4.2), the action of I'(Q) on Z(T)gamed admits the following
(equivalent) description. By the isomorphism in (11.3.6), the group I'(Q,) acts on N’ (discussed
in Section 5.3). By (11.5.3), we have a faithful action of I(A%) on

Hompgun (17(Ao), TP(A)?) = V g AY (11.5.4)

by post-composition. This induces a homomorphism Iy (A?) — U(V)(A?) and hence an action of
I'(A%) on G'(A})/ K}p (left multiplication). The group I'(Q) also acts on W by the projection
I'(Q) > U(W).
Hence I'(Q) acts on
N’ x G'(A}) /K] x W™, (11.5.5)
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Under the inclusion (11.4.5), this induces the same action on ZU(T)framed described previously. Both
descriptions will be useful for us.
We now form the (fppf) stack quotient

I 260 x 262 - [I/(@)\( 11 z’<xp>xz’<xp>>] (115.6)
xXEW™ xXEW™
(x,x)=T (x,x)=T

The left-hand side is a locally Noetherian formal scheme, and the right-hand side is a locally
Noetherian formal algebraic stack which is formally locally of finite type over Spf O 7 The right-
hand side is also [I"(Q)\Z(T)framea)- The quotient map is representable by schemes, separated,
étale, and surjective.

Using (5.2.5) (and (5.4.4)) and (11.2.3) (various incarnations of the isomorphism G’ = GU (V;) x
U(V)) yields a canonical isomorphism from the left-hand side of (11.5.6) to

UVo)/Kogx [ 205) x UWS) /Ky ps x 2(x) (11.5.7)
xeEW™
(xx)=T
where K p, L cuU (Wlf) is the unique maximal open compact subgroup (since W+ has rank 0 or
1). This is a disjoint union of various local special cycles Z(x,), indexed by the (discrete) set

Jp(T) = GU(Vo) /Koy x [] UW,)/Kips x Z(xP). (11.5.8)

xeEW™
(x,x)=T

In particular, every element j € J,(7T") defines a morphism

©;: 2(x,) = [I'(Q\Z(T)tramed] (11.5.9)

which is étale, separated, and representable by schemes. Given j € J,(T), we let Aut(j) C I'(Q)
be the stabilizer for the action of I'(Q) on J,(T).
The right-hand side of (11.5.6) is then identified with

GU%)(@)\(GU(%)(Af>/Ko,f>] [ ( 1 2 xUWl>/K1Lsz<xp>>]

xeEW™
(x,x)=T
(11.5.10)
We have
deg|GU (Vo) Q\(GU (Vo) (hy)/ Ko )| = (Ko s : Kof) - hi/|OF] (11.5.11)

where the left-hand side denotes (stacky) groupoid cardinality, where [Kp, r : Ko f] is the index of
Ko in K, ¢, and hp is the class number of Op. In the case where rank(7) > n — 1 (we have
already assumed rank(7") > n — 1 if p is split), the groupoid

! < IT vew /KlLsz(xf’)>] (11.5.12)
er?’n
(xx)=T
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has finite automorphism groups and finitely many isomorphism classes, and its groupoid degree is
essentially a product of special values of local Whittaker functions away from p (Lemma 20.4.1).

In the case rank(7T") > n — 1, the map ©; associated with any j € J,(7T') is thus representable by
schemes and finite étale of constant degree deg ©; = | Aut(j)|.

11.6. Uniformization. We explain how the uniformization morphism ©: Z(T)gamea — Z(T)
(11.4.1) descends to an isomorphism of locally Noetherian formal algebraic stacks

I'(@)\( T 2'&)x Z’(X”))
xeEW™
(xx)=T

o: = Z(T). (11.6.1)

The main point is surjectivity on k-points via the Hasse principle (Lemma 11.6.2).
When p is split, we will allow a change of choice of framing data (Ag, ta,, AAy, A, ta, AA, T N),
7o, and 7, possibly depending on 7.

Lemma 11.6.1. The map O: 2(T)framed — Z(T) factors uniquely through a monomorphism?>°

O: [I'(Q\Z(T)ramed] — Z(T) (11.6.2)
of formal algebraic stacks. The map © is formally locally of finite type and formally étale.

Proof. Suppose (a, ¢o, ¢) and (o, ¢, ¢') are objects of Z(T)ramed (S), and suppose f': a — o is
an isomorphism of objects in the groupoid Z(T')(S) (for some base scheme S). We claim there is a
unique 7' = (0,7) € I'(Q) such that f’ induces an isomorphism 7/ - (v, ¢o, @) — (o, ¢}, ¢') in the
setoid Z (T) framed (S)-

The map f is given by a pair of isomorphisms fo: A9 — Ajy and f: A — A’ (where a = (A, ...)
and o/ = (A),...), with notation as above). Then we take 79 = ¢ o foo ¢y ' and v = ¢’ o fo ¢~ L.
Hence © is a monomorphism.

The map Ois a map between locally Noetherian formal algebraic stacks which are formally
locally of finite type over Spf OFP’ so © is formally locally of finite type.

The property of being formally étale may be checked “formally étale locally on the source”. The
quotient map Z (T)framea — [I’ (Q)\Evf (T)framed] 1s representable by schemes and formally étale, so
it is enough to check that ©: Z (T)framed — Z (T') is formally étale. This property amounts to
the following rigidity statement for abelian schemes: given any first order thickening of schemes
T — T’ on which which p is locally nilpotent, and given abelian schemes A; and As over T”, any
quasi-homomorphism A; 7 — Ay lifts uniquely to a quasi-homomorphism A; — As (e.g. by
Drinfeld rigidity and Serre-Tate). O

Lemma 11.6.2. The map O(k): Z(T)tramea(k) — Z(T) (k) (on groupoids of k-points) is surjective
(resp. surjective for some choice of framing data) on isomorphism classes if p is nonsplit (resp.
split).

36By a monomorphism of formal algebraic stacks, we mean a morphism which is fully faithful on underlying fibered
categories.
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Proof. If Z (T') is empty, there is nothing to show, so assume Z (T') is nonempty. If p is split, we
can change the framing object to assume it extends to (Ao, ta,, AAgs A, LA, AA, N, N, X) € ZV’(T)(E)
(i.e. x € W™ with (x,x) = T'). This implies that 7" has rank n — 1 if p is split (we already assumed
rank(7T") > n—1 if p is split, then see Remark 4.7.2). We still know that A is Op-linearly isogenous
to Al x AZ (Lemma 4.7.1).

In all cases, the task is to show that any (A6,LA6,>\A6,A/,LA/,)\A/,17}O,17),§/) € é(T)(E) ad-
mits a framing (¢o, ¢), i.e. quasi-isogenies ¢g: Afj = Ao and ¢: A’ — A which preserve quasi-
polarizations up to the same scalar in Q~q.

Fix any Op-linear isogeny ¢o: A{j — Ay, which exists because A{, and A are elliptic curves
with Op-action of the same signature (see the proof of Lemma 4.7.1). Let b € Q¢ be such that
PoAa, = bAay. Set W' = Hom%(Aj, A’) with the Hermitian pairing (z,y) = xTy.

Case p is nonsplit: There is an isomorphism of F' vector spaces

Hom%(A’,A) —— Homp(W', W
0.(A",A) (W, W) s,

pr——— (frordofodyh).

An element ¢ € Hom%(A’, A) satisfies ¢T¢ = b if and only if ¢ corresponds to an isomorphism of
Hermitian spaces W/ — W. But we have W’ ®q A’} =W ®q A’} =V Qg A’} as Hermitian spaces,
we have e(W’) = ¢(W) = (—1)", and we have W = Wy (both are positive definite of rank n).
So we have W/ = W as Hermitian spaces, by the Hasse principle for Hermitian spaces (Landherr’s
theorem).

Case p is split: Fix Op-linear isogenies B x B — A and B’ x B"- — A/, where B = Al™!,
BL~Ag, B’ 2 Al ! and B 2 A, Equip B x B+ and B’ x B'* with the quasi-polarizations
pulled back from Aas and Aas on A and A’, respectively.

Any F-linear quasi-isogeny ¢: A’ — A decomposes as a product of quasi-isogenies B’ — B
and B'+ — B, since Hom(B/, B+) = Homp(B'*,B) = 0 (because of the opposite signatures).
We write ¢+ : Bt — B* for the quasi-isogeny induced by ¢. By similar reasoning, the quasi-
polarization on B x B is the product of a quasi-polarization on B and a quasi-polarization on
B'.

There is an isomorphism of F' vector spaces

Hom%(AlaA) —— Homp (W', W) x Hom(l)’(B/L’BL) (11.6.4)

¢ (f = (¢po fopyh)), ot

An element ¢ € Hom%(A’, A) satisfies ¢T¢ = b if and only if ¢ corresponds to an isomorphism of
Hermitian spaces W/ — W and with ¢Tpt =b.

We have x’ € W' and x € W with (x',x') = (x,x) = T. Since rank(7) = rank(W') =
rank(W) = n — 1, this implies W/ =2 W as Hermitian spaces.

For every prime ¢ # p, the natural map

Hom% (B, B+) ®g9 Q) —— Homp, (T;(B'*)°, T,(B+)?) (11.6.5)
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is an isomorphism of (one-dimensional) Hermitian spaces. If we set Uy := Homp, (Ty(A)°, T,(B+)°)
and U/, := Hompg, (Ty(A{)°, T,(B'*)?), there is an isomorphism of F, vector spaces

Homp, (Ty(B)%, T;(B+)?) ———— Homp, (U, Uy) (11.6.6)

o » (f = (6o fody))
An element ¢+ on the left satisfies ¢T¢p- = b if and only if ¢ corresponds to an isomorphism

of Hermitian spaces Uy — Uj). We have V;, = W), & U, = W, & U, (orthogonal direct sum) as
Hermitian spaces, for all £ # p. Hence U}, = Uy for all £ # p (consider the Hermitian space local

invariants (in {£1}) via € as in Section 2.2).

The preceding discussion produces an element ¢ € Hom% (B'*, B1) ®¢g Qy satisfying ¢>f¢€l =
b for all primes ¢ # p. Since p is split in Op, such an element exists for ¢ = p as well (i.e.
Ng, 0, (F,) = Q). Since b > 0, such an element also exists if Q is replaced by R (positivity of
the Rosati involution). By the Hasse principle for Hermitian spaces (or Hasse norm theorem), we
obtain ¢ € Hom%(B/*, B1) satisfying ¢-T¢pt = b. O

For the rest of Section 11, we fix framing data as in Lemma 11.6.2 if p is split, so that ©(k) is
surjective.

For the supersingular cases, we use the following lifting result to prove surjectivity of © by
bootstrapping from surjectivity on k points (as in the proof of [RZ96, Theorem 6.30]). Recall that
a p-divisible group X over a base scheme S is said to be isoclinic if for any geometric point 5 of S,
the isocrystal of Xz has constant slope independent of s.

Proposition 11.6.3 (Isoclinic lifting theorem). For any integer h, there exists an integer ¢ with
the following property: Let R be a reduced Noetherian Henselian local ring with residue field k,
and assume that R is an Fp-algebra. Let X and Y be isoclinic p-divisible groups of heights <
h over Spec R. For any homomorphism f: X, — Y., the homomorphism p°f lifts to a unique
homomorphism X — Y.

Proof. See [0Z02, Corollary 3.4]. For the statement when R = k[t] for an algebraically closed field x
(which is enough for Lemma 11.6.4), see also [Kat79, Theorem 2.7.1] combined with Grothendieck—
Messing theory as in [RZ96, pg. 295]. O

Lemma 11.6.4. The uniformization map © is a surjection®” of formal algebraic stacks.

Proof. The reduced substack Z (T)rea € Z (T') is Jacobson, Deligne-Mumford, with quasi-compact
diagonal, and finite type over Spec k. This implies that the closed points of Z (T')1eq are dense in
every closed subset (e.g. [SProject, Lemma 06G2]; the finite type points are the same as closed
points here), each closed point is the image of a map Speck — Z (T)1ed, and every such map has
image being a closed point.

Case p is nonsplit: We already know that © is surjective on k points. It is thus enough to prove
the following claim: suppose o/ ~» « is an immediate specialization of points in |Z(T")| (in the sense

of [SProject, Definition 0219], i.e. « is a points of “codimension one” in the closure of /). If «v is in

3TWe say a morphism of formal algebraic stacks is a surjection if it is surjective on underlying topological spaces.
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the image of O, we claim that o’ is also in the image of ©. (This specialization process eventually
terminates with a k point.)

Let x an algebraically closed field with a morphism Spec x[t] — Z (T'), which sends the closed
point to o and the open point to o/.3® Enlarging & if necessary, we may lift a to a point (a, ¢g, @) €
Z (T)framed- The task is to lift the framing pair (¢g, ¢) to Spec k[t], which is then a framing pair
for o/. Serre-Tate (and formal GAGA as in [EGAIII1, Théoréme 5.4.1]) implies that it is enough
to lift the induced quasi-isogenies of p-divisible groups to Spec k[t]. This is possible by the isoclinic
lifting theorem (Proposition 11.6.3).

Case p is split: By Lemma 5.4.2 (finiteness of local special cycles), and since the groupoid
[I'(Q)\Jp(T)] has finite automorphism groups and finitely many isomorphism classes (Section 11.5;
we assumed rank(7") > n — 1 for p split), we know there is a surjection from finitely many copies of
Speck to [I'(Q)\Z(T)gamed). Since © is surjective on k-points, the previous considerations show
that |Z(T)seq| is a finite discrete topological space, and that © is a surjection. O

Lemma 11.6.5. The map © is proper on underlying reduced substacks, and the reduced substack
[I'(Q)\Z(T)framed]red 5 proper over Speck.

Proof. Since the reduced substack Z (T)req is separated over Speck, it is enough to check that
[I/(Q)\ZV(T)framed]red is proper over Speck, by [SProject, Lemma 0CPT).

We already saw that Oisa monomorphism, hence separated. Since Z (T')req is separated, we see
that [I(Q)\Z(T)gamed]red is also separated over Spec k.

We use the description of Z (T)framed in (11.4.2). We know that every irreducible component of
the reduced subscheme N, is projective over k (Section 5.1), hence the same holds for Z’ (x,) for
any x € W™ (and Z’(xP) is discrete). Hence each irreducible component of Z (T)framed red has closed
image in Z (T)eq- Since O is surjective, we conclude that finitely many irreducible components
of Z(T)framed’red cover Z (T)rea (by Noetherianity of the latter). Since © is a monomorphism,
hence injective on underlying topological spaces, we conclude that those finitely many irreducible
components cover [’ (Q)\Z (T)framed]red as well. Then [I’ (Q)\Z(T)framed}red is proper over Speck
by [SProject, Lemma 0CQK]. d

Proposition 11.6.6. The map O is an isomorphism.

Proof. We have seen that the morphism © of locally Noetherian formal algebraic stacks is formally
étale, surjective, and a monomorphism. The underlying map of reduced substacks is proper. These
properties imply that © is an isomorphism. g

11.7. Global and local. The next lemma (purely linear-algebraic) helps us use uniformization to
deduce properties of local special cycles via “approximating” them by global special cycles.

Lemma 11.7.1. Let L C W, be any non-degenerate Hermitian O, -lattice (of any rank). There

exists an element g, € U(W,) such that g,(L) admits a basis consisting of elements in W.

38The following procedure produces such a morphism Spec k[t] — Z(T). First, take an étale cover of Z(T)rea by
a scheme U and lift ' ~ = to an immediate specialization 3’ ~ y on U. Write Z for the normalization of the integral
closed subscheme of U with generic point y’. Note the normalization map is finite, and lift ¢’ ~» y to an immediate
specialization 2’ ~» z on Z. Completion of the local ring at z on Z is a power series ring over a field.
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Proof. Set W = L ®o,, Fp. It is enough to produce g, € U(W,p) such that g,(W) admits an
Fy-basis consisting of elements in W' (since this implies that every full rank Op, -lattice in g,(WW)
admits a basis consisting of elements of W).

Select any Fj-basis e = [e1, ..., eq] for W. Since W is dense in W,,, we may select € = [€é1, ..., €4]
such that each [[&; — e;l|, < 1 for all i (meaning &; — e; lies in a small neighborhood of 0 for the
p-adic topology on W,,). Set W := span Fp{él, ...,€q}. When each é; — e; lies in a sufficiently small
neighborhood of 0, there exists a (non-canonical) isomorphism of Hermitian spaces W = W (the
associated Gram matrices (e, e) and (€, €) can be made arbitrarily p-adically close; hence the local
invariants £((e, e)) and £((€, €)) will agree). By Witt’s theorem for Hermitian spaces, any isometry
W — W extends to an isometry gp: W, = W,,. This element g, € U(W,,) satisfies the conditions
in the lemma statement. 0

Corollary 11.7.2. Consider any tuple x, € W' which spans a non-degenerate Hermitian Op, -
lattice, and write m® for its rank. Assume m® =n — 1 if p is split.

For some T € Herm,,,(Q) (still assuming rankT > n — 1 if p is split), and some j € Jp(T) with
associated w € W, there exists g, € U(Wp) inducing an automorphism N — N which takes Z(x,,)

1somorphically to Z(ﬂp). In particular, there is an induced morphism
~ 0, -«
Z(gp) — Z(Ep) — Z(T). (11.7.1)

which is representable by schemes, separated, and étale. If m >n—1 (equivalently, rank(T) >

n — 1), this map is finite étale.

Proof. By Lemma 11.7.1, we may pick an element g, € U(W,) so that spang,, (9p - x,) admits
an Op,-basis w’ of elements in W. Extend w’ to any m-tuple w € W™, and set T := (w, w).
Recall that U(W,) acts on N, and that g, gives an automorphism of A" sending Z(x,) — Z(w,,)
(Section 5.3). By uniformization (Proposition 11.6.6), any j € J,(T') whose associated tuple is w
will satisfy the conditions of the lemma. Replacing w with a - w for suitable a € Z with p t a
ensures Z'(wP) # (). Then such j € J,(T') will exist. In Section 11.5, we saw that ©; is finite étale
if rank(7") > n — 1. O

If p # 2 and in signature (n — 1, 1), the quasi-compactness proved in the next lemma is also
[LZ22a, Lemma 2.9.] (inert), proved via Bruhat-Tits stratification. In the exotic smooth ramified
case, quasi-compactness should be implicit in [LL22], via Bruhat-Tits stratification as discussed in
[LL22, §2.3]. In the case when x, spans a lattice of rank n and signature (n —1,1), see [LZ22a,
Lemma 5.1.1] (inert, p # 2) and [LL22, Remark 2.26] (ramified, exotic smooth).

Lemma 11.7.3. Let x, € Wg be any tuple which spans a non-degenerate Hermitian Op,-lattice of
rank > n — 1. Then the local special cycle Z(x,) is quasi-compact and the structure map Z(x,) —
Spf Oﬁp is adic and proper.

Proof. By Corollary 11.7.2, we obtain 7' € Herm;,(Q) and a map Z(x,) — Z(T) which is rep-
resentable by schemes, and finite étale. In particular, Z (gp) is quasi-compact because the (base-

9

changed) global special cycle Z(T') is quasi-compact.
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If p is nonsplit, then Z(T"); — My automatically factors through the supersingular locus (Corol-
lary 4.7.3), so we have é(T) = Z(T)SpfOF . This formula holds for p split as well, by definition.
p

Hence Z(T) — Spf Opp is adic®® and proper (Lemma 4.7.5), so Z(x,) — Spf Oﬁp is adic and
proper. O

We write Z(T) , for the flat*® part (“horizontal”) of Z(T'), i.e. the largest closed substack which
is flat over Spf OF},' We use similar notation Z (gp) w for the flat part of the local special cycle
Z(x,)-

Formation of “flat part” is flat local on the source. The quotient map © (11.4.1) is representable
by schemes and étale, hence flat. So the uniformization result (Proposition 11.6.6) implies that

there is an induced uniformization morphism

0: [ 2Z'&)rx 2 )= Z(T)n (11.7.3)
xeW™
(xx)=T

where Z'(x,)» is the flat part of 2'(x,). The action of I'(Q) must preserve the flat part, so
generalities on stack quotients imply that © induces an isomorphism

O: |[TQ\| J] 2'&)wexZE) || = 20" (11.7.4)
xeW™
(xx)=T

of formal algebraic stacks. For each j € Jp(T'), the map ©;: Z(x,) — Z(T) induces a map
0;: Z(x,)r — Z(T) (reusing the notation ©;). Since 6, is flat and since formation of flat part

39We say a morphism of formal algebraic stacks is adic if the morphism is representable by algebraic stacks in the
sense of [Eme20, §3].

40F1atness for morphisms of locally Noetherian formal algebraic stacks was defined in [Eme20, Definition 8.42].
We are using a different definition, since the definition of loc. cit. does not recover the usual notion of flatness for
morphims of schemes (in the situation of [Eme20, Lemma 8.41(1)], consider X = Y = Speck for a field k£ and any
non-flat morphism of Noetherian affine k-schemes U — V).

We define flatness in the style of [SProject, Section 06FL] (there for algebraic stacks), which recovers usual flatness
for morphisms of locally Noetherian formal schemes. Let f: X — Y be a morphism of locally Noetherian formal

algebraic spaces. Consider commutative diagrams

U—"—v
l“ lb (11.7.2)
x 1,y

where U and V' are locally Noetherian formal schemes and the vertical arrows are representable by schemes, flat, and

locally of finite presentation. We say that f is flat if it satisfies either of the following equivalent conditions.

(1) For any diagram as above such that in addition U — X Xy V is flat, the morphism h is flat.

(2) For some diagram as above with a: U — X surjective, the morphism h is flat.

Next, consider a morphism f: X — Y of locally Noetherian formal algebraic stacks. Consider diagrams as above,
but assume instead that U and V are locally Noetherian formal algebraic spaces, and that the arrows a and b are
representable by algebraic spaces, flat, and locally of finite presentation. We say that f is flat if either of the equivalent
conditions (1) and (2) as above are satisfied. If the morphism f is adic, then this agrees with the notion of flatness
for adic morphisms as in [Eme20, Definition 3.11].
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is flat local on the source, the “horizontal” ©; arises from the original ©; by base-change along
E(T)r — Z(T).

In the case p # 2 and for signature (n—1,1) and m’ = n—1, the next lemma is a consequence of
[LZ22a, Theorem 4.2.1] (decomposition into quasi-canonical lifting cycles via Breuil modules) and
is explained in [LL22, Lemma 2.49(1)] (also via decomposition into quasi-canonical lifying cycles).
In the case p # 2, signature (n — 1,1), and m” = n, see again [LZ22a, Lemma 5.1.1] (inert, p # 2)
and [LL22, Remark 2.26] (ramified, exotic smooth).

Lemma 11.7.4. Let x, € W be a tuple which spans a non-degenerate Hermitian Op,-lattice,
whose rank we denote m®. Assume m’ =n — 1 if F/Qy is split. Form the horizontal part Z(x)»
of Z(z).

(1) If Z(z) is nonempty, then it is equidimensional of dimension (n — r)r + 1 —m’r.

(2) If m* = n — 1 and the signature is (n — r,r) = (n — 1,1), then the structure morphism
Z(x,)x — Spf Oﬁp 18 a finite adic morphism of Noetherian formal schemes. The associated
finite scheme over Spec Oﬁp has reduced generic fiber.

(3) If m* = n and the signature is (n —r,r) = (n — 1,1), then Z(x,) e = 0.

Proof.

(1) By Corollary 11.7.2, we can find 7" € Herm,,(Q) (with rank(7") > n — 1 if p is split) and
a morphism Z(x,) — Z (T') which is representable by schemes and étale. As formation of
flat part is flat local on the source, we obtain a morphism Z(x)» — Z(T) which is still
representable by schemes and étale. The claim now follows from the corresponding global
result for Z(T) (Lemma 3.5.5). Note that we may assume K’} is a small level (deepen
the level away from p) to reduce to the case when Z(T')  is a formal scheme.

(2) In this case, the map Z(x,)» — Z(T) from part (1) is finite étale. We know that
Z(T)» — Spf OF}, (with T" as in the proof of loc. cit.) is proper and quasi-finite (Lemma
4.7.4). Since proper and quasi-finite implies finite (for morphisms of schemes) and since
Z (x,) = Spf O i, is adic, (already proved in Lemma 11.7.3) i.e. representable by schemes,
the claimed finiteness holds. The claim on reducedness in the generic fiber follows because
Z(T) » — Spec O is étale in the generic fiber (Lemma 3.5.5). We are passing from finite
relative schemes over Spf O i, and Spec O i, 8s in Section B.3 (i.e. Spf R — Spec R).

(3) If m® = n, then Z(T)» = 0 (by Lemma 3.5.5), so Z(x,)» = 0 by existence of the map

Z(x) e = Z(T) - O
In the case of p # 2, signature (n — 1,1), and m” = n — 1, the following lemma is [LZ22a, §2.9]

(there proved differently, using their quasi-compactness result via Bruhat—Tits stratification).

Lemma 11.7.5 (Horizontal and vertical decomposition). Let x, € W' be a tuple which span a
non-degenerate Hermitian O, -lattice of rank m’. Assume m’ =n—1 if F/Qy is split. Fore >0,
we have a scheme-theoretic union decomposition

2(x,) = Z(xp)r U Z(xp) 7 (11.7.5)

where Z(X,)y = Z(X,)spt Op, /PO, -
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Proof. If T denotes the ideal sheaf of Z(x,) as a closed subscheme of Z(x,), it is enough to
show that p® annihilates Z for e > 0. By Corollary 11.7.2, we can find 7' € Herm,,(Q) (with
rank(7T") > n — 1 if p is split) and a morphism f: Z(x,) — Z(T) which is representable by schemes
and étale. We may assume K is small (deepen the level away from p) so that Z(T) is a formal
scheme.

If .# denotes the ideal sheaf of the flat part Z(T), C Z(T), then f*.# — T is surjective (by
flatness of f, i.e. formation of flat part is flat local on the source). If p¢ annihilates .#, then p°
also annihilates Z. We know that .# consists (locally) of p-power torsion elements in the structure
sheaf. Since Z (T') is quasi-compact, we know that .# is annihilated by p© for e > 0. O

For the rest of Section 11, we restrict to signature (n — 1,1) in all cases.

Lemma 11.7.6.
(1) If p is split, then é(T) — Spf Oﬁp is proper and quasi-finite and we have “Z(T)y , = 0.
(2) Assume n = 2 and rank(T) > 1. Then ZV(T) — Spf Opp is proper and quasi-finite. If
rank(T) = 1, then we have “Z(T)y , = 0.

Proof. (1) Recall our running assumption that rank(T) > n — 1 if p is split. Recall also Z(T) =
Z(T)spt O, in the split case, so the map Z (T') — Spt O i, is representable by algebraic stacks and
locally of finite type. This map is proper on reduced substacks by uniformization (Lemma 11.6.5
and Proposition 11.6.6), hence it is proper.

It remains to check that Z(T') — Spf OF}, is quasi-finite in the sense of [SProject, Definition
0G2M]. It is enough to check that Z(7T')eqa — Speck is quasi-finite. This follows from the uni-
formization isomorphism, since Z (T)1eq may be covered by finitely many copies of Spec k (combine
uniformization with the analogous result for local special cycles, which is Lemma 5.4.2; since we
assume rank(7") > n — 1 when p is split, the groupoid [I'(Q)\J,(7')] has finitely many isomorphism
classes, as discussed in Section 11.5).

The derived vertical special cycle class “Z(T)y,, € gt K{(Z(T)r,)q was defined in Section 4.6.
If m > n then Z(T) is empty. If m = n — 1, then gty Kj(Z(T)r,)o = 0 because Z(T)r, has
dimension 0 (and M has dimension n).

(2) This may be proved as in part (1). We may assume p is nonsplit. We have Z(T) = Z (T)spt O,
(Lemma 4.7.3). Then use quasi-compactness of local special cycles (Lemma 11.7.3), uniformization,
and discreteness of Meq (Section 5.4). Suppose rank(7) = 1. First consider the case m = 1. Then
LZ(T)y, € gt K((Z(T)r,)g = 0 because Z(T)r, has dimension 0 (and M has dimension 2).
If m = 2, then “Z(¢;)y, = 0 for any nonzero diagonal entry t; of T by the preceding argument,
solz (T)y,p = 0 by construction (defined in Section 4.6 as the projection of a product against
LZ(ti)y p = 0 for some 1). O

Lemma 11.7.7. Assume p is nonsplit. Assume that K} 1s a small level, so that M is a scheme.
Fiz any j € Jp(T) and consider the map

Z(x,) 2 Z(T) — Z(T). (11.7.6)

The class “Z(T) € K)(Z(T))q pulls back to the class LZ(XP) € Ky(Z2(x,))o-
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Proof. The maps 0;: Z(x,) — Z(T) and Z(T) — Z(T) are flat maps of locally Noetherian formal
schemes, so we may take the non-derived pullback. The lemma may be proved using the fact that

the commutative diagrams

E(T)framed — Mframed Zv(ti)framed E— Mframed
J - 11.7.7
| | | | ez
Z(T) ———— M Z(t;) ——— M

are 2-Cartesian (where the ¢; are the diagonal entries of T'), and the fact that the tautological
bundle £ on M pulls back to the tautological bundle £ on N. O

Corollary 11.7.8. Assume p is nonsplit. For any x, € W', we have LZ(zp) € FPK)(2(x,))o-

Proof. By Corollary 11.7.2, we can find T' € Herm,, (Q) (with rank(7") > n — 1 if p is split) and a
morphism Z(x,) — Z(T) which is representable by schemes and étale. We can deepen the level
K away from p to assume Z(T) is a formal scheme. Since “Z(T) € FUK((Z(T))q, the corollary
follows from Lemma 11.7.7. O

We previously defined derived vertical (global) special cycles “Z(T)y, € g% K{(Z(T)r,)q

(Section 4.6). In the next lemma, we write Z(T)q) = Z(T') Xspecz SpecZ,). We also write

p)
Z(T)y p = Z(T) Xspecz Spec Z/p°Z and Z(x,)y p, = Z(X,) Xspf Oy, Spec Opp/peoﬁp for an under-

stood integer e > 0. We also set Z(T)y = Z(T) XSpfO, Spec Opp/pe(’)pp.
P

Lemma 11.7.9. Fiz any j € Jp(T). Write x € W™ for the associated m-tuple. Fiz any e > 0

such that there are scheme-theoretic union decompositions
ZT) )y = Z(M) e U EZ(M)yp 2(x,) = Z(Xp) e UZ(X,)7p (11.7.8)
(“horizontal and vertical”). Pullback along the map
Z(x,)y 5 Z(T)y — Z(T)y, (11.7.9)
sends “Z(T)y p € ey KY(Z(T)y ) to "2(x,)y € g Ky(2(x,) 0 )a-

Proof. If p is split, the derived vertical special cycles (global and local) are zero (Lemma 11.7.6
(global) and Section 5.5 (local)) and the lemma is trivial. We remind the reader of our running
assumption that rank(7") > n — 1 if p is split.

We thus assume that p is nonsplit. By the local and global linear invariance results (Section 5.5
and (4.6.11)), it is enough to check the case where T' = diag(0,T”) where det T° # 0.

First consider the case where T is nonsingular, i.e. T = . If K } is a small level, the lemma
follows from Lemma 11.7.7, since the projections ng/:K(’)(Z(T"))Q — ng/:K(’)(Z(Tb)%p)Q and
gr}(}bK{)(Z (x,))o — gr?\}bKé(Z (x,)7)q are given by (non-derived) pullbacks of coherent sheaves,
see Lemma A.1.5 (Deligne-Mumford stacks) and [Zha21, Lemma B.1] (locally Noetherian formal
schemes). Note that the codimension graded pieces gr' are preserved, by étale-ness of ©;. In
general, we may reduce to the case where K } is a small level by compatibility of 2 (Tb)y/’p with

(finite étale) pullback for varying levels (Section 4.6).
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Next, consider the case where T is possibly singular with 7" = diag(0, T b). If K } is a small level,
this follows as in the proof of Lemma 11.7.7. That is, the class “Z(T)y , = (V)™ ~rak(T). Z(T%),, ,
pulls back to H"Z(Xp)y/ = (EV)m—rank(T) . Z(g%)y/ (use the result for T° just proved). In general,
we may reduce to the case where K } is a small level (deepen level away from p) by compatibility
of “Z(T")y , with (finite étale) pullback for varying levels (Section 4.6). O

11.8. Local intersection numbers: vertical. The main purpose of this section is to reduce
“global vertical intersection numbers” to “local vertical intersection numbers” (see end of this
section). We continue to assume signature (n — 1, 1).

Consider 7" € Herm,,(Qp) (with Fj-coefficients) with rank(7”) = n — 1, and either m =n — 1
or m = n. For any tuple x,, € W with Gram matrix T ', we define the local vertical intersection
number

Inty ,(T") = 2[1?’ | (;Q”]fl deg("2(x,)y - £)logp ifm=n—1 (11.8.1)
2[F, : Q1 degE(LZ(gp)yx) log p ifm=n
Here, £ stands for the class [Ox] — [£] € K{(N). If no such x, exists, we set Inty ,(T") := 0. The
definition of Inty ,(7") does not depend on the choice of x,, (by the action of U(W,,) on N'(n—1,1),
Section 5.3). The factor 2[Fp : @p}*l will account for total degree of Spec Of, — Spec Z,, on residue
fields (e.g. we need to account for both primes in Op over p in the split case). By local linear
invariance (Section 5.5), we have

Inty ,(T") = Inty ,(FT"y) (11.8.2)

for any v € GLi,(OF,).

Consider any T' € Herm,, (Q) (with F-coefficients) with rank(7") = n — 1, and either m =n — 1
or m = n. Pick any set of representatives J C J,(T') for the isomorphism classes of the groupoid
[I'(Q)\Jp(T)]. By Lemma 11.7.9, we have

Int“l/,p,global(T) = deglﬁ‘p (LZ(T)'V,p : (EV)nfm) logp (1183)
1
= Inty ,(T) ]EZJ RG] (11.8.4)
= Tty (1) Bt Fosl g, [a(@)\( [T UWE/Kips % z<xp>>] .
|OF‘/h P

For later use in Remark 22.1.2, consider 7' € Herm, (Q) (with F-coefficients) with detT" # 0.

We consider the local intersection number
Int,(T) = 2[F, : Q,) " degz(*2(x,)) logp (11.8.5)

where x, € W is any n-tuple with Gram matrix T (since rank W), = n — 1 when p is split,

set Int,(T") := 0 in this case). Note H‘Z(gp)«// = LZ(XP) by Lemmas 11.7.4 and 11.7.3 (under the
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dévissage pushforward identification Kj(Z(x,);) = K((Z(x,))). By Lemma 11.7.9, we have

Ity giobat (T) = degg, (“Z(T)y ) logp (11.8.6)
_ Kpo.s - Koyl
= Int,(T) O /e deg 11(@)\<x€]_v[vn Z(xp)>]. (11.8.7)
(xx)=T

11.9. Local intersection numbers: horizontal. The main purpose of this section is to reduce
“global horizontal intersection numbers” to “local horizontal intersection numbers” (see end of this
section). We continue to assume signature (n —1,1). In Section 11.9, we require p # 2 if p is inert
(because we required this for our discussion of quasi-canonical lifting cycles, Section 7.3).
Consider 77 € Herm,,,(Q,) (with Fj,-coefficients) with rank(7”) = n — 1, and either m = n — 1
or m = n. Select any x, € W' with Gram matrix T’, and set L; = spang,, (gp). We define the

local horizontal intersection number

Ityrp(T) = Y. Intyp(M))° (11.9.1)
LhCMpC M
t(Mp)<1
where the sum runs over lattices MII; c LZ @0y, Fp, where

It ,(M))° =2 - deg Z(M})° - dian(val' (M})) (11.9.2)

with val’ (MI';) = Lval(M;)J and with 0y (—) the “local change of tautological height” as defined
in (7.2.7). Here Z(Mg)o C N(n —1,1) is the quasi-canonical lifting cycle associated with Mlb,
(Section 7.3). The local horizontal intersection number should be compared with the decomposition
of horizontal local special cycles into quasi-canonical lifting cycles (Section 7.3). The notation
deg Z(Mg)O means the degree of the finite flat adic morphism Z(MZ)O — Spf Oﬁp. If no such x,
exists, we set Int  ,(T") == 0.

This definition of Int s ,(7") does not depend on the choice of x,, (again by the action of U(W))
on N Section 5.3 and Witt’s theorem). The formula for degZ(M;g)o (combine (7.2.1) and (7.3.1))
shows Inte;gp(M;)o € Z. The extra factor of 2 in (11.9.2) will account for the fact that Spf(Op ®z
Zy) — Spf Z, has degree 2.

In the above situation, we also set

degyp ,(T') = deg Z(x,,) (11.9.3)

where the right-hand side means the degree of the finite flat adic morphism Z(x,).» — Spf O i
If no such x,, exists, we set deg,, ,(T") = 0. Again, the definition of deg, ,(T") does not depend
on the choice of X,

Suppose T' € Herm,,(Q) (with F-coefficients) with rank(7') = n — 1, and either m = n — 1 or
m = n. Then (in the notation of Sections 4.3 and 4.1) we have

deg(E¥|z(r).,.) = deg(|z(r)..) + deg(E"|z(r).,0). (11.9.4)
We have )
deg(Q|z2(7) ) = degz Z(T).r - (—higa) — {log|A]). (11.9.5)
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where degy Z(T') » means the degree of Z(T'),» Xgpecz SpecQ — SpecQ (stacky degrees as in
(A.1.10) and surrounding discussion).

Pick any set of representatives J C J,(T) for the isomorphism classes of the groupoid [I'(Q)\J,(T')].
Using the finite étale maps ©;: Z(x,).» — Z(T)  for j € J,(T) (Section 11.5 and (11.7.3)) which
cover Z(T) » as j ranges over J, we find

1

degy, Z(T)p = degp ,(T) > Al (11.9.6)
JEIp(T)
=deg,%,p<T>W-deg[h<@>\( 11 U(W;vKl,lez:f(xp))].
0517k s p
(x,x)=T

Combining the following: (1) the finite étale maps ©;: Z(x,).» — Z(T) 0 for j € Jp(T) (Section
11.5 and (11.7.3)) which cover Z(T') ,» as j ranges over J (2) Proposition 7.3.1 (decomposition of
horizontal local special cycles into quasi-canonical liftings) and discussion surrounding (7.3.2), and
(3) Corollary 10.2.2 (decomposition of global height into local “change of heights” for p-divisible
groups), we find

Int s p global(T) = deg(€" | 7). ) — (degz Z(T) ) - hix  mod > Q- log (11.9.7)
t#p
1
= Int, T _
o0 2 TR
JEIp(T)
K - K
= Tty (1)L K0t e | o [ [T 0W) /Ky, x 260)
|OF‘/hF xXEW™
(x,x)=T

with ASM and hg\/l as in (4.3.6). The notation “mod Ze;ép Q - log ¢” means that equality holds as
elements of the (additive) quotient R/(Z#p Q - log /). Note Int -} giobal (1) € Q - logp. To apply
Corollary 10.2.2, we first consider the case of small level K so that Z(T'), is a scheme. This
immediately implies the case of general (stacky) level, by compatibility of arithmetic degree with

finite étale covers, see Section 4.1. We have

deg(E¥|z(r),,) — (degz Z(T)¢) - heY =" Tt g giobal (T) (11.9.8)
¢

where the sum ranges over all primes ¢, with all but finitely many terms equal to 0. The preceding
expression should be understood modulo Q - log ¢ for those primes ¢ for which L ®z Z, is not self-
dual. If L is not self-dual, we also quotient by Q-log ¢ for primes ¢ | A. We also quotient by Q-log 2
unless 2 is split in Op.

We define total “intersection numbers”

Intp(T) = Intﬁﬁ,p(T) + Inty/’p(T) Intp,global(T) = Int%”7p7global(T) + Int'V,p,global(T) (11.9.9)

(local and global) at p. These will feature in our main non-Archimedean local theorems (Section

18) and the proof of our main global theorem (Theorem 22.1.1) respectively.
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For readers interested in Faltings heights, we record the relation

deg(@|z(r),,) — (degz Z(T) ) - n- b = =2 Tt s gioba(T) (11.9.10)
l
where @ is the metrized Hodge determinant bundle (Section 4.3), the sum again runs over all primes
£, and where Int %’g,global(T) is the same quantity defined above. This follows by the same argument
as above, using Corollary 10.2.2. The remarks following (11.9.8) (about quotienting by Q -log ¢ for
some primes ¢) apply here verbatim.

12. ARCHIMEDEAN

We explain complex uniformization for special cycles and Green currents on M. The only
new part of Section 12 is our treatment of Green currents for singular T in Section 12.4, when
rank(7") = n—1. The remaining material should be fairly standard, e.g. [KR14, §3] (uniformization
of special cycles), [BHKRY20, §2] (including discussion of metrized tautological bundle), [Liull,
§4B] (Green currents via uniformization), etc.. Strictly speaking, however, the references [KR14;
BHKRY20] restrict to principal polarizations. We will need non-principal polarizations (this slightly
affects how we normalize the metric on the tautological bundle), so we explain the setup.

With notation as explained at the beginning of Part 4, we also assume L has signature (n—1,1).
For technical convenience, we assume the implicit level K } is small so that M is a scheme (except
at the very end of Section 12.4). Fix one of the two embeddings F' — C, write M¢ = M XgpecOp
SpecC, and let M be the analytification (outside of Section 12, we often abuse notation and
drop the superscript an). This is a complex manifold of dimension n — 1. Given any Hermitian
matrix 7" € Herm,,(Q) (with F-coefficients) with associated special cycle Z(T)) — M, we use
similar notation Z(7)c and Z(T)". Since Z(T)c — SpecC is smooth (Lemma 3.5.5), we know
that Z(T)&" is also a complex manifold.

We view Vg as a complex vector space via the identification F' ®g R = C (induced by the choice
of F — C). We use notation from Section 8 on the Hermitian symmetric space D and its local
special cycles D(z) for tuples z € Vg", etc..

We set Ve :== V ®g C and write V¢ = Vg @ Vi where the F-action on Vg (resp. Ve is F-
linear (resp. o-linear) with respect to the chosen map F — C. We use similar notation for other
F ®g C-modules.

12.1. Local special cycles away from oo. Given an m-tuple Ty = [@1,...,2m] € (V ®g Ap)™,
we consider an “away-from-00” local special cycle

D'(zs) = {(90,9) € G'(Ay)/K} : g gowi € L ®7 ZP for all w; € z}. (12.1.1)
We view D' (z f) as a discrete set. We also define the “away-from-00” local special cycle
D(zys) ={g € U(V)(Ay)/K;: g 'z € L@y ZP for all z; € Tr}. (12.1.2)
The isomorphism G'(Ay)/K} — GU(Vo)(Ay)/ Koy x U(V)(Af)/Ky () induces a bijection

D'(zs) = GU(Vo)(Af)/ Ko,y x D(y). (12.1.3)
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12.2. Framing. Fix the isomorphism of Hermitian Op-lattices Home,, (Lo, L) — L sending z
x(1) (with 1 € Lp). This is analogous to n from (11.3.2).

Given a = (Ao, to, Mo, A, 1, A, 7o, ) € M, a framing pair (¢o, ¢) for a consists of isomorphisms
of F' vector spaces (singular homology)

do: Hi(A0, Q) = Vo ¢: Hi(A,Q) =V (12.2.1)
such that the induced map
¢y ¢ Homp(Hy (Ao, Q), Hi(A,Q)) — Homp(Vp, V) = V. (12.2.2)

is an isomorphism of Hermitian spaces.

The Hodge structures of weight —1 on H;(Ap, Q) and H;(A,Q) induce a Hodge structure of
weight 0 on V, with an associated complex line F'Vg C Vg . After pullback along the projection
isomorphism Vg — Vg of F'®qgR vector spaces, the line F Ve C Vg is a negative definite subspace
and hence defines a point z € D. There is a canonical isomorphism of C vector spaces

Hompgr(Lie Ao, FOH1(A,Q)¢) = F'V. (12.2.3)

We use the fixed choice of /A to pass between Hermitian/alternating/symmetric forms (Sec-
tion 2.1). This makes Hi(Ag, Q) and Hy(A,Q) into Hermitian F-modules. Using the C-bilinear
extension of the symmetric Q-bilinear trace pairing on Hj(A,Q), we obtain an induced C-linear
identification FOH1(A4, Q)¢ = Home((Lie A)~, C).

We equip F'V¢ C Vg with the Hermitian metric obtained by restricting the metric on V. Equip
Lie Ag (resp. Lie A) with the Hermitian metric as normalized in (4.3.2) (resp. (4.3.3)). Then
(Lie A)~ C Lie A inherits a Hermitian metric as well. Under the isomorphism

Homc(Lie Ag, C) ® Home ((Lie A)~,C) = F'V¢ (12.2.4)

induced by (12.2.3), the Hermitian metric on the left is —(16m3¢7)~! times the Hermitian pairing
on the right.

To the datum (o, ¢g, ¢), there are associated elements go € GU(Vy)/ Ko r and g € U(V)(Af)/ Ky
given by gg = ¢g o ﬁal and g = (gf)alqb) o7~ (strictly speaking, ¢o and ¢ are tensored with Ay
here, with Hq(A4,Q) ®g Ay = T(A)? (rational adelic Tate module) and similarly for Ag).

12.3. Uniformization. For any Hermitian matrix 7' € Herm,,(Q) (with F-coefficients), define the

set
a € M with (a,z) € Z(T)2"
Z(T)™ = .z, do, D) : c = c 1. 12.3.1
(T)€ ramea {(a 2, 90,9) and (g, ¢) a framing for « ( )
There is a canonical injection of sets
Z(T)¥%ameda — D % G/(Af)/K} x Vm
’ (12.3.2)

(O‘?@a ¢07 (]5) — (Za (g()agog)’ ¢ oxo Qsal)

where the Hodge structure z € D and the elements go € GU(Vy)(Ay)/Koy and g € U(V)(Ay)/ Ky

are associated to (a, ¢, @) as in Section 12.2, and ¢ oz o gbal € Homp(Vh, V)™ = V™ (using the
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isomorphism Homp,. (Lo, L) = L fixed above). This induces a bijection

Z(T)E%amed = | Dlaw) x D'(zy). (12.3.3)
zeym™
(z,2)=T

There is a forgetful map Z(T)&%,, cq — Z(T)¥ sending (o, ¢o, ¢) +— «. This is surjective, by
the Hasse principle (Landherr’s theorem) for Hermitian spaces, and factors through an isomorphism

C,frame

of complex manifolds

< II Pz xD (acf)> = Z(T) P gamed (12.3.4)

xevm

(z,z)=T
where G'(Q) acts on Z(T) ¢ med 38 (@ 0, ) = (a,70 0 do, v © @) for (v0,7) € G'(Q) with yo and
~ having the same similitude factor. The case T' = () (or T' = 0) gives complex uniformization of

%hmmd
The isomorphism G' = GU(Vy) x U(V) (see (*)) induces an isomorphism

< I P xD(:rf)) (12.3.5)

xevym
(z,2)=T
= (GU(Vo)(Q)\(GU(%)(Af)/Ko,f)) X ( < [T P x D(%)))
zeV™
(z.2)=T

where U(V)(Q) acts on D via the U(V')(R) action, and on U(V)(Af)/Ky by left multiplication.

12.4. Local intersection numbers: Archimedean. Fix T € Herm,,(Q) and y € Herm,,(R)>o
(i.e. y is any positive definite complex Hermitian matrix). Throughout Section 12.4, we require
m >n — 1 if T is positive definite. If T is singular, we also require m = n and rank(7") =n — 1.

For such T" which are nonsingular, we recall Kudla’s Green current gr, for Z(7)# (i.e. the
unitary analogue studied by Liu [Liull, Proof of Theorem 4.20]), which is defined via uniformization
and star products. For the case of singular T', we propose a definition of g7, by a “linear invariance”
method, which has some subtleties in the case where T is not GL,,(OF)-equivalent to diag(0,T”)
for det T # 0 (“not diagonalizable”). Our treatment of this non-diagonalizable case seems to be
new.

Allowing T singular or not for the moment, define the set

Joo(T) = GU(Vo)(Ag) /Koy x [ DPlay) (12.4.1)
zevVm™m
(z,2)=T

We will see that the groupoid [G'(Q)\Jw(T)] has with finite stabilizers and finitely many isomor-
phism classes (Lemma 20.4.1). Given j € Joo(T), we let Aut(j) C G'(Q) be the stabilizer for the
action of G'(Q) on Joo(T).

For any v € GL,,(OF), recall that there is an induced isomorphism Z(T) = Z(FT%) (i.e.
send the tuple of special homomorphisms z to x - 7). Similarly, there is an induced isomorphism
Z(T)Ehamea — Z(FTYE,

C,frame

4- There is corresponding a bijection Joo(T) — Joo(*37y) (which
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we denote j > j-7) sending x — z -y for z € V™ (acting trivially on the remaining data, i.e. view
Joo(T') as a subset of G'(Ay)/K x V™; note D(zy - v) = D(zy)). Note Aut(j) = Aut(j - 7).
For each j € Jo(T), there is a corresponding map

Q;: D - M (12.4.2)

induced by the uniformization morphism Dx G'(Af)/ K} — Mg (consider the projection Joo(T') —
G'(Ay)/K’; by uniformization of M@, every element of G'(Af)/K; determines a map D — Mg").
For any v € GL,,,(OF), we have ©; = O;.,.

If £ denotes the metrized tautological bundle on M@ (Section 4.3) we have @jg(c ~ g , where g
is the metrized tautological bundle on D (Section 8.2). By our normalizations, the metric on ©3&¢
is (1673€7)~! times the metric on g (this normalization constant does not change the Chern form
a1 (8)).

Consider z € V with (z,z) = T. If T is nonsingular, set

[€(z,y)] = [{(z - a)] (12.4.3)

for a choice of a € GL,,(C) satisfying a'a = y, with [£(x - a)] the current from Section 8.2. We will
not check that the current [£(z,y)] is independent of the choice of a, but the intersection numbers
appearing in our main results will not depend on a (Remark 19.1.5, also the “linear invariance”
from [Liull, Proposition 4.10] when m = n).

Next, suppose that T' is singular, with m = n and rank(7') = n — 1. First consider the case
when T' = diag(0,7”) where T” is nonsingular of rank n — 1. If (z,z) = T, we must have z =

[0,29,...,2,] € V™. Set 2’ = [z, ...,2,]. There is a decomposition

o\ [t
. ((1) 1) <y0 ;b> <f1c ?) (12.4.4)

for uniquely determined ¢ € M ,_1(C), y# € Rsg, and yb € Herm,,_1(R)>o. We then set

€@ y)] = @) A )] — log(y®) - Spig). (12.4.5)
For T not necessarily block-diagonal, we define [{(z,y)] by the linear invariance requirement
(2, y)] =€z -y 7y'F)] mod > Q-logp - dp() (12.4.6)
p such that

YE€GLn (OF®zZ(y))

for all v € GL,,(F), where 5 means conjugate transpose, and where “mod” means that the equality
(of currents) holds up to adding an element of the displayed sum.

Equivalently, suppose v € GL,(F) is any element such that 5~ 'T~~! = diag(0,7”) is block
diagonal with 7% nonsingular. Write = - y~' = [0,2},...,2°_,], set gbv = [2},...,2%_,], and

decompose

_ 1 ¢ y# 0 1 0
b~ _ v , 12.4.7
A (0 1) <0 yi) (tc 1) 2

as above (temporary notation). We then have

(2, y)] = c1(EY) A€, 1)) — og(57) - Sp(a) (12.4.8)
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for a positive real number §# uniquely determined by 7" and y. Indeed, we require

log(§™) = log(y¥) mod S Q- logp. (12.4.9)
p such that
YE€GLn (OF®zZp))

For any fixed prime p, we can always find v € GL,(OF ®z Z)) such that t5=1T~~1 is block
diagonal as above. The preceding expression thus characterizes §# uniquely.*' In all cases above
(T singular or not), note [£(z,y)] = [£(z -y, vy'y)] for all v € GL,,(OF) (“linear invariance”).

Definition 12.4.1. For T as above (singular or not), we define the real current
1
9y =Y i) Q6@ )l (12.4.11)
jel J

on M2" where the sum runs over a set J C J(T) of representatives for the isomorphism classes
of [G'(Q)\Jx(T)], where z € V™ is the tuple associated with j € Jo(T).

In the preceding definition, ©;, denotes pushforward of currents along ©; (for singular T', see
the convergence estimates in Section 8.3). The current g7, does not depend on the choice of J, by
compatibility of D(z) and [{(z)] with the U(V)(R) action on D (Section 8.2). It is also compatible
with pullback of currents for varying (small) levels K } When T' is nonsingular, this g7, agrees
with the formulation in [Liull, Proof of Theorem 4.20] (see also [LZ22a, §15.3]) up to our different
normalization of the Green current (Footnote 32).

For any v € GL,,(OF), we have

Gt3Tyy—1yt5—1 = 9Ty (12.4.12)
(“global linear invariance”). This follows from the definition of g7, from local linear invariance of
the currents on D, and the formulas Aut(j) = Aut(j -v) and ©; = O;.,.
In all cases, we define the Archimedean intersection number
It globat (T, y) == / g1y A1 (EL)"T™ (12.4.13)
Mz
This is a real number, and the integral is convergent by the estimates in Lemmas 8.3.3 and 8.3.1.
It does not depend on the choice of embedding F' — C. By the compatibility of g7, with varying
small levels K, we can extend (12.4.13) to the case of not-necessarily small level by (4.5.2) (i.e.
cover by a small level and divide by the degree of the cover). In the notation of loc. cit., the stack
M implicitly has level K ’L 7 (while we are using the notation M to mean arbitrary level K } in
Section 12.4).

In all cases (including possibly K } not necessarily small level), we have

Kr, : K
It sttt ) = (7)o | 0(vy@)\ [ Dl (12.414)
’ F‘/ F zevm
(z,2)=T

4IFor any integer N, set Ry = R/(32,x Q- logp). For any set of integers {Ni}ier, the diagram
Rng({Ni}iEI) — @ie[ Ry, —= @(i,i’)eﬂ RNiNi/ (12.4.10)

is an equalizer in the category of sets.
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by construction, where deg means (stacky) groupoid cardinality, where hp is the class number of
Op, and where

tutee (7,0) = [ 6l 0)] nr (€)™ (12.4.15)

for any x € V™ satisfying (z,x) = T If there is no such z, we set Into (7, y) :== 0.
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Part 5. Eisenstein series
13. SETUP

13.1. The group U(m,m). We fix notation for the unitary group U(m,m).

Let A — B be a finite locally free morphism of (commutative) rings, and suppose B is given an
involution b + b (“conjugation”) over A. We are mostly interested in the case where F/F* is a
CM extension of number fields (with F'* the index 2 totally real subfield) and B/A = Op/Op+ for
the corresponding rings of integers (also the local analogues) etc..

Fix an integer m > 0. Write 1,,, for the m x m identity matrix (sometimes we drop the subscript
m), and let H = U(m, m) be the unitary group

0 1\~ 0 1
H=U(m,m) = {hEReSB/AGLgm:h( ) 0)%2( ) 0)} (13.1.1)

where ‘h denotes conjugate transpose (with H the trivial group if m = 0, by convention). Equiva-
lently, H consists of block matrices

<a Z) satisfying ‘ac = 'ca Yad —'eb = 1,, 'bd = *db (13.1.2)
c

with a,b,c,d € Resg/aMyxm. We refer to H as the group U(m,m) (for signature reasons when
B/Ais C/R).
Given an integer j with 0 < j < m, we consider the injection

lny 0 0 0
a b 0 a 0 b
™ U(4,7) = U(m, — 13.1.3
wi' s U(3,5) (m,m) <C d) 0 0 Lo, 0 ( )
0 c 0 d

Consider the subgroups

P= {h: (; I) = H} (13.1.4)
M = {m(a) = <a ta0—1> :a € Resp/y GLm} (13.1.5)

N =<n(b) = (181 1b ) RS Hermm} (13.1.6)

of H. We have P(R) = M(R)N(R) for all A-algebras R. We occasionally write Pp,, My, Ny, to
emphasize dependence on m.
Set
ln—j O 0 0
0 0 0 1
0 0 1,-; O
0 —1; 0 0
for 7 with 0 < j < m. We also write w = w,,, when j = m and m is understood.
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Let F, be a finite étale algebra of degree 2 over a local field F,f. Consider B/A = O, /O p+ for
the respective rings of integers (with O+ == I and Op, = F, if F,| is Archimedean).
If F,/F,” = C/R, we consider the standard maximal compact subgroup

b _ _
K, = { ( “b ) € HR) :a'a+b'b = 1,, and a'b = bta} C H(R) (13.1.8)
— a

We write U(m) C GL,,(C) for (the real points of) the unitary group for the usual positive definite
rank m complex Hermitian space (specified by the Gram matrix 1,,). There is an isomorphism
K, — U(m) x U(m) sending the displayed matrix to (a+1ib,a—ib) € U(m) x U(m) (see e.g. [GS19,
§2.5.1]).

If Ff is non-Archimedean, we consider the standard open compact subgroup

K, =H(Op) C H(F/). (13.1.9)

If F,/F;f = C/R or if F,S is non-Archimedean, we have H(F,}) = P(F)K,. If F is non-

Archimedean and

wn(b)w = m(a)k (13.1.10)
with n(b) € N(F,}) and m(a) € M(F,}) and k € K,, we have | det a|, < 1 and moreover deta € F"

(see [Shi97, §13.4)).
If F/F* is a CM extension of number fields and B/A = Op/Op+, we write

K=]][Ks Keo=][K EK;=]]FEo (13.1.11)
v v]oo V<00
where the products run over places v of F*. Outside of Part 5, we may recycle the notation K,
etc. to mean other compact groups.

For places v of F'™, we use the notation F), := []|
Op, = Ly OF,» as well as FL =[]

wlv F,, where w runs over places of F, similarly
Fand Foo =[] Fuws €te..

v]oo w|oo

13.2. Adeélic and classical Eisenstein series. Characters are assumed continuous and unitary
unless specified otherwise. Let F, be a degree 2 étale algebra over a local field F,", and form the
corresponding unitary group H = U(m,m) as in Section 13.1. If F,\ is Archimedean, we assume
in Section 13.2 that F,/F, is C/R.

Given s € C and a character y,: F,* — C*, we may form the local degenerate principal series
H(FS +m/2
I(s,x0) = Ind ) (ol = [7™7%). (13.2.1)
This is an unnormalized induction, consisting of smooth and K,-finite functions ®,: H(F, ) — C
satisfying
®, (m(a)n(b)h, s) = xo(a)| det alf ™ (13.2.2)

for all m(a) € M(F,}) and n(b) € N(F,) and h € H(F, ). Here we wrote x,(a) = x,(deta) for
short. A section ®,(h,s) of I(s, xy) is standard if ®(k,s) is independent of s for any fixed k € K.
We say ®, is spherical if ®,(hk,s) = ®,(h,s) for any k € K,. We write ®¢ for the unique spherical

standard section satisfying ®9(1,s) = 1 for all s, and call ®; the normalized spherical section.
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Next, suppose F//FT is a CM extension of number fields. We write Ar for the adele ring of F
and A for the adele ring of F*. Given s € C and a character x: F*\Ax — C* and s € C, we
similarly form the global degenerate principal series

I(s,x) = Tndpgy) (x| = [57™%) (13.2.3)

which is an unnormalized induction, consisting of smooth and K-finite functions ®: H(A) — C
satisfying

O(m(a)n(b)h, s) = x(a)| det a| 5™ (13.2.4)

for all m(a) € M(A) and n(b) € N(A) and h € H(A). Given characters xy: Ap, — C* and
Xoo: A;(,’OO — C*, we similarly form I(s, xs) and I(s, xo0). We also speak of spherical sections and
the spherical standard section, as above. We sometimes write I, (s, x) etc. to indicate dependence
on m.

Given a standard section ®(h,s) of the global degenerate principal series I(s,x), we form the
Siegel Eisenstein series

E(h,s,®) = > ®(yh, s) (13.2.5)
YEP(FH)\H(FT)

which is absolutely convergent for Re(s) > m/2. We also form E(h,®,s) when ® is a finite
meromorphic linear combination of standard sections by extending linearly.

Define another character x: FX\AZ — C* as x(a) := x(@)~!. There is a functional equation
E(h,—s,M(x,s)®) = E(h,s, ) (13.2.6)

where M(x,s): I(s,x) = I(—s,X) is the intertwining operator
(M(s,x)®)(h) = / ®(w tn(b)h, s) dn(b) (13.2.7)
N(A)

for Re(s) > m/2 (see e.g. [Tan99]). We occasionally write M,,(s, x) to emphasize the understood
m (in U(m,m)).

Fix an identification of F-algebras F, = C for each Archimedean place v of F*. We consider
classical Eisenstein series on the Hermitian upper-half space

Hup = {2 € Mpm(Fs) : (20) (2 —2) > 0} (13.2.8)
={z=x+iy: 2,y € Herm,,(FL) with y > 0}, (13.2.9)

where the latter expression means that x and y are m x m Hermitian matrices with y positive
definite (at every place v | co of F)f). Given z = z + iy € H,,, we write h, € H(FY) C H(A) for
any element h, = n(x)m(a) where a € GL,,(F.) satisfies a'a = y. Note h, - il,, = z.

We restrict to @ = ®o, ® Py for standard sections oo € (5, Xxc) and @5 € I(s,xf). Fix an
integer n, for each place v | oo of F,, and assume x| ptx = sgn(—)" for every v [ co. We also let
k(xv) € Z be the integer satisfying

Xo(2) = (z/\z\};ﬁz)k("”) where z € F,, (13.2.10)
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)

for each place v | co of F,. For such v, we let ®, = 2™ he the unique standard section of (s, )

of scalar weight

i —n+k
(n1,n2) where ny = n+2(x) and ng = n—;m

such that <I>§,””)(1,s) = 1 (as in [GS19, §3.2, §3.3]). The scalar weight condition means that
") (hk,s) = det(ky)™ det(ks)"2®™) (b, s) for all h € H(F}) and k € K, where ny = (n, +
k(xv))/2 and ny = (—ny, + k(xv))/2 and

(13.2.11)

b
k= (ab ) e K, ki =a+1b ko = a — ib. (13.2.12)
—-b a
Note that @5)”“) does not depend on the choice of identification F, = C.
If y = a'a for some a € GL,,(F),), a computation (omitted) shows

Yo(a@) " (det y)7™/20(™) (w ™ n(b)ym(a)) = (det y)* %0 det(—iy 4 b) ™70 det(iy + b) ~(s750) 77
(13.2.13)
for any b € Herm,, (F,"), where sg = (n, —m)/2 (reduce to the case a = 1,, and write w™'n(b) =
n(—=b(1y +b2)"Hm(b +il,,) "'k for k € K,). Equation (13.2.13) may be used to translate various
statements from [Shi82] to statements about Archimedean Whittaker functions, etc. (see Section
19.3 for more on this).

Remark 13.2.1. Given g = x4 +1yy € My (C) with x4, y, Hermitian and z, positive definite, we
define log det(g) by the “principal branch” (such that g — log det g is holomorphic, and logdet g € R
if y; = 0) as in [Shi82, (1.11)] and the surrounding discussion of loc. cit.. If y, is positive definite
and x4 is only assumed Hermitian, we also take

log det g = logdet(—ig) + mlogi logdet g = logdet(ig) — mlogi (13.2.14)
where logi := mi/2 (as in [Shi82, (1.11)]). This convention is implicit in (13.2.13).

We take @, = ®U‘oo¢'§,n”). We write n = (1, )y|o for the collection of Archimedean weights (and
will eventually focus on the case where all n, are equal to some fixed integer n). In the above

situation, we write E(h, s, ®), = E(h,s,®) and consider an associated classical Fisenstein series

E(z,8,®)n = E(z,5,®) = yoo(a) " det(y)2E(h., s, ®),, (13.2.15)

where z = = + iy and h, = n(z)m(a) with a‘'@ = y as above, and where det(y) /2 stands for

Hvbo det(yv)*”“/z. This does not depend on the choice of h,, i.e. E(h.koo,s,®), = E(h,,s, ®),
for any koo € Koo

When F* = Q and sg := (n — m)/2 (setting n = ne and k(x) = k(xoo)), @ computation
(omitted) gives the more classical form

E(z,s,®), = Z

YEP(Z)\U (m,m)(Z)

det(y)**
- 2 Dy(v, ) (13.2.17)
n 2(s—s
YEPL(Z)\SU (m,m)(Z) det(cz + d)"| det(cz + d)[*s%0)

det(y)5~%0 det () +k(x))/2
det(cz + d)*| det(cz + d)|2(s—s0)

Py(v,s) (13.2.16)
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where

y = (Z Z) : (13.2.18)

where SU(m,m) C U(m,m) is the determinant 1 subgroup, and P, := SU(m,m) N P. We have
P(Q)\H(Q) = P(Z)\H(Z) = P,(Q)\H,(Q) = P\(Z)\H:(Z) (e.g. [Ike08, Proposition 12.6]). When
m = 1, the exceptional isomorphism SLs — SU(1,1) (over Spec Q) implies that the above expres-
sion is a classical Eisenstein series for SLo on the upper-half plane.

Our main theorem (Theorem 22.1.1) concerns Fourier coefficients of E(z, s, ®),, (normalized as
in Section 17.1), but the variant

E(a,s,®), = x(a)™}| det(a)|;n/2E(m(a), s,®), forae GL,(AR). (13.2.19)

will be useful for studying Fourier coefficients of E(z,s,®), for singular T' (see below). If a €

GL,,(Fx) is any element satisfying a'a for y € Herm,, (F)~o, we have

E(iy, s, ®)n = E(a, s, )y (13.2.20)

13.3. Fourier expansion and local Whittaker functions. Take notation as in Section 13.2, e.g.
F/F7 is a CM extension of number fields. Choose a nontrivial additive character ¢: FT\A — C*.

We have a Fourier expansion

E(h,s,®)= > Er(hs,®) (13.3.1)
TeHerm,, (F1)
where
Er(h,s, ®) :/ E(n(b)h, s, ®)(—tr(Th)) dn(b) (13.3.2)
N(FT)\N(A)

for Re(s) > m/2, and where dn(b) is the Haar measure on N(A) which is self-dual with respect to
the pairing (b,0) — ¥ (tr(bb')). We refer to Ep(h, s, ®) as the T-th Fourier term.
For any a € GL,,(F), a change of variables gives

Er(m(a)h,s, ®) = Eigp,(h, s, D). (13.3.3)
We also have
Ly ¥ ) 0 0
Er(m(a)h, s, ®) = Ep(h,s,®) for any mem € GL,(Ap) if T= b
0 1, 0T
(13.3.4)

with the block matrix 7° € Herm, , (FT) having det 7° # 0 (here m’ is arbitrary) (follows from
[GS19, Lemma 5.4, (5.56)]).

Allowing arbitrary T again, assume there is a factorization ® = (®,|o®y) ® ®. For each v | oo,
assume ¢, = @5””) is the scalar weight standard section as in Section 13.2, for some n, € Z. Write
n = (1y)y|eo for the resulting tuple of integers.

Consider a = aooas € GLp,(Ap), with as € GLy(Fx) and ay € GLy(Apf). Set y = aoo'oo

(temporary). We then have T-th Fourier coefficients Er(y, s, ®), and Ep(a,s, ®), characterized
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by the relations
Er(y, 5, ®)ng” = Xoo(too) " det(y) "> Er(n(z)m(a), s, ®) (13.3.5)
ET(a, s, @)nwf(tr(Tb))qT = X(a)71| det a|;n/2ET(n(:c +b)m(a),s,P) (13.3.6)

for any @ € Herm,,(Fi) and b € Herm,, (A ), with 2 == x + iy, and with ¢ := ¢ (tr(T'2)). These
correspond to the classical Eisenstein series and its variant in (13.2.15) and (13.2.19).
When det T # 0 and ¢ = ®,P, is factorizable over all places, we have a factorization

Er(h,s,®) = [[ Wrw(ho, 5, ) (13.3.7)

into local Whittaker functions defined below (13.3.8).

We switch to local notation: let F, be a degree 2 étale algebra over a local field Ff, with
nontrivial involution a + @. We assume F. has characteristic 0 (because Karel assumes this
[Kar79]). If F,f is Archimedean, we also assume F,/F, = C/R.

Let xy: F — C* and v, : F,f — C* be characters with 1), nontrivial, and suppose ®,, € I(s, xv)
is a standard section. Given T € Herm,, (F,") with det T # 0, there is a local Whittaker function
defined by the absolutely convergent integral

Wi (h, s, By) = /N - ®, (w'n(b)h, 8)bo(—tr(Th)) dn(b) (13.3.8)

for h € H(F,[) and s € C with Re(s) > m/2, where dn(b) is the Haar measure which is self-dual with
respect to the pairing (b, V') + 1, (tr(bd')) on Herm,, (F,F) = N(F,"). For each fixed h, the function
Wit (h, s, ®,) admits holomorphic continuation to s € C [Kar79, Corollary 3.6.1][KS97]{Ich04, §6].
Extending linearly defines Wr,(h, s, ®,) whenever ®, is a finite meromorphic linear combination
of standard sections. For any a € GL,,(F}), a change of variables shows

Wij(m(a)h, S, (I)v) = Xv(a)| det a|;’j+m/2Wt6Ta,v(ha S, (I)U) (1339)
for X, (a) = x,(@)~! as above. We use the shorthand Wr (s, ®y) = Wr (1,5, D).

Lemma 13.3.1. With notation as above, assume that F, is non-Archimedean with residue field
of cardinality q,. Suppose @, € 1(s,xy) is a standard section and h € H(F,}) is a fized element.

(1) We have Wr,(h,s, ®,) € Clg,*, q5).

(2) If h € K, we have Wy, (h, s, ®,) € Clg, *].

(3) Suppose . : F,* — C* is another character satisfying X;|Fv+x = fUXU|Fv+X for an unramified
character &,: Ff* — C*. Assume h € K,, and suppose ¥, € I(s,x}) is a standard
section satisfying W,(w='h) = ®,(wth). If f(X) € C[X] is the polynomial satisfying
f(g,2%) = Wry(h, s, ®,), then we have f(&y(w0)q~ %) = Wrp(h, s, V,), where @y € F,F is
a uniformizer.

Proof. A general result of Karel [Kar79, Corollary 3.6.1] states that Wr,(h,s, ®,) € Clg, *, ¢;],
and that Wr,(h,s, ®,) may be computed for all s as the integral over a sufficiently large open
compact subgroup of N(F,"). Recall that we have ®,(m(a)h,s) = x,(deta)|det a|;tm/2®y(h,s)

for all a € GL,,,(F),) and all h € H(F,"). Then apply the discussion surrounding (13.1.10). O
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In the case where F. is non-Archimedean, consider the case where Y, is unramified and x| Frx =
N for some integer n, where 1, : F,;F* — {£1} is the quadratic character associated to F,/F.,’. Con-
sider the normalized spherical standard section ® € I(s, x,,). We temporarily write Wr ,(h, s, ®5)p
for the associated local Whittaker function, emphasizing the possible dependence on n. By Lemma
13.3.1(3), the implicit x,-dependence of Wr,,(h, s, ®7)» is only on the restriction xo|p+x. If F,/Ff
is not inert, then Wr,(h, s, ®3), does not depend on n (note n must be even if F,/F,} is ramified).
If F,/F,f is inert, then Wr ,(h,s, ®3), depends only the parity of n. The ring endomorphism of
Clg, %] sending g, %* — —q, 2° swaps Wr(h,s, ®), and Wr,(h, s, ®S)p41, by Lemma 13.3.1(3).

13.4. Singular Fourier coefficients. Retain notation from Section 13.3 (switching back to global
notation). The Fourier terms Er(h, s, ®) for singular T € Herm,,(F*) are known to be closely
related with Fourier terms of Eisenstein series on smaller groups (e.g. [GS19, §5.2]). We focus on
the case where rank 7' = m — 1 (assume this throughout Section 13.4). On account of (13.3.3), it
will be enough to describe the case where T is block diagonal of the form

0 0
T = 13.4.1
(0 Tb> ( )
with det 7" # 0.

Assume m > 1, and fix an integer n € Z. Let x: F*\A} — C* be a character satisfying
X|ax = 1™, where 7 is the quadratic character associated with F//F*. Note ¥ = y in this case.

Take a factorizable standard section ® = ®,P,, € I(s, x), and assume ¢, = <1>1(,") is the normalized
scalar weight standard section (Section 13.2) for every Archimedean place v, with n the fixed integer
from above (same for every v | 00).

Take T as in (13.4.1). Given a € GLy,(Ar), we study the Fourier coefficient Fr(a,s,®),. By

the Iwasawa decomposition, every a € GL,,(Ar) admits a decomposition

1 # 0
a= [ a |k (13.4.2)
0 1,1/ \0 a

with a# € GL1(Ap), with a® € GLy,,—1(Ar), and with k € [, .o U(m) x [, oo GLin(OF,). We will
be eventually interested in the case when @ is spherical, which implies ET(ak, s, ®), = ET(a, s, ®)
for any k € [[,oc U(m) x [[,<oo GLm(OF,) (also using the fact that ®, is a scalar weight standard
section for each v | 00). In light of the invariance property in (13.3.4), it is thus harmless to restrict

v]oo

to the case of block diagonal a = diag(a#,a”). Assume this for the rest of Section 13.4 (but we do
not assume @ is spherical for now).
Set m” := m — 1. Arguing as in the proof of [KR88, Lemma 2.4] (see also [GS19, Lemma 5.4]
and [HSY21, Theorem 2.2]) gives
Er(a,s,®), = |det a5 Epy (a5 + 1/2, p™ (5, X)®)n (13.4.3)

m
+ | det a® |5 Eps (a5 —1/2, Uy (8, X)®)n
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where sg = (n —m)/2, where

( )/11 b(&X) ( / )
l”L 5)X ‘l'nq,b S ]' 27X
(I:;.4.4)

Vi Wopum,
(with p™, U(mP, m") — U(m,m) as in Section 13.1), and where

U™ (s,x)
I, (s, x) m’ » Io»(s—1/2,x)

b b
Vi—— [ h— f bieHerm  ,(4) ¥ (w;bl “n <tb1 (1)2> Wy 11, (R, s) dby dbis
bio€M, 5 (AF) 12

(13.4.5)
for Re(s) > m/2 (with meromorphic continuation to s € C). A calculation shows

Mm"(s - 1/27 X) o U;Zb (87 X) = M%:(—S, X) © Mm(S, X)7 (13-4~6)
compare [GS19, Lemma 5.5(iii)].

In Corollary 17.2.2, we rewrite (13.4.3) more explicitly when ®, is the normalized spherical
standard section for every non-Archimedean v.

14. WEIL REPRESENTATION

14.1. Weil index. We recall Weil indices, which are certain constants appearing in the Weil
representation and other calculations below. We compute the instances which we need.

Suppose Ff is a local field (arbitrary characteristic) with nontrivial additive character v, : F,” —
C*, and suppose V, is a (finite dimensional) F," vector space equipped with a non-degenerate
quadratic form Q(—). The map V' — C* given by z — ¢, (Q(x)) is a “non-degenerate character of
the second degree” in the sense of [Wei64] [Ra093, Appendix], so there is an associated Weil index
Y (Vi) € C* (which is an eighth root of unity). The quantity 1)y, (V,) depends only on 1, and
the isomorphism class of V,,, and we have

Vo, (Vo) =7, (Vo) 7, (Vo ® Vi) = 70, (Vo) v, (V) (14.1.1)

for orthogonal direct sums V,, @V, (follows from the definition, see [Ra093, Theorem A.2]). The
Weil index also satisfies a global product formula [Wei64, Proposition 5].
When F has characteristic # 2 and V, has a bilinear pairing (—, —), our convention is that

x — (x,x) is the associated quadratic form (and vice-versa).

Lemma 14.1.1. Let F be a local field of characteristic # 2, let 1,: F,” — C* be a nontrivial
additive character, and let V, be a finite dimensional F,S vector space with non-degenerate bilinear

pairing. Assume any of the following situations holds.

(1) The bilinear pairing on V,, is given by

0 14
<1d 0). (14.1.2)
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(2) The field F,S is non-Archimedean with residue characteristic # 2, there erists a self-dual

lattice in V,,, and 1, is unramified.

Then the Weil index is vy, (Vyy) = 1.

Proof. (1) By compatibility with orthogonal direct sums, we reduce to the case d = 1. Given
a nonzero element a € F,7™, we use the temporary notation -y, (a) for the Weil index of the
one-dimensional quadratic space containing an element x with (x,z) = a. We have ,, (V,) =
Yoo (@)Y, (—a™1) for some a € F,F*. We have vy, (a)yy, (—a™!) = 1 (follows from [Rao93, Theorem
A.4], which relates Weil indices and the Hilbert symbol).

(2) By compatibility with orthogonal direct sums, it is enough to show 7y, (a) =1 for a € O;j‘
This follows from [Ra093, Proposition A.11]. O

Remark 14.1.2. The explicit formula of [Ra093, Proposition A.12] shows that Lemma 14.1.1(2)
is false if F,f = Qg (e.g. if V,, has rank one).

Next, let F, be an étale algebra of degree 2 over a local field F, of characteristic # 2 (residue
characteristic 2 allowed). Write n,: F,;f* — {£1} for the quadratic character associated to F,/F.,"
(trivial if F,/F," is split), and write a — @ for the nontrivial involution of F, over F,f. If F,} is
non-Archimedean, we write 0 (resp. A) for the different (resp. discriminant) ideal for the extension
F,/F} (where 9 = O, and A = O g+ in the split case). We sometimes abuse notation and write
0 and A for understood/chosen generators of these ideals. We write g, for the residue cardinality
of F,f if ) is non-Archimedean.

Any non-degenerate F),/F," Hermitian space V;, has an associated F)-bilinear pairing %tr Fo/F (=, —)
and quadratic form x — %tr Fy/FF (z,z). (Elsewhere, we typically normalize the trace bilinear pair-
ing without the factor of 1.) We write vy, (V,) for the Weil index of this quadratic space with
respect to a nontrivial additive character ¢,: F,” — C*. We know 7y, (V;)? = 1 (see e.g. [Rao93,
Corollary A.5(4)] and [Kud94, Theorem 3.1]).

We write vy, (Fy) for the Weil index associated to the one-dimensional Hermitian space F, with
pairing (z,y) = Ty. We write €,(s, &, ¥, ) for the local epsilon factor associated to a quasi-character
& B — C* (as in [Tat79, §3][Tat67b], for the quasi-character &,| — |* and the self-dual Haar
measure for ).

If F" is non-Archimedean with uniformizer wy, we have
6v(3>77v>'¢v) = |’w(c)(w“)A|;}l/2’ywv (Fv) (1413)
where

c(y) =max{j € Z: wv|ng(9 s trivial}. (14.1.4)
F’U

If FS is Archimedean, we have

s—1/2
€u (8, Moy Uy) = |a|Fv+/ Yo, (F). (14.1.5)

where a € F,/* is such that

Yp(z) = ™% if FF =R and t,(z) = e2™te/rlaz) jf pr — C. (14.1.6)
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These identities follow from [JL70, Lemma 1.2(iii),(iv)] and properties of epsilon factors. For the
reader’s convenience, we recall vy, (C) =i if F, =R and 9, (z) = €2™*.
In all cases, we have

Yibo (Fv)2 = Ev(1/27nvawv)2 = nv(_l)- (14.1.7)

If Fif is non-Archimedean, recall that €,(s,&,,%,) = 1 if &, and v, are unramified. If F,;f =R and
Yy(x) = ¥ recall €,(s,sgn’,1,) = 1 (resp. = —i) if j is even (resp. odd) where sgn: R* — {41}
is the sign character (these formulas will be used implicitly in Section 16.2). Recall our convention
that self-duality for Hermitian lattices is understood with respect to the trace pairing (unless
otherwise specified), Section 2.2.

For Hermitian lattices, we always use the term self-dual to mean self-dual with respect to the
trace pairing (i.e. L = LV) unless specified otherwise. If F,/F," is ramified and L is a self-dual
Hermitian lattice, then L must have even rank (see e.g. [Shi97, Lemma 13.3]).

Lemma 14.1.3. Let F,S be a local field of characteristic # 2, let 1,: F,” — C* be a nontrivial
additive character, and let F,/F," be a degree 2 étale algebra. Let V,, be a finite dimensional non-

degenerate F,/F,” Hermitian space. Assume any of the following situations hold.

(1) The Hermitian space V,, admits a basis with Gram matriz.

0 1
<1d od> . (14.1.8)
(2) We have F,, = F, x F,\.

(3) The extension F,/F, is unramified or F,\ has residue characteristic # 2. Moreover, the
field F.f is non-Archimedean, there exists a full-rank self-dual O, -lattice in V,, and V, has
even rank.

(4) The field F} is non-Archimedean, the extension F,/F," is unramified, there exists a full-

rank self-dual lattice in V,,, and 1, is unramified.

Then the Weil index is vy, (Vyy) = 1.

Proof. We have (3) = (1) (see [LL22, Lemma 2.12] for the ramified situation, in which case
the even rank assumption is redundant). This implication is false if F,/F," is ramified with F,\ of
residue characteristic 2.

In situations (1) and (2) we may pick a basis {1,a} for F, as an F, vector space where
trp (a) = 0. Applying Lemma 14.1.1 proves the claims.

In situation (4), we may diagonalize the given self-dual lattice, hence reducing to the case where
V, has rank one. In this case, we have vy, (Vi) = vy, (Fy) = €(1/2,14,1,) = 1. O

14.2. Weil representation. Let F,/F, and accompanying notation be as in Section 14.1. Assume
F,/F) = C/R if F} is Archimedean. We also assume F has characteristic 0 (because [Kud94]
assumes this).

Let V, be a non-degenerate F,/F," Hermitian space of dimension n > 0. Choose a nontrivial

additive character v,: F,f — C*, and let x,: F,* — C* be a character such that y,| FEx = 1y
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There is a local Weil representation w, = wy, g, of U(m,m)(F,") x U(V,)(F, ) on the space of
Schwartz function S(V,”) (the Schrédinger model [Kud94]), which we normalize as

(wy(m(a))pu)(x) = xv(det a)| det a|%2%(£ -a) m(a) € M(F))

(wo(n(b))pw)(x) = 1y (trb(z, x))pu(z) n(b) € N(F,)
(wo(w)ipw) (@) = Y, (Vo) P () m(a) € M(F))
(wo(h)@u) (@) = @u(h™" - z) h e U(m,m)(F;)

for ¢, € S(V,;”*) and z € V)" (viewed as n x m matrices), where
@v(&) = /V @v(y)wv(tro/qu tr(ﬁu@l)) dy (14'2'1)

is Fourier transform for the corresponding self-dual Haar measure on V,*. The constant 7y, (V;) is
the Weil index from Section 14.1

With sg == (n —m)/2, there is a map S(V,]") — I(xv, o) sending ¢, € S(V,") to the function
h — (wy(h)py)(0). The associated standard section @, € I(xwv,s) is the Siegel-Weil section for
vy [GS19, §5.1].

If F,} is non-Archimedean, choose a generator ? of the different ideal of F,/F.\, and let M$ be
the rank 2 Hermitian Op, -lattice admitting a basis with Gram matrix

1
(Dol °0 > . (14.2.2)

Note that M3 = M3* is self-dual (with respect to the F,"-bilinear pairing tro/F;r(—, -)).

Lemma 14.2.1. In the situation above, assume moreover that x, and 1, are unramified, and that
F.t is non-Archimedean. Suppose o, = I%m where 1y is the characteristic function of a full rank

Opr,-lattice M C 'V, in any of the following situations.

(1) The lattice M is self-dual. Moreover, the extension F,/F.\ is unramified, or F,\ has residue
characteristic # 2.
(2) We have M = (M3$)®¢ (orthogonal direct sum) for some d > 0.

Then the associated Siegel-Weil section @, is the normalized spherical section ®7, i.e. K,-fived
with @, (1) = 1.

Proof. Follows from the explicit formulas above, since w and P(Op+) generate Ky, = U(m, m)(Op+)
and since the Weil index vy, (V) is 1 (Lemma 14.1.3).
If M has even rank, then condition (1) implies condition (2) (the ramified case is [LL22, Lemma

2.12]). O
Next, consider the case where F,/F,;5 = C/R. Suppose the n-dimensional Hermitian space V,, is

positive definite, with Hermitian pairing (—, —). If ¥, (x) = €™ the Gaussian
oo(z) = e 2mr@2) ¢ g(ym) (14.2.3)
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for x = (z1,...,2y) € V)" (where tr(z,z) = (x1,21) + - -+ + (Tm, Tm)) has associated Siegel-Weil
section

D, =M (14.2.4)
where @\ is the scalar weight standard section described surrounding (13.2.11), see [GS19, (2.68)].

Remark 14.2.2. Suppose F/FT is a CM extension of number fields with associated quadratic
character n and accompanying notation as in Section 13.2. With m and n as above, choose any
character x: F*\Ax — C* satisfying x|4x = n". Choose nontrivial additive characters 1, : F} —
C* for each place v (the 1, need not come from a global character). Suppose we are given a
collection of local Weil representations wy, y, on some S(V;™) for each place v of F,\ (where the
collection (V;), of local Hermitian spaces need not come from a global Hermitian space). Choose
oy € S(V") for each place v, and assume ¢, = 17! for some full-rank self-dual lattice L, C V,, for
all but finitely many v. Set ® =), ., .

In this situation, the Eisenstein series variant E(a, s, ®), (13.2.19) does not depend on the choice
of x. This follows upon inspecting the Weil representation, particularly the action of m(a).

This remark also has a local version, i.e. the Whittaker function variants Wiv(a, s)y and
va(a, s, @y, )n (Sections 15.2 and 15.3) do not depend on the choice of x,.

15. LocAL WHITTAKER FUNCTIONS

Let F,/F, and accompanying notation be as in Section 14.2. If F\ has residue characteristic
2, we also assume F,/F," is unramified. Let yx,: F,* — C* be a character satisfying y,| i =1y
for some integer n € Z, with n even if F,/F, is ramified. Assume Y, is unramified if F, is
non-Archimedean. Let v,: F,7 — C* be an unramified nontrivial additive character. Assume
y(x) = €2™@ if I+ = R. These are our default hypotheses, but weaker hypotheses often suffice
(as will be indicated below).

Let ®) € I(s, xo) be the normalized spherical standard section if F\ is non-Archimedean. Let
<I>q(Jn) € I(s, xv) be the normalized scalar weight standard section from Section 13.2 if F},/F,f = C/R.

Given an integer m > 0 (we do not assume m < n, unless otherwise specified) and given
T € Herm,, (F,") with detT # 0, we define normalized local Whittaker functions

Wi, (h, 8)y = Az (8), Wrw(h, s, @) for F, non-Archimedean (15.0.1)
Wi (h, 8)p = At (8)y Wrw(h, s, o) for F,f Archimedean (15.0.2)

for certain normalizing factors Az, (s); (see (15.3.1) and (15.2.1) below).

The preceding normalization gives Wy, (h, s);, a clean functional equation (Section 16). More-
over, the normalized function VVq’i’v(h7 s)? (as opposed to the unnormalized versions) seem to cor-
respond more naturally to local information about special cycles (e.g. local contributions to arith-
metic degrees) in arithmetic (and non-arithmetic) Siegel-Weil formulas. For example, our main
local theorems (Part 6) are proved in terms of the derivative of Wz (1, s);, and not Wr,(1, s, @7)
or Wry(1, s, 2").

The normalizing factors A ,(s);, also carry geometric information. For example, consider an

imaginary quadratic field F/Q of odd discriminant, suppose m = n is even, and form the product
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211, Ar(s);, over all places v of Q. If n = 0 (mod 4), evaluation at s = 0 returns the degree
of a certain O-dimensional unitary complex Shimura variety (stack), giving a case of a unitary
analogue of the Siegel mass formula. If n =2 (mod 4), evaluation at s = 0 returns the volume of a
certain (n — 1)-dimensional unitary complex Shimura variety (stack). These volume identities will

be discussed in Section 21.2 (but are not needed for our main theorems on arithmetic Siegel-Weil).

15.1. Local L-factors. We use the following (standard) local factors as in [Tat79, §3].

If Ff is a local field (allowing arbitrary characteristic in Section 15.1) and &,: F,f* — C* is
a quasi-character, we write L,(s,&,) for the corresponding local L-factor (for the quasi-character
&l — |SFJ) Given any nontrivial additive character 1, : F,7 — C*, we write €,(s,&,,1,) for the
corresponding local epsilon factor (as appeared in Section 14.1) and p,(s, &y, ¥,) for the local factor
from Tate’s thesis [Tat67b, Theorem 2.4.1], which satisfies

Po(8, Evsthy) = €u(8, &os thu) T Lo(1 — 8,671 T Ly (s, ). (15.1.1)

If F* is a global field with a quasi-character £ : F**\Ap+ — C* and nontrivial additive character
P FP\Apr — CX, we write

A, Q) =[] Lo(s,&)  L(s,8) =[] Lo(5,€)  e(5,6) =[] euls, & tb0) (15.1.2)

<00 v

and have A(s, &) = e(s,&)A(1 — 5,&€71). For the reader’s convenience, we recall the formulas

(1- §v(w0)|wo|‘;};)*1 if £, is unramified

Ly(s,&) = T ' if Ff is non-Archimedean
1 if £ is ramified with uniformizer wg € F,
, T/ (s/2 if j is even
Ly(s,sgn’) = (5/2) J if F7 = R and sgn denotes

—(s+1)/2 P
e P((s +1)/2) if jis odd the sign character.
15.2. Normalized Archimedean Whittaker functions. With notation as above, assume F),/F,t
is C/R and let ¢, : R — C* be the standard additive character o + ¢*™. The symbol h will denote
an element of U(m,m)(F,). Fix integers n,m with m > 0.
Consider T € Herm,,(F,") with detT # 0. With s == (n — m)/2 as above, we define the

normalizing factor

. (27r)m(m71)/2 m(—s+50) m—1 . L
A7 (), = Wﬂ’ 0 1_[0 [(s—so+n—7j)||det T|Fv+ 0 (15.2.1)
]:

(compare [GS19, (3.3.14)], also Shimura [Shi82]) where I" is the usual gamma function.

We define a normalized Archimedean Whittaker function
Wi (h, 8)o = Mg (8)o Wry (b, s, @), (15.2.2)
For a € GL,,,(Fy), we also consider the variant

Wiv(a, S)p = Xv(a)_ll det a];:mva(m(a), s)y g7 g 1= e~ 2mitr(iTy) (15.2.3)
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with y := a'@ (temporary notation). This is a (normalized) local analogue of (13.3.6). For any
a € GL,,(F,) and k € U(m), we have the “linear invariance” properties

Wiy(a, ), = Wispa(Los)y, Wiy (Ls), = Wi, (k. );. (15.2.4)

The first expression follows from (13.3.9), and the second expression follows from the scalar weight
property of . Given y € Hermy,(R)>o, we also set Wz (y,s);, = Wj‘w(m(a),s)fl for any
a € GLy,(F,) satisfying a'@ = y (does not depend on the choice of a).#> We use the shorthand
Wi, (s)n = Wr (1, 5);

For all n € Z, we have the functional equation

Wiy (h, )y = no(det T)" ™" W7, (h, —s),

o (15.2.5)
The case when T' is positive definite follows from [Shi82, Theorem 3.1] (via (13.2.13), see also
[GS19, (3.54)]). The case of general T (still with detT" # 0) should follow from [Shi82, Theorem
4.2, (4.34.K)], though we will give an alternative proof (Lemma 16.2.1). Here 7, is the sign character
sgn(—).

Write (r1,72) for the signature of T' (temporary notation). If either n > r; or 79 = 0, then the
function W7 (h,s); is holomorphic for all s € C, for fixed h (follows from [Shi82, Theorem 4.2,
(4.34.K)]). For any a € GL,,(F},), we also have

- 1 if T is positive definite
Wi (a, 50)2 = P (15.2.6)
’ 0 if m <n and T is not positive definite.
For the case when T is positive definite, see [Shi97, (3.15)] (also the proof of [GS19, Proposition
3.2]). The non positive definite case with m < n follows from [Shi82, Theorem 4.2, (4.34.K)] (see
also [GS19, Proposition 3.3(i)]).

15.3. Normalized non-Archimedean Whittaker functions. With n, x,, ¥, 7, etc. as at the
beginning of Section 15, assume F" is non-Archimedean. For the moment, we only assume F,I has
characteristic # 2, and allow x,, possibly ramified. We can also allow F,/F." to be ramified with F."
of residue characteristic 2 in Section 15.3. The symbol h will denote an element of U(m,m)(F,).

Assume v, : F,t — C* is a nontrivial unramified additive character. Let @y be a uniformizer of
Fr, and let ¢, be the residue cardinality of F.. Consider T' € Herm,, (F,") with det T # 0.

We define the local normalizing factor

m—1
Agy(8)S = m\;?(m—”/“ [T Zo(@s +m— ™) | [(des T) A2 om0, (15.3.1)
j=0
The local L-factors appearing in A7, (s)s should be compared with e.g. [HKS96, §6].
Suppose V,, is an n-dimensional non-degenerate F,/F," Hermitian space. Consider a full-rank
lattice L, C Vi, and take the Schwartz function ¢, = 17' € S(V;*). Form the associated Siegel-

Weil standard section ®,, € I(xy,s). Let S be the Gram matrix of any basis for L,,.

2\With this notation, there is possible ambiguity for the meaning of W7 ,(1,s);, which could refer to either
Wi, (h, )y or Wi, (y, s)n evaluated at h = 12y, or y = 1,,. To avoid confusion, we will avoid the symbol W7z , (1, s),
when v is Archimedean.
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We consider the normalized local Whittaker function Wy and the variant VV}U

va(h, s, cb%)n = Yapy (Vv)mvol(Lv)*mAT,v(s);WTw(h, s, <I>%) (15.3.2)
Wi (a5, ®p,)n = xo(a) Y det al /> Wi, (m(a), 5, ,,) (15.3.3)

for a € GL,,,(Fy). The volume vol(L,) is taken with respect to the self-dual Haar measure with
respect to the pairing z,y — ¥, (tr(x,y)) on V, (compare Lemma 15.4.2). The variant VNVY’iU is
a local analogue of (13.2.19). These will depend on n in general. For any a € GL,,(F,) and
k € GLy,(Op+), we have the “linear invariance” property

Wit,v(‘% S, (I)sov)n = Wt*ETa,v(lv 5, (I)S%)n Wi*“,v(la 5, (I)sov)n = Wi*“,v(la $)n = W;“,v(kv 8y q)sou)n'
(15.3.4)

The left expression follows from (13.3.9). The right expression follows from the expression x,, (k) ~tw,(m(k))p, =
@, for all k, where w, is the local Weil representation (Section 14.2).

Now assume x,, is unramified, and recall the normalized spherical standard section ®S € I(xy, s).
If L, is self-dual, we have ®,, = @7 (Section 14.2), at least outside the case of F,/F, ramified
with residue characteristic 2. If F,/F," is ramified of residue characteristic 2, this still holds if
L, = (M3$)®? for some d > 0 (with M the “standard” self-dual lattice from (14.2.2). Note that
Y (Vo) = 1 in these cases.

In the situation of the previous paragraph, we set

Wi s)n = Wiy (hys, ®p,)n Wiy(a,s); = Wi (a5, @0, )n

for h € H(F,) and a € GLy(Fy,). Note Wy (h,s); = Arw(s)pWrw(h, s, ®7). The alternative
normalization

W (hy s)5 = |(det T)ALM/2) s E0W (h s):, (15.3.5)

will also be useful.

We use the shorthand W7, (s);, == W7 (1, s);, and VVT(T’?}(S);’I = Wj(ﬂ*g(l, s)2. We further describe
these functions in the following sections (e.g. special values and functional equations). We are
mostly interested in the spherical local Whittaker function W7 (h, s);, and the case of general ¢,
plays a very limited role in the present work.

15.4. Local densities. We relate non-Archimedean Whittaker functions with local densities. This
should be essentially known, but we restate the result for clarity (Lemma 15.4.2).43 In Section 15.4,
we do not need to assume x,, is unramified (but still require x| Fx = ).

Retain notation and assumptions from Section 15.3. In Section 15.4, we now require F," to have
characteristic 0, exclude the case where F,/F." is ramified with F of residue characteristic 2, and

43The proof is essentially as in [KR14, Proposition 10.1], with a few modifications. In the ramified situation,
we should use M3 (from Section 14.2) instead of L1,1 (in the proof of loc. cit.); the proposition statement changes
correspondingly, see [Shi22, Proposition 9.7]. Moreover, the quantity 7,(V)" appearing before [KR14, (10.3)] should
be 4p(V)™" for consistency with the Schrédinger model of the Weil representation from [Kud94, Theorem 3.1 §3,
§5] (and the same applies to [Shi22, Proposition 9.7]). The interpolation of Wr (s, @, ) in the two cited references
should also be shifted by so = (n — m)/2 in the s-variable. The cited results also restrict to the case F = Q,, but
the result and (modified) proof hold more generally.
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take n > 0. We write
Herm, (Op+)" == {b € Herm,, (F,") : tr(be) € Op+ for all ¢ € Hermy, (Op+)} (15.4.1)
= {b € Herm,,(F;") : bij € Opy if i = j and b € 07 O, if i # j}.

Given nonsingular Hermitian matrices S € Herm,,(F,") and T' € Herm,, (F,"), we consider the local

representation density (or just local density)

vol({z € My (Op,) : 'ZSz — T € wrHerm,, (O ,+)*
ben(5.7) o 1m0 € Vnin (OF) fHerm,, (0"

k—o0 qv_ka

(15.4.2)

where My, ,(OF,) is given the Haar measure of total volume 1. The limit argument stabilizes for

k> 0 (follows from the proof of Lemma 15.4.2). The local density Den(S,T) depends only on the

isomorphism classes of the Hermitian lattices defined by S and T. If n < m then Den(S,T) = 0.
If S € Herm,,(Op+)*, we have

r € My (O kOp ) :tZSx — T € wrkHerm,, (O .+ )*
Den(S,T) = lim # m(Or, /=3 0r,) “o ( Fj)}

k—o0 k-m(2n—m)
v

(15.4.3)

If S € Herm,, (Op+)* and T' ¢ Hermy,, (Op+)*, we have Den(S,T') = 0.

Remark 15.4.1. If S € Herm,,(Op+)" and T € Herm,(Op+)* with m < n, the local density
Den(S,T') admits the following equivalent formulation. Suppose M (resp. L) is a Hermitian Op, -
lattice which admits a basis with Gram matrix S (resp. T'). Write 0 for any trace-zero generator
of the different ideal d of F,/F,", and let M’ (resp. L) be the skew-Hermitian lattice with pairing
0S (resp. 0T). If Herm(M', L") is the scheme of skew-Hermitian module homomorphisms given by

Herm(M', L')(R) := Herm(M' @ R, L' ® R) (15.4.4)

for Op+-algebras R (where the right-hand side means Op,-linear homomorphisms preserving the

skew-Hermitian pairing), we have

#Herm(M/,L’)(OFi/w'O“(’)FJ) = #{x € My n(Op, /wiOF,) : TSz — T € w’SHermm((’)FJ)*}
(15.4.5)
and also m(2n —m) = dim(Herm(M’, L") x Spec F)}) (and the right-hand side is nonempty). This
recovers the formulations in [LZ22a, §3.1] (inert), [FYZ24, §2.3] (inert and split), and [HLSY23,
§5.1] (ramified).

Return to the situation of general S and 7' (and possibly m > n). Fix characters x,: F,* — C*
and 1, : F,t — C* as above, with 1, unramified. Let M be a Hermitian Op -lattice admitting a
basis whose Gram matrix is S. Write V,, = M ®0p, Fu for the associated F,/F,” Hermitian space,
and let o, € S(V;") be the function ¢, = 15", where 1,/ is the characteristic function of M.
Let ®,, € I(s,xv) be the associated Siegel-Weil section, and form the local Whittaker function
Wry(h, s, ®y,) as in Section 13.3. Set Wr (s, Py, ) = Wry(1,s, Py, ).

With M3 being the rank 2 self-dual Hermitian lattice from (14.2.2), let S,.,, be the Gram matrix
of a basis for Ly, = M ® (Ms)®" (orthogonal direct sum). When F,/F, is not ramified, we also

let S, be the Gram matrix of a basis for L, , := M & (1)®" (orthogonal direct sum), where (1) is a
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rank one self-dual lattice. The notations L, ,, and L, , will only be used in the proof of the next

lemma.

Lemma 15.4.2. With notation as above, there exists Den(S,T,X) € Q[X] (necessarily unique)
such that

Wrw(so + 5, ®p,) = 7y, (Vo)™ det 5|7 [A|S, Den(5, T, ¢, ) for all s € C (15.4.6)

Den(S, ., T) = Den(S, T, ¢, ") for allr € Z>g (15.4.7)

where vy, (Vi) is the Weil index, so = (n —m)/2, and e = nm/2 +m(m — 1)/4. For all v € Z>q,
we also have

Den(S,, T) = Den(S, T, (—q,)™") if B,/ F,f is inert (15.4.8)

Den(S,,T) = Den(S,T,q,") if B,/ F,f is split. (15.4.9)

Proof. As mentioned above (Footnote 43), this is a restatement of a result which should be es-

sentially known [KR14, Proposition 10.1] [Shi22, Proposition 9.7], up to a few modifications. The

modified version stated here may be proved by a similar interpolation argument, as explained below.

For any r € Z>o, set Vi rr = Lyrr @0y, Fyv, and let @y, =17 . Equip Hermm(OF;r) and Vy pr

with the self-dual Haar measures with respect to (b,c) — ,(tr(bc)) and wv(tro/Fj (tr(—,—)))
respectively. Using the Weil representation, we compute

Wr(so +1,®4,) (15.4.10)

= lim VYo (—tr(TH)) Dy, (wn(b), so + 1) dn(b)

k—o0 wO_kHermm((’)Fj)

= Yy, (Vo) 7" lim Yo (—tr(T)) Yo (tr(b(x, )))pu,rr () da dn(b)
—00 w()_kHermm(OF+) Vo .

= Y, (Vo)™ lim vol(ey “Hermy, (Op)) sevyy Pugr(z) da
_>OO v v,

(z,2)—T€wfHermy, (Op+)"
v

= Yy, (Vo) """ vol(Hermy, (Op+ ) )vol(Ly’,. . ) Den(Sy,, T')

v,r,7

We have the volume identities

vol(Herm, (Ot )) = |A[T D vol(Ly ) = | det S| |A[} (15.4.11)

for the self-dual Haar measures described above. We already know Wr (s, ®,,) € Clg, %] by
Lemma 13.3.1. Since Den(S,,,T) € Q for all » > 0, we conclude Wr (s, ®,,) € Qlg;%*]. The
additional claims involving Den(S,,T') in the unramified case may be proved similarly, using L, ,

instead of Ly . O

15.5. Local densities and spherical non-Archimedean Whittaker functions. Take F,/F)',
¥y, and X, as in Section 15.4, and continue to assume n > 0 for the moment. Set sy = (n —m)/2.

We assume Yy, is unramified.
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Let M° be a self-dual Hermitian Op, -lattice of rank n. This characterizes M° uniquely up to
isomorphism, and forces n to be even if F,/F, is ramified. We also have 7y, (V,) = 1 (Lemma
14.1.3).

Set Vi, = M° ®0,, Fy, and let ¢, € S(V;") be the characteristic function of M°™. Then the
associated Siegel-Weil section ®,, € I(s,X,) coincides with the normalized spherical Whittaker
function @ (Lemma 14.2.1).

Remark 15.5.1. Even if x, is possibly ramified, we still have Wr (s, ®,,) = Wr (s, ®;) for any
T € Herm,,(F, ) with det T # 0 (by Lemma 13.3.1(3) or Lemma 15.4.2), where ®° € I(s,),) is
the standard normalized spherical section for an unramified xJ,.

Suppose T € Herm,, (F,") with det T # 0. If S is the Gram matrix of any basis for M°, Lemma
15.4.2 gives

Wr(s0 + 5, 03) = |A"" Y "Den(S, T, ;) (15.5.1)
for all s € C.
Suppose M is a rank m Hermitian Op, -lattice such that
M*" is self-dual if F,,/F,\ is unramified or if m is even (15.5.2)
M°" is almost self-dual if F,/F, is ramified and m is odd. o
Let S’ € Herm(F,") be the Gram matrix of a basis for M. We have
-1
m—1 '
Ly(2(s + s0) +m — j,m)t") = Den(S, §', X)| x_ - (15.5.3)

0

J
See [LZ22a, (3.2.0.1)] (inert), [FYZ24, Theorem 2.2] (split and inert), [LL22, Lemma 2.15] (rami-
fied).
There is a (normalized) local density polynomial Den(X,T),, € Z[1/q,|[X] such that

W) (s + 50)5, = Den(q; %, T), (15.5.4)

for all s € C (with W}*Z as in Section 15.3). See the “Cho—Yamauchi formulas” proved in [LZ22a,
Theorem 3.5.1] (inert), [FYZ24, Theorem 2.2] (split and inert), and [LL22, Lemma 2.15] (ramified).
Note that our convention differs slightly from [LL22] in the ramified case, where they consider
polynomials in g, ° instead.

The polynomial Den(X, T'),, is nonzero if and only if 7" € Herm(Op+)*, in which case Den(X,T),
has constant term 1. When m = n, we have Den(X,T),, € Z[X] for any T. More classically, see
[Shi97, Theorem 13.6], which implies that Den(¢} X, T'),, € Z[X] with constant term 1.

We have

Den(X, T)n+1 = Den(q, ' X, T),, if F,/F." is split
Den(X,T),+1 = Den(—q, ' X, T), if F,/F," is inert (15.5.5)
Den(X,T),+2 = Den(q, 2X,T), if F,/F," is ramified.

For n < 0, we define Den(X, T'),, using (15.5.5). Note that (15.5.4) continues to hold. For the rest

of Section 15.5, we allow general n € Z (assumed even if F,/F,’ is ramified).
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Similarly, there is a (normalized) local density (Laurent) polynomial Den*(X,T), € Z[1/q,][X, X ~1/?]
such that
Wi (s + s0)5, = Den*(q, >, T),, (15.5.6)
for all s € C (with W7, as in Section 15.3).

Remark 15.5.2. On the right-hand side of (15.5.6), we mean evaluating Den*(X,T), at X/2 =
g, ®. We similarly abuse notation elsewhere. For example, Den*(¢, X, T),, € Z[l/q},ﬂ] (X, X~1/?] is
obtained from Den*(X,T), by replacing X'/? with q11,/2X1/2. The notation %: QX, X 1% —
Q[X, X~'/2] means the Q-linear map X7/% — (j/2)X3/2-1,

If T defines a self-dual Hermitian lattice when m is even or F,/F, is unramified (resp. almost
self-dual Hermitian lattice when m is odd and F,/F," is ramified), we have

Wi ()5 =Wi(s)2=1  Den*(X,T), = Den(X,T), = 1 (15.5.7)
(follows from (15.5.3)). For such T, an application of Lemma 13.3.1(3) also shows that
m—1
Wro(s, ®5) = |A[T ™ TT Lo@s +m— jomin )™ (15.5.8)
=0

if @9 € I(s,x)) is the normalized spherical section for any unramified character x,: F,* — C* (not
assuming x| p+x = 1y).

If L is a Op, Hermitian lattice of rank m, and if L admits a basis with Gram matrix 7" (allowing
arbitrary T' € Herm,,,(F,) with det T' # 0 again), we write Den(X, L),, := Den(X,T'),, and similarly
Den*(X, L),, = Den*(X,T),,. We have

Den*(X, L), = (¢?*° X~ /2y (DDen(X, L), (15.5.9)
al(L) —1/2 if F,/E; is ramified and m is odd
val'(L) = [val(L)] = § M) 1 /Fy (15.5.10)
val(L) else.

The local densities satisfy a certain cancellation property (which we will use): if L° is a self-dual
Hermitian lattice of rank n, then for any non-degenerate Hermitian lattice L and every integer
r € Z (assume r is even if F,,/F,\ is ramified), we have

Den(X,L & L°),4n = Den(X, L),  Den*(X,L ® L°),1p, = Den*(X, L), (15.5.11)

where L @ L° is the orthogonal direct sum. This follows from the Cho—Yamauchi type formulas
cited above and the following linear algebra fact: every lattice M’ C (L & L°) ®op, Py satisfying
L° C M’ C M"Y admits an orthogonal direct sum decomposition M’ = L°@ M” for some sublattice
M".

15.6. Limits of local Whittaker functions. Take integers m,n with m > 1, set sg = (n—m)/2,
and set m” = m — 1. Take F,/F,;5 and other notation as in the beginning of Section 15 (allowing
Ft Archimedean or non-Archimedean).

We consider nonsingular 7' € Herm,,(F;") of the form T = diag(t, T7°) where T” € Herm, , (F;})
with 7 nonsingular, and we study the local Whittaker function W7 ,(s)y as t — 0. The following

limiting identities will be crucial for the proofs of our main local theorems. We collect them here
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for easier comparison between the inert/ramified/split and Archimedean cases. Their proofs will
appear in Part 6.
If F,f is non-Archimedean and F,/F," is inert, Proposition 18.5.2 implies

d
ds

Wi (005 =l (S| WELG% + Qomltls — s W (-1/2)  (156.)

if the limit is taken over nonzero t € Ff with e(diag(t, %)) = —1.
If F,f is non-Archimedean and F,/F, is split, Proposition 18.5.2 implies

s=—1/2 5=0

d

- Wi, ()7 = lim (log @ - Wi, (0)5 + (log [t] -+ —log gu) - W;:bm(—1/2);;) (15.6.2)

s=-1/2

if the limit is taken over nonzero ¢t € F'.
If F," is non-Archimedean and F,/F," is ramified, Proposition 18.5.2 implies

d d

2% —1/2 Tm(s)n = %g]% <ds

Wi, (5), + (10g t] e — logau) W;bﬂx—l/z);) (15.6.3)
s=0

if the limit is taken over nonzero t € F,f with e(diag(t, ")) = —1.
If F,/F, is C/R, Proposition 19.1.2 gives

d
ds

*

L
(o) = tim (4

s=— 1/2 t—0+

W (55 + gty +log(dm) — (L)W, ,(-1/2)5)

(15.6.4)
where the sign on 0% is — (resp. +) if T? is positive definite (resp. not positive definite). If

s=0

T € Herm,, (R) is not positive definite, Proposition 19.1.2 also proves a similar limiting statement
for arbitrary m” (i.e. not necessarily m” =n — 1).

16. LOCAL FUNCTIONAL EQUATIONS

Let F, be a degree 2 étale algebra over a local field F, of characteristic # 2, with notation 0,
A, ny, and a — @ as above. If Ff is Archimedean, we also assume F,/F," is C/R. Fix an integer
m > 0.

Consider a character x,: F,* — C* and a nontrivial additive character 1,: F* — C* (for the
moment, we do not require x| p+x =1, and allow x, and ¢, to be ramified).

Set Xu(a) == xo(@)~!. There is a local intertwining operator

M(87XU): I(Suxv) — I(_S)XU) (1601)

(where I(s,x,) and I(—s,Xy) are degenerate local principal series for U(m,m)) defined by the
integral

M (s, xy)®y(h) = /N(F+) @, (wtn(b)h,s) dn(b) (16.0.2)

for Re(s) > m/2, with meromorphic continuation to C (e.g. see [KS97] in the non-Archimedean

case).
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Given T € Herm,,,(F,}"), we define the quantity
K1 (8, Xos ¥o) = Xo(—1)™xo(det T) 7Y det T| -2y, (£,)™" 12, (det 7)™

Ff
mil . J—
: H Pv(25+j—m+1ﬂ7%'Xv|FU+Xa¢U) (16.0.3)
=0

where vy, (F,) is a Weil index (Section 14.1) and p, is a local factor as in Tate’s thesis (Section
15.1). This factor is taken from [KS97, §3]** (see also [HKS96, Proposition 6.3]).

16.1. Non-Archimedean. Suppose F,' is non-Archimedean (with notation as above). For any
T € Herm,,(F,") with detT # 0 and any standard section ®, of I(s,x,), there is a functional
equation
Wr (b, —s, M (s, Xv)Py) = £1(8, Xo, Vo) Wrw(h, s, Dy) (16.1.1)

as in [KS97, §3, §7].

We next consider spherical Whittaker functions. Assume v, and X, are unramified. We require
Ff to be characteristic 0 (because [Shi97, §13] assumes this). With @ denoting the normalized
spherical sections of I(s, x,) and I(s, Xy), we have

m—1 . i
Ly(25 47 —m~+1,m5X0] prx)
° ~1)/4 v ; vlp]
M (s, x0)®5(s) = [A[1" T —
v =0 Lo(@s+m—j,mXolpix)

32(—s), (16.1.2)

see [Shi97, Theorem 13.6].%°

Now, we further restrict to the situation where y,| Fx = ny for some n € Z, with n assumed even
if F,,/F,} is ramified. Note Y, = X,. Combining (16.1.2) with the identities stated above (including
the relation between Weil indices and epsilon factors in (14.1.3)), a straightforward computation
(omitted) yields the functional equations

Wi (h, —5)5 = [(det T) A2 22y, ((—1)ymm=D/2 qet T)" =1 W) (h, 5)5 (16.1.3)
Wi (b =s)5, = (=)™ D2 det T)" "1 W5 (B, 5)), (16.1.4)

with Wé*l))(h, s)° and W7, (h,s)° as in Section 15.3.
Next, assume that F,/F." is unramified or that F," has residue characteristic # 2. If L is a

Hermitian Op,-lattice, we thus have
Den(qgszil, L)n — e(L)nfmlef"al/(L)Den(qzsz, L)n (16.1.5)
Den*(¢?*° X1, L), = (L)" ™ 'Den*(¢>*° X, L), (16.1.6)

(2

with val'(L) :== |val(L)| as in (15.5.10) (both (L) and val(L) were defined in Section 2.2).
In the case where x| P is trivial, these functional equations are essentially [Ike08, Corollary
3.2].

44The factor K1 (S, Xv,¥v) is given there in the non-Archimedean case, but we will use the same formula in the
Archimedean case. For comparing formulas, note the different convention used to define Wr, and M(s, xv) (v
versus 1, and w vs w™ ).
45Take ¢ = 0 in the notation of loc. cit.. Strictly speaking, the statement there is only for XU|FD+X trivial, but the
general case follows from this; see (13.1.10) and the proof of Lemma 13.3.1(3).
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16.2. Archimedean. Suppose F,/F, is C/R (with notation as above). For any T' € Herm,, (F,")
with det T # 0 and any standard section ®, of I(s, x,), we have

WT,v(h7 -9, M(S, Xv)q)v) = HT(Sa Xvs wv)WT,v(ha S, (I)v)' (16-2'1)

This may be deduced, e.g. by combining the non-Archimedean analogue (16.1.1) with the global
functional equation (13.2.6).

In the rest of Section 16.2, we require Xu|p+x = 77 for some n € Z, and let ¢, () = e?™ . Recall
that we have defined a normalized Archimedean Whittaker function W7, (h, s);, (Section 15.2).

Lemma 16.2.1. For any T € Herm,, (F,") with det T # 0, we have the functional equation
Wi, (h, —s)5, = ny(det T)"’m’1W$,U(h, S)y- (16.2.2)

Proof. By (16.2.1), we must have W7 (h, —s); = ny(det T)”_m_lf(s)W}m(h, s)y for some mero-
morphic factor f(s) which is independent of . When T is positive definite, we have f(s) =1 (see
Section 15.2), so we obtain the claimed functional equation for all T' € Herm,, (F,") with det T' # 0.
Note that 7, is simply the sign character sgn(—). O

Recall that <I>1(,n) € I(s,xv) is our notation for a certain scalar weight standard section, as in
Section 13.2. For verifying the next lemma, it may be helpful to recall the relation between local
epsilon factors €,(—) and Weil indices v,(—) (Section 14.1).

Lemma 16.2.2. We have
(16.2.3)

nﬁ Ly(2s+j —m+ 1,5 7)T(=s — so +n — )
oo €25+ 3 —m 41, ) Ly(=2s — j 4 m, g )T(s — s +n — j)

( nm mm 1)/2 2m5q)(n)( S)
with so = (n —m)/2 as above.

Proof. A priori, the displayed identity holds up to some meromorphic scale factor. We may compute
this scale factor by combining (16.2.1) and Lemma 16.2.1 (take T' = 1,,). O

Remark 16.2.3. Lemma 16.2.2 should be a reformulation (with alternative proof) of a case of
[Shi82, (1.31)] (translating into Shimura’s setup via (13.2.13)). Shimura’s computation in loc. cit.

implies

i (2 )m? g mlm—1)/2 T I'(2s — j)

(
om(m—1)/2+2ms i M(s—so+n—7T(s—so—j) ] °

M (s, x0) @5 (5) =

(16.2.4)
Similarly, the functional equation in Lemma 16.2.1 should follow from [Shi82, Theorem 4.2, (4.34.K)]
(alternative proof) after some rearranging.

For our later calculations, we prefer to use these results as stated in Lemmas 16.2.1 and 16.2.2.
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17. NORMALIZED FOURIER COEFFICIENTS

17.1. Global normalization. With notation as in Section 13.2 and Section 13.3, let F//F" be a
CM extension of number field. For the moment, we allow 2-adic places of F'* to ramify in F. Write
0 (resp. A) for the different ideal (resp. discriminant ideal) of F/FT. Let n: FT*\A* — {£1} be
the quadratic character associated with F/FT.

Assume there exists a nontrivial additive character ¢: FT\A — C* such 1), is unramified for
every non-Archimedean v and 1, (x) = €?™ at every Archimedean place. Fix such a 1. Fix integers
m and n with m > 0, with s := (n —m)/2 as above. If any non-Archimedean places of F* are
ramified in F, we assume n is even. Let x: F*\Aj; — C* be a character satisfying x|y« = 7"
To simplify, we assume that y is unramified at every non-Archimedean place (but see also Remark
15.5.1).

Take the standard section

(e .= <®q>§,”>> ® <® <I>;j> € I(s,x) (17.1.1)

v]oo v<00

(scalar weight at Archimedean places and spherical at non-Archimedean places). Form the associ-
ated Eisenstein series E(h, s, ®(™°) and its variants F(z, s, ®(™°),, and E(a, s, ®(™°),, as in Section
13.2. The Eisenstein series variant E(a, s,®(™°), does not depend on the choice of x (Remark
14.2.2).

Define the global normalizing factor

(2)m(m=1)/2 Q)
A (s)y = me(—s—l—so) |NF+/Q(A)|m(m_1)/4’NF+/Q(ALm/2J)|S+$0
— 4T

m—1
A JI vt —s0+n—HFQ . L2s +m—jp7 ) | (17.1.2)
7=0

We define the normalized Eisenstein series and its variants

E*(h,$)S = A (s) E(h, s, ®M°) (17.1.3)
E*(2,8)% = A ()2 E(z, 5, ®)°), E*(a,9)S = A ()2 E(a, s, ®™°),, (17.1.4)

where h € U(m,m)(A) and 2z € H,, and a € GL,,(Ap). For T € Herm,,,(F1), we similarly define

Ei(h,$)S = A (s)S Ep(h, s, ®™°) (17.1.5)
Ei(y,5)% = A (8)S Er(y, s, ™), Ei(a,s)S = Ap(s)S Er(a, s, ®™°), (17.1.6)

The latter two are normalized Fourier coefficients.
Given any T € Herm,,(F'") with det 7" # 0, the local normalizing factors from Sections 15.2 and
15.3 satisfy

Am(s)y = [ [ Az(s)s, (17.1.7)
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where the product (over all places v of F't) is convergent for Re(s) > 0. For such T, we have
factorizations into (normalized) local Whitaker functions

Bp(h, ), = [[ Winhoy o)y Ei(a,s)s = [[ Wio(au s); (17.18)

where all but finitely many factors are identically equal to 1 (as functions of s) for fixed T', h, and

n.

Lemma 17.1.1. We have

E*(h, —s)2 = (—1)mm=Dn=m=D[FTQl/2 px(p ) (17.1.9)

n
Proof. Given T € Herm,,(F") with detT" # 0, the local functional equations (Section 16) and the
factorization from (17.1.8) imply

Ei(h, —5)% = (=1)mm=Dn=—m=DFTQU2 gy )0 (17.1.10)

The global functional equation (13.2.6) implies that E*(h,—s); = f(s)E*(h,s); for some mero-
morphic function f(s) (temporary notation) independent of T'. There exists T with det T # 0 and
E%.(h, s); not identically zero (e.g. T = 1,,; this follows from Section 15). So f(s) is identically 1
and (17.1.10) holds for all 7' € Herm,, (F"). O

17.2. Singular Fourier coefficients. Retain notation and assumptions from Section 17.1. In this
section, the main result is Corollary 17.2.2 on singular Fourier terms of corank 1.

We use various subscripts to emphasize m-dependence (in the implicit U(m,m)). For example, we
write ®p, , rather than just ®; for non-Archimedean v (resp. (1)7(77117)” instead of ®{" for Archimedean
v), similarly c1>$,’$)° instead of ®(™° for the global standard section from Section 17.1, also M, (s, x)
instead of M (s, x) for the intertwining operator, etc..

Suppose m > 1 and set m” = m — 1. Recall the operators B (8, X)s M (8, %), My (s, x) and
U™, (s,x) as in Section 13.4.
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Lemma 17.2.1. We have

ps (5,0 @0 (s) = @)% (s + 1/2) (17.2.1)
Ay (8 = 1/2)5 A (=85, o (n)o
m Mo (s) = (—1)°-m ng\(s —1/2 17.2.2
Umb(S;X) m (S) ( ) Am(s)%Amb( S—|—1/2) mP ( / ) ( 7 )
Mo (5, X)BEI9(5) = | N sg(A0) | 7m=D/A((— 1y mCm—1)/2p2ms 0] (17.2.3)
T 1L(2s—i—]—m+1 nt)
i L(2s+m — j,n"t7)
i Lo(2s+j—m+1,70%7)
e o0 €0(28 G = m o+ L ) Ly (=25 — j+ muny ™)
. [F+:Q)
H I'(—s—so+n—1j)
o I'(s—so+n—7)
O (—s),

allowing m = 0 for in My, (s, x) formula, and where
e:=(m(m—1)(n—m—1)/2—m’(m’ —1)(n —m’ —1)/2)[F* : Q)
(temporary notation).

Proof. Each identity holds a priori up to a meromorphic scale factor. We may compute this scale
factor by evaluating both sides at 1 € U(m’,m’) or 1 € U(m,m) as appropriate.

The identity for ,uzg‘(s, X) is then clear. For M,, (s, x), the identity follows directly upon com-
bining (16.1.2) and (16.2.3).

Define the temporary notation ayy,(s), for the meromorphic function (in the lemma statement)
satisfying Mm(s,x)fbgg)o(s) = am(s)nq)gg)o(—s). By (13.4.6)), proving the claimed identity for
U™, (s, x) is equivalent to showing

Cam(n A (s = 1/2)5Am(=s)5
(s —1/2), =(=1) Am(3)2A, (s + 1/2) (17.2.4)

with e as in the lemma statement. This may be computed explicitly as follows. Some rearranging

yields

Amb(Sn jn/f() s +(1/;;Z = (s (2 Em RO N o (ALY 725 Ny o (AL 720y 251
T(s = so+n) U0 (=s — 5o +-n —m+ DI Y
-L(2s,7™ ) L(2s + m, T]n)*lL(QS +m—1, ,'771«4’1)71
L(—2s + 1,7,
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and

am<3>n —(m— T — _ b(o_ +.
MR N A)|-m=1)/2¢(_1yn;m—1_2ms=2m’(s=1/2)\[F*:Q]
a1/, el (=1 tn )

L(2s, "t L(2s +m,n™) T L(2s +m — 1, ) T L(2s, 9" T™)

H L (28 nn+m+1)
o(25, LG, ) Ly (—2s 4+ 1y )

v\oo
T(=s—sp+n—m+ 1)[F+:Q]F(s —sp+ n)*[FJr:@].

We then use the global functional equation A(s,n" 1) = (s, n"T™THA(1 — 5, 7" T™*1) (notation
as in Section 15.1). Recall the relation between Weil indices and epsilon factors (Section 14.1), the
global product formula [], V5, (Fy) = 1 for Weil indices, and the equality 7y, (C) = . Recall also
that we have assumed n even if A # 1. Combining these facts with some casework (which we omit)

on m, n, A gives the claim. O
Corollary 17.2.2. Consider any a = diag(a¥,a’) € GL,,(Ar) with a¥ € GLi(Ap) and o’ €

GL,(Ap). For any T € Herm,,(FT) with vankT = m — 1 and T = diag(0,T") being block
diagonal with det T” # 0, we have

[ S—38i Am S 701
ET(CI,S) \deta#| ijg—(i—)l/Q) (CL S+1/2)n
—s—s A * o
—I—(—l)e| det a#|F O ( i+ )1/2) Tb(abws - 1/2)71

with constant e as in Lemma 17.2.1.

Proof. This follows immediately from Lemma 17.2.1, (13.4.3), and the definition of the normalized

Fourier coefficients Ei(a, s) and E;b(ab, s) (Section 17.1). O
Remark 17.2.3. In the situation of Corollary 17.2.2, the functional equation

Ex(a, )8 = (—1)mm=—D=m=DFTQ/2 f ( _gy0 (17.2.5)
is a visible consequence of the identity E ,(a,5)8 = (—l)mb( m’ —1)(n—m’~1)[F*: Q]/2E>" ,(a’, —5)2.
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Part 6. Local identities
18. NON-ARCHIMEDEAN LOCAL IDENTITY

Let Fj be a non-Archimedean local field of characteristic 0, residue cardinality ¢, and residue
characteristic p. Let F' be a finite étale Fy-algebra of degree 2. We use notation F and Fy as in
Part 2 (there with Fy = Q,), so that [F: Fy] = 1 (resp. [F : Fy] = 2) if F/F, is unramified (resp.
ramified).

Notation on Hermitian lattices from Section 2.2 will be used freely. For a non-degenerate Hermit-
ian Op-lattice L, we use the shorthand val'(L) := |val(L)] € Z>, as well as val'(z) := |val(z)] for
any z € L (i.e. val'(L) = val(L) — 1/2 if F//F} is ramified and L has odd rank, and val’(L) = val(L)
otherwise). Fix an integer n > 1, and assume n is even if F/F} is ramified.

If Fy = Qp, we form the associated Rapoport—Zink space N := N'(n —1,1) (Section 5.1). Recall
the space of local special quasi-homomorphisms W C V (Section 5.2). Recall that W and V are
non-degenerate Hermitian F-modules of rank n if F//Q,, is nonsplit (resp. rank n —1 and rank n is
F/Q, is split). Recall ¢(V) = —1 if F//Q, is nonsplit (resp. (V) =1 if F//Q, is split).

18.1. Statement of identity. We first define the geometric side of our main local identity, taking
Fy = Qp. We also assume p # 2 if F'//Q, is nonsplit. Let L’ C W be any non-degenerate Hermitian
Op-lattice of rank n — 1. Form the associated local special cycle Z(L”) € N. Recall that the flat
part Z(L") » C Z(L") decomposes into quasi-canonical lifting cycles Z(M?)° for certain lattices M’
(Proposition 7.3.1). Recall also the derived vertical local special cycle V2 (L%)y € gr ' K{(Z(L°))g
(Section 5.5).

Definition 18.1.1. Given a non-degenerate Hermitian Op-lattice L’ € W of rank n — 1, the

associated local intersection number is

Int(L), = Int (L), + Inty (L), (18.1.1)
where
Ity (L)ni= »,  Inty(M); (18.1.2)
ngMbgMb*
t(M*)<1

with the sum running over full rank lattices M? C L}, where

Int (M) = 2deg Z(M")° - §au(val (M?)) (18.1.3)
for any non-degenerate integral lattice M* C W with ¢(M”) < 1, and where

Inty (L), = 2[F : Q) " degr(MZ(L")y - EV). (18.1.4)

We previously related these local intersection numbers with global intersection numbers (end of
Sections 11.8 and 11.9). We are now using local notation, suppressing the p of loc. cit..
The quantity

v

[F: Qulp ! M) (1 — n(p)p™t)  if val' (M) >
[F': Q] if val’ (M)
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is the degree of the adic finite flat morphism Z(Mb)O — Spf O, where n(p) == —1,0,1 in the
inert, ramified, and split cases respectively (see (7.2.1); the extra factor of [F' : Fy] accounts for
the two components of Z(M”)° when F/Fj is ramified, see (7.3.1)). Recall that i, (s) is the
“local change of tautological height” defined in (7.2.7), and recall that £V is the dual tautological
bundle on A (Definition 5.1.9). In (18.1.4), we understand £Y = [Opr] — [€] € K{(N) so that
LZ(LP)y - €V € FRKH(Z(L")5)g. For L’ as above, recall that Z(L’); is a scheme proper over
Speck (Lemma 11.7.3), so there is a degree map degz: FRK)(Z(L’)z) — Z.

We refer to Int - (L°), as the “horizontal part” of the local intersection number (coming from
the flat part Z(L"),) and we refer to Inty (L"), as the “vertical part” of the local intersection
number (coming from Z (Lb)g, supported in positive characteristic).

We next define the automorphic side of our main local identity. For this, we allow Fj to be an
arbitrary finite extension of Q, (allowing p = 2 if F//F} is unramified). If L’ is a non-degenerate

Hermitian Opg-lattice of rank n — 1, we set
d

ODen* (L), = —2[F : Fo]ﬁ Den*(¢>X, L), (18.1.6)
X=1

where Den*(X, L”), € Z[1/¢][X, X /2] is a normalized local density (15.5.6). We are abusing
notation as in Remark 15.5.2, i.e. Den*(¢>X, L"), means to evaluate Den*(X, L"),, at X'/2 being
gX /2. We also set

Den*(L’),, == [F : Fy] - Den*(q?, L"), (18.1.7)
Suppose M is a non-degenerate integral Hermitian O p-lattice of rank n—1 with t(M?) < 1. If M®
is maximal integral,*6 we set 9Den’, (M”)S := dDen%,(M”),,. Otherwise, we define dDen%,(M")S,

inductively so that the relation
ODen*(M’)p = Y ODen’y(N"); (18.1.8)

Mngnglr*

is satisfied (induct on val(M?)), where the sum runs over lattices N° C Mp. Given any non-

degenerate integral Hermitian Op-lattice L” of rank n — 1, we then define 8Den,’;/(Lb)n so that the

relation

dDen* (L") = ( > 8Den§f(Mb);> + dDen’, (L), (18.1.9)
ngMbgMb*
tH(MP)<1

is satisfied, where the sum runs over lattices M’ C sz.

Theorem 18.1.2. Suppose Fy = Q, and that p # 2 unless F/Qy, is split. For any non-degenerate
Hermitian Op-lattice L C W of rank n — 1, we have

Int(L”),, = dDen*(L’),. (18.1.10)
Moreover, we have
Int - (M)2 = 8Den’,(M)°  Inty (L"), = Den’y (L), (18.1.11)

46The symbol o indicates “primitive” here (for quasi-canonical lifting cycles), while o indices “spherical” in Part
5 (Eisenstein series). There is no notation clash as written, but we hope this remark helps to avoid confusion.
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where M° C W is any non-degenerate integral Hermitian Op-lattice of rank n — 1 with t(Mb) <1

On account of the decompositions in (18.1.1), (18.1.2), and (18.1.9), it is clearly enough to prove
the refined identities in (18.1.11). The theorem is also clear if L’ is not integral, since both sides
of (18.1.10) are zero in this case (the special cycle Z(L") will be empty, and Den(X, L?),, will be
identically zero as discussed in Section 15.4).

We also record a special value formula (as observed in the inert case by Li and Zhang [LZ22a,
Corollary 4.6.1]) for later use. Its proof will appear in Section 18.2.

Lemma 18.1.3. Suppose Fy = Q, and that p # 2 unless F/Q, is split. For any non-degenerate
Hermitian Op-lattice L C W of rank n — 1, we have

deg Z(L’) » = Den*(L’),. (18.1.12)

In the preceding lemma statement, deg Z (Lb) s means the degree of the adic finite flat morphism
Z(L”) » — Spf O} of formal schemes.

18.2. Horizontal identity. We will need Cho—Yamauchi formulas for local densities (unitary
version, as proved in [LZ22a, Theorem 3.5.1] (inert) [F'YZ24, Theorem 2.2(3)] (split) [LL22, Lemma
2.15] (ramified)). For this, we allow Fj to be an arbitrary finite extension of @, (allowing p = 2
if F'/Fp is unramified). Then, if L is any non-degenerate Hermitian Op-lattice of rank n (still
assuming n even if F//Fj is ramified), we have

Den(X,L), = »  X"™/PDen(X, M)y, (18.2.1)
LCMCM*
H(M)—1
Den(X, M)y, = [[ (1-7n'(wo)d'X) (18.2.2)
=0
where 7(wo) = n'(wg) = —1,0,1 if i is odd (resp. n'(wp) := 1 if i is even) in the inert, ramified,

split cases respectively, and Den(X, L),, € Z[X] is the local density polynomial normalized as in
Section 15.5. The displayed sum runs over lattices M C L.

Suppose L’ is a Hermitian Op-lattice of rank n — 1 (still assuming n even if F/Fy is rami-
fied). If F/F, is unramified, we have Den(X, L"), = Den(n(wo)q~ X, L"),_1 (15.5.5) and we set
Den(X, L)% := Den(n(wo)q~ ', L?)S_, if L’ is also integral.

If F/F} is ramified, we have

Den(X,L'), = Y. (¢ 'X)™/P)Den(X, M"); (18.2.3)
ngMbgMb*
t(MP)—3
2
Den(X,M"); = [[ (1-¢"X) (18.2.4)
=0

where the sum runs over lattices M* C L% (may be verified using [LL22, Lemma 2.15]).
If M’ is a non-degenerate integral Hermitian Op-lattice of rank n — 1 with t(M”) < 1, set

Den*(M?) = [F : Fy)g"™ M) Den(1, M?)° (18.2.5)
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We have

[F: Fy)Den*(¢*, L")y = [F': Fy]Den*(1,L%), = > Den*(M");, (18.2.6)
ngMbgMb*
where the sum runs over lattices M? C L%. The first equality follows from the functional equation

(16.1.6), and the second equality follows from the Cho—Yamauchi formulas (and (15.5.9)). Note
Den*(M?),, = Den*(M?")S if M” is maximal integral.

Proof of Lemma 18.1.3. Follows from (18.2.6). Note Den*(M”)S, = deg Z(M")° if t(M") < 1, and
Den*(M®)S = 0 if t(M”) > 2. O

Proposition 18.2.1. Assume Fy = Q, and that p # 2 unless F/Q, is split. For any rank n — 1
non-degenerate Hermitian Op-lattice M’ C W with t(Mb) <1, we have

Int - (M”)2 = dDen’, (M’)° (18.2.7)

Proof. By definition, the quantity Int_(M”)° depends only on val(M”). Since t(M?) < 1, we may
write M” = L” @ L”” (orthogonal direct sum) where L” is self-dual of rank n — 2 and val(L") =
val(M ") (in the unramified case, this follows upon diagonalizing M > in the ramified case, this
follows from picking a “standard basis” as in [LL22, Lemma 2.12]). Using the cancellation property
of local densities explained in (15.5.11), we thus reduce to the case n = 2 (which we now assume).

By the inductive decompositions in (18.1.2) and (18.1.8), it is enough to show Int (M), =
dDen’, (M), (induct on val(M”)). We have dDen*(M"),, = dDen’, (M”),, by construction, since
t(M") <1 (i.e. compare (18.1.8) and (18.1.9)).

Set b = val’(M”). Using the Cho-Yamauchi formulas, we find

b b
Den*(¢’X, M’), = X "2 "(gX)!  0Den*(M’), = [F: Fy] > _(b—2j)q (18.2.8)
j=0 J=0

in all cases. The preceding formulas are valid even if Fy # Q, (and also valid if p = 2 whenever
F/Fy is unramified), hence why we wrote ¢ instead of p.

We have
Int (M), = 2[F : @p] Z p5(1 = n(P)p~ ") btau(s) (18.2.9)
M"ngng*
G - (1—p~*)(1 = n(p))
— P Y e (s o
MPCNPC N (1—=p Y —n)
where the sum runs over lattices N* C M7, where s := val'(N”), and where n(p) :== —1,0,1 in the

inert, ramified, split cases respectively.

We prove the identity Int - (M?), = dDen*(M"),, by induction on b. The case b = 0 is clear, as
both quantities are 0.

Next suppose b > 1 and that M” (resp. M"’) is a rank one non-degenerate lattice with
val'(M”) = b — 1 (resp. val'(M") = b—2). If b —2 < 0, set Inty(M"), = 0 (in which

case ODen*(M""),, = 0 as well).
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We have

b—1
ODen*(M”), — dDen*(M"), = [F : Fo](=bg" + > ¢) (18.2.10)
j=0
b—1 '
ODen*(M’),, — ODen*(M""),, = [F : Fo](=bg" —bg" ' +2>  ¢). (18.2.11)
j=0

If F/Qy is inert, we find

Int%ﬂ(Mb)" B Int%(Mb”)n = _[F : Qp]pb(l —l—p*l) <b — 2( (1= p_b) )

T—p )+ 1)
b1
= [F:Qp)(—bp" —bp" " +2) " pl). (18.2.12)
§=0
If F/Q, is ramified, we find
b N1 b 1-p"
Int o (M” ), — Int jpr (M” ), = =[F : Qplp” | b — — (18.2.13)
(I—p~H)p
b1
= [F: Ql(=bp" + ) _p"). (18.2.14)
§=0
If F/Q, is split, we find
b .
It (M) — Ity (M) = —[F : Q] Y p/(1—p~')j (18.2.15)
j=0
b1
=[F:Q)(=bp" + > _p). (18.2.16)
§=0
This proves the lemma in all cases, by induction on b. O

Corollary 18.2.2. Theorem 18.1.2 holds when n = 2.

Proof. If n = 2, Proposition 18.2.1 shows Int (L"), = dDen’%, (L), = dDen*(L’),. We have
gri K (Z(L")5)g = 0 because Z (Lb)g is a scheme and because the reduced subscheme Nyeq C N is

0-dimensional (a disjoint union of copies of Speck), see Lemma 5.4.1. Hence Inty (L"), = 0 since
F2(D)y € gy K (2(L))g- O

18.3. Induction formula. Throughout Sections 18.3 and 18.5, we allow Fy to be an arbitrary
finite extension of Q, (allowing p = 2 if F//Fp is unramified). We take the following setup for the
rest of of Section 18 (i.e. the notations n, V, L, L', L", L’, z, 2/, and z” are all reserved unless
otherwise indicated).

Setup 18.3.1. Let V' be a non-degenerate Hermitian F-module of rank n, with pairing (—, —).

Assume n is even if F/Fy is ramified. Let L’ C V be a non-degenerate Hermitian Op-lattice
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of rank n — 1. Let x,2’,2” € V be nonzero and orthogonal to L* with (z) C (z') C (2") and
lengthy ((2')/(x)) = lengthe  ((")/(2")) = 1. Set
L=L®@z L['=LC¢@) L'=L®@" (18.3.1)

The notation L” and z” will only appear in our proof of the induction formula (Proposition
18.3.2) for F'/Fy split.

Proposition 18.3.2 (Induction formula). If val(z) > amax(L’) in the nonsplit cases (resp. if
val(z) > 2amax(L?) in the case F/Fy is split), we have

X?Den(X, L), + (1 — X)Den(¢>X, L?),, if F/Fy is inert
Den(X, L), = { XDen(X, L"), + (1 — X)Den(¢*X, L?),,  if F/Fy is ramified (18.3.2)
XDen(X, L), + Den(¢?X, L’),, if F/Fy is split.

In the inert case, this is [Terl3, Theorem 5.1] (strictly speaking, there is a blanket p # 2
assumption there), which is a unitary analogue of [Kat99, Theorem 2.6(1)] (orthogonal groups);
see also [LZ22a, Proposition 3.7.1] (there stated allowing p = 2) for a statement closer to ours.

Using the Cho—Yamauchi formulas, we give a uniform proof of the inert and ramified cases
(Lemma 18.3.6). Our lower bounds on val(z) are possibly nonsharp (e.g. in the inert case, we only
show the induction formula when val(z) > 2amax(L”)) but this makes no difference for the proof of
Theorem 18.1.2, where we will take val(x) — oo (Proposition 18.5.2).

The case when F/Fj is split is more difficult for us, and the same proof only shows a weaker
version of the induction formula (stated in Lemma 18.3.6), which is insufficient for our purposes.
Extracting the induction formula from this weak version is the subject of Section 18.4.

For the proof of Theorem 18.1.2, only the statement of the induction formula and the definitions
in (18.3.3) and (18.3.4) will be needed.

We first record a few preparatory lemmas. As in Section 2.2, we fix a uniformizer w € Op and
a generator u € O of the different ideal such that @w? = —w and u? = —u. We say a quantity
stabilizes, e.g. for val(z) > C (for some constant C) if that quantity does not depend on z if
val(x) > C. When F/F} is nonsplit, given an Op-module M and m € M, we say e.g. that m is
ezact w-torsion for e > 0 if @®m = 0 but @w® !m # 0 (and if e = 0, the only exact w®-torsion

element is 0). We use similar terminology for Op,-modules and exact w§-torsion elements, etc..

Lemma 18.3.3. Let M be a non-degenerate integral Hermitian Op-lattice of rank m. Suppose
elements wi,...,w, € M have Op-span M. Write T for the associated Gram matriz. Then
t(M) + rank((uT) ® Op/w) = m.

Proof. If F/Fy is split, the rank continues to make sense because T' is Hermitian (e.g. diagonalize
the Hermitian form). In the unramified cases, the lemma follows by diagonalizing the Hermitian
form. In the ramified case, the lemma follows by putting M into “standard form” (i.e. an orthogonal
direct sum of rank one lattices and rank two hyperbolic lattices) as in [LL22, Definition 2.11]. We
are allowing m even or odd. O

Lemma 18.3.4. Let M be a non-degenerate integral Hermitian Op-lattice of rank m. Suppose

Mp =W' & W" is an orthogonal decomposition with W' of rank 1.
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(1) We have t(M) —1 <t(MNW') <t(M)+1.

(2) Let M' C W' and M" C W" be the images of M under the projections Mp — W' and
Mp — W". Assume that M' and M" are integral and that val(M") > 0. Then we have
t(M)=t(M'") +1.

Proof.

(1) The ramified case follows from [LL22, Lemma 2.23(2)]. The inert case when ¢(M) = 0 is
[LZ22a, Lemma 4.5.1]. The same proof works in general for arbitrary F/Fy in arbitrary
characteristic: select any basis (wq, ..., wm,—1) of NN W’ extend to a basis (w1,...,wp)
of M with Gram matrix 7', then use the formulas ¢(M) + rank((v7") ® Op/w) = m and
t(M N W') + rank((uT”) @ Op/w) =m — 1.

(2) Let w = [w1,...,wy] be any basis of M, and let T' = (w,w) be the corresponding Gram

matrix. Let w’ = [w],...,w],] be the projection of w to W', with Gram matrix T/ = (w/, w’).
Since val(M") > 0, we see (uT) ® Op/w = (uT") ® Op/w. Applying Lemma 18.3.3 twice
(once for M and r = m and once for M’ and r = m) proves the claim. t
Set

Denyy (X)p = Y X'M/EDen(X, M), (18.3.3)

LCMCM*

MNLL,=L"
Dengy ,(X)n =Den(X, L)y = > Denyp (X); (18.3.4)

ngMbgM"*

where the first sum runs over lattices M C V and the second sum runs over lattices M b C Lk};. Note
that the only dependence on z is on val(z) (since Deny, ,(X); only depends on the isomorphism

class of the Hermitian lattice L).

Lemma 18.3.5. The polynomial

Deny, . (X)5 — X?Denys (X5, if F/Fy is inert
fe(X) = Deny, (X);, — XDeny, . (X)5, if F/Fy is ramified  (18.3.5)
Deny, ,(X); —2XDeny, . (X);, + X2Dean7xu(X)7°1 if F/Fy is split

(an element of Z[X]) stabilizes for val(z) > 2[F : Fo]  amax(L).

Proof. The notation f,(X) is temporary, used only for this lemma. If F'/Fy is split, write w = 0 wo

1

for w; € O with val(wix) = val(wax) = val(z) + 1. We may assume 2 = @'z in this case.

Note Deny, ., (X);, = Dean’wl_lz(X)% = Dean’w2_1 (X)s

T n:
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Inspecting (18.3.3) shows

f(X)= ) X‘MDDen(x, M), if F/Fy is nonsplit (18.3.6)
LCMCM*
MNLL=L"
wlagM
f(X)= ) X‘MDDen(x, M), if F/Fy is split (18.3.7)
LCMCM*
MNLL=L"
w egM
wy lagM
where the sums run over lattices M C V. For each such M, we know L’ C M is a saturated
sublattice, hence M = L” @ (€) (not necessarily orthogonal direct sum) for some & € V.

If L’ is not integral, then the lemma is trivial as the polynomials of the lemma statement are 0.
We assume L’ is integral for the rest of the proof.

If F/Fy is nonsplit, each lattice M appearing in (18.3.6) is of the form M = L* @ (y + w°x)
for a uniquely determined element y € L°* / LP, where e € Z>g is such that y € L / L’ is of exact
we-torsion. Conversely, an element y € L / L’ gives rise to an M appearing in (18.3.6) if and only
if val(y + w—cx) > 0. If val(z) > 2[F : Fy]  amax (L"), then val(w¢z) > 0, so val(y + w¢z) > 0
holds if and only if val(y) > 0.

If F'/Fy is split, the preceding paragraph holds upon replacing w™¢ with w; “w, “ for ej, ez €
Zsq such that y € L”* /L’ is of exact @ wS-torsion (i.e. wiw2y € L’ but wf 'ws? ¢ L’ and
wi'ws? T ¢ L).

In the previous notation, we thus have

X)= Y xUEHOD/Ppen(X, M)3 (18.3.8)
yELb*/Lb
val(y)>0

where the sum runs over y, and M = L* @ (y + w°z) in the nonsplit case (resp. M = L* @ (y +
w) “'wy “x) in the split case).
In the notation of (18.3.8), we have t(M) = t(L” + (y)) + 1 by Lemma 18.3.4(2) (using

val(cw€x) > 0 in the nonsplit case and val(ww; “ww, “z) > 0 in the split case). Hence we have

HMP+(y)) ' .
Den(X, M)y =[] (17" (wo)q'X) (18.3.9)
=0
(see definition in (18.2.2)), and now the right-hand side of (18.3.8) clearly depends only on L’ (and
not on x). O

Lemma 18.3.6. With notation as above, assume val(z) > 2[F : Fy] 'amax(L"). We have

Den(X, L) — X?Den(X, L) if F/Fy is inert
(1 - X)Den(¢*X, L’),, = { Den(X, L) — XDen(X, L') if F/Fy is ramified
Den(X, L) — 2XDen(X, L') + X®Den(X, L") if F/Fy is split.
(18.3.10)
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Proof. Combining (18.3.8) and (18.3.9), we find that the right-hand side of (18.3.10) is given by

. b i t(M°+(y)) ' ,
Z UM /L) Z UM +(y)) /M) H (1 —n"(w0)¢' X) (18.3.11)
L CM>C MPb* yGMb*/Mb =0

val(y)>0

in all cases, where the outer sum runs over lattices M° C L%.
Collecting the terms with M” 4 (y) = N’ for fixed integral lattices N° C Lzy, we find that
(18.3.11) is equal to
t(N®)
Z XN /L) H (1 —n'(wo)¢' X) Z (number of generators of N”/M”).
LPCNPCNb= i=0 LPCMPCNP
N? /M cyclic

where the outer sum runs over lattices N” - L% and the inner sum runs over lattices M”. We have

Z (number of generators of N°/M®) = Z (number of generators of M”* /N"*)
ngMngb Nb*gMb*ng*
N’ /MPcyclic MP* /N?*cyclic

_ |Lb*/Nb*| _ |Nb/Lb‘ _ qZ(Nb/Lb)
so (18.3.11) is equal to

t(N?)
S (@) T (- (wo)d' X). (18.3.12)

LPCNPC NP+ i=0
Inspecting the Cho—Yamauchi formulas (and surrounding discussion) at the beginning of Section
18.2 shows that the displayed expression is equal to (1 — X)Den(¢%X, L"), in all cases (if F/Fy is
ramified, note that t(N) is always odd because N” has rank n — 1, which we have assumed is odd
in the ramified case). O

18.4. More on induction formula: split. Suppose F'/Fj is split. To prove the induction formula
(Proposition 18.3.2), it remains only to show that Den(X, L) — XDen(X, L') stabilizes for val(z) >
20max(L’), as Lemma 18.3.6 then shows (1—X)(Den(X, L)—XDen(X, L')) = (1-X)Den(¢*X, L"),,.

We define some more notation (only used in Section 18.4). Fix a uniformizer wg of Op,, and
consider the elements

w1 = (wo, 1) wy = (1, —wp) e1 = (1,0) ez = (0,1) (18.4.1)

in Op = Op,xOF,. Given an Op-module M, we set M := e; M and My = ea M (so M = M;&M,).
We similarly write y; == e1y and ys := eqy for y € M. If M is a non-degenerate Hermitian Op-
lattice, we set M| = eoM™ and M3 := ey M*. If M is moreover integral, the Hermitian pairing
induces an identification M3 /My = Homo,, (M7 /M2, Fo/OF,).

For integers t > 0, we set
t—1
m(t, X) = [J(1 - ¢'X) (18.4.2)
i=0
165



so that Den(X, M)? = m(t(M), z) for any integral non-degenerate Hermitian Op-lattice M of rank
n. If T is a finite length Op -module, we set

to(T) = dimp, (T ®op, Fq) 0(T) = lengthOF0 (7). (18.4.3)
Lemma 18.4.1. Consider the polynomial

haga(X) = Y X Pm(t(a), X) (18.4.4)
LCMCM*
MynLy,=L}
MyNLb,#LY
M/L is cyclic
wfleM
where the sum runs over lattices M C V' (satisfying the displayed conditions). This sum stabilizes

for val(x) > 2amax(L°).

Proof. Each lattice M in the sum is of the form M = L + (§) for a unique element £ = y +
w] “wy “x € L*/L with y € L, such that val(¢) > 0, and with ey, ez € Z>o.

Assume val(z) > 2amax(L’). We claim that val(y) > 0 (in the notation above). The additional
conditions on M imply that y; € L5*/L} is of exact w'-torsion and that wi?ys ¢ L°. We thus
have €1 < amax(L?) and ey < amax(L”), so val(w; “wy ©x) > 0 when val(z) > 2amax(L?). This
implies that val(y) > 0 as well.

Consider the F-linear (non-unitary) automorphism ¢: V' — V which is the identity on Lk}; and
sends x — woz. Then M — ¢(M) is a bijection from the set of lattices appearing in the sum for
haif :(X) to the set of lattices appearing in the sum for hgig ,2(X) (we remind the reader that L
depends on x as well).

In the above setup, an application of Lemma 18.3.4(2) shows t(M) = t(¢(M)) = t(L° + (y)) + 1.
We also find £(M/L) = ((p(M)/(L> & (wax))) = L((L’ + (y))/L’). This shows hgig.(X) =
hdiff oz (X) (compare the M term and the ¢(M) term). This proves the lemma, as the a-
dependence of hgif (X) is only on val(z). O

Lemma 18.4.2. Let T be a finite length O, -module, and suppose T is w(-torsion. For any integer
b > e, form the Op,-module A = T @ (wy O, /OF,). Consider u =t +w € A witht € T and

w € wy"OF,/OF, both of exact wj-torsion. There is a (non-canonical) isomorphism
Af(w) = (T/(1) & (@, "Or,/OR,)- (18.4.5)

Proof. This follows from the structure theorem for finitely generated modules over the discrete
valuation ring Op,. For example, we can select elements ey, ..., e, € T such that 7 = (e1) - -- @
(en) and such that t = w{e; for some s > 0. The case r = 0 is trivial, so take » > 1. Then r+s <e.
If w € wy OR,/OF, is such that wjw' = w there is an isomorphism

T @ (wy°Or,/OR,) — A (18.4.6)

sending e1 — e; +w', ¢; — ¢; for i > 2, and z — z (for any generator z of wO_bOFO/OFO). This
isomorphism takes ¢ to t + w. U

Given a finite torsion cyclic Op,-module N = Op, /w{OF,, we set ord(N) = a.
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Lemma 18.4.3. Let T be a finite length Op,-module, and assume T is w®-torsion for some e > 0.
For any integer b > 0, form the Og,-module Ay =T @ (wy Or,/OR,). The polynomial
o = > X 1M m(t5(Ay/N), X) (18.4.7)

cyclic submodules
NCA,

stabilizes for b > e.

Proof. Applying — ®op, Fq to the exact sequence
0—-N— Ay, = A/N—0 (18.4.8)

shows
to(A if N C wgd
to(Ap/N) = o(Ab) =0 (18.4.9)
t()(Ab) -1 if N Z oAy
for any cyclic submodule N C A;. We also have to(Ap) = to(T) +1if b > 1.
There is a natural inclusion A, — Apy1. For any cyclic submodule N C A, we have

to(Apr1/N) =1 if N = (t +wy?) with t € woT

to(Ap/N) =
to(Ap+1/N) otherwise

(18.4.10)
where wy? € wy Op,/Or,. Assume b > e. Then, in the first case above, the element ¢ € T is
uniquely determined by N (using b > e). The cyclic submodules N C A1 with N Z Ay are of the
form N (t + oy "~!) for a unique t € T

We thus have

Ap1 — Oy (18.4.11)

= > X" Wmtg(Ap/N), X))+ Y X Wm(t(Ap1/N), X)) (18.4.12)

teT t€woT
N=(t+owy 1) N=(t+w; ?)

— > XxWm(tg(4p/N), X) (18.4.13)

tewoT
N=(t+w; )

where the sums run over t € T or ¢t € wT, as indicated. We compute

Z Xord(N)m(tQ(Ab+1/N),X) — |T|Xb+1m(t0(T),X) (18414)

teT
N=(t+w; 1)

where |T| is the cardinality of 7. For any integer a > 0, we have the identity m(a+1, X)—m(a,z) =
—q¢*Xm(a, X), so we compute

> X MWm(tg(Apyr /N), X) = > X Wm(tg(4,/N), X) (18.4.15)
te€woT tEwoT
N=(t+w,®) N=(t+w,?)
= —|woT gD X " m(to(T), X). (18.4.16)

But the exact sequence

0—woT =T = T/weT =0 (18.4.17)
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shows that | 7| = |woT|g'(7) since to(7) = dimp, 7 /woT by definition. Substituting into (18.4.11)
shows apy+1 — ap = 0. O

Lemma 18.4.4. The polynomial Deny, ,(X); — XDenpp ./ (X);

n

stabilizes for val(z) > QamaX(L").

Proof. As the z" dependence of Deny, ,(X);, is only on val(z'), we may assume z’ = @y’ L without
loss of generality. Assume val(z) > 2amax(L’). The lemma is trivial if L’ is not integral (the
polynomial is 0), so assume L’ is integral.

Inspecting (18.3.3) shows that Deny, ,(X);, — XDeny, ,,(X); is equal to

> XM mt(M), X). (18.4.18)

LCMCM*

MnLh,=L’

wl_lzéM
where the sum runs over lattices M C V (similar reasoning was used at the beginning of the
proof of Lemma 18.3.5). For each M in the above sum, note that M/L is cyclic (again, L’ C M
is a saturated sublattice, so there is a direct sum decomposition M = L’ @ (¢) (not necessarily

orthogonal) for some £ € V). By Lemma 18.4.1, it is enough to show that

> XMBmt(M), X). (18.4.19)
LCMCM*
MinLy,=L}
M/L is cyclic
wflng
stabilizes for val(z) > 2amax(L”), where the sum runs over lattices M C V (because the difference
between (18.4.19) and (18.4.18) is (18.4.4)).

We find that (18.4.19) equals
> > XM Bm(M), X) (18.4.20)

LiCMCL; LoCM>CMy

MiNL,, =L, M2/Ls is cyclic

wi e g My
where the outer sum runs over lattices M; C Vi, the right-most sum runs over lattices My C V5, and
M = M; ® M,. Note that the lattices M; always satisfy Mj/L; being cyclic, because My OL*}; = Lki
implies My = L) @ (y1 + w| “'a) where y; € L}*/L} is of exact w'-torsion.

To prove the lemma, it is enough to check that (18.4.20) does not change if x is replaced with
wox. The set of lattices My C Vi appearing in the outer sum is indexed elements y; € Lg* / L*i
(since e; is determined by yj, in the above notation), and hence does not change if z is replaced
by wox (here using val(z) > amax(L’) to ensure M; C L3 for any choice of y;). Note also that
lo(Mi/L1) = e; and hence does not change when z is replaced by wazx.

For the rest of the proof, fix an M as in the outer sum of (18.4.20). We will show that the inner
sum of (18.4.20) does not change if x is replaced by wax.

Set A = M /Ly. The inner sum is

XhMi/L1) > X4 M m(ty(A/N), X). (18.4.21)
cyclic submodules
NCA
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We already discussed that the factor Xt (1/L1) does not change when z is replaced by waz. On the
other hand, we have A = Homo,, (L3/M1, Fo/OR,) so A= Lj/M; (non-canonically). If b := val(z)
and T = L% /L4, then Lemma 18.4.2 shows A 2 (T /(y1)) ® (wy *Or, /O, ), where y; is associated
to M, as above (since the submodule (M;/Ly) C L3/L; is cyclic and generated by y; + w2y
where y; is of exact w!!-torsion).

Now Lemma 18.4.3 implies that the sum in (18.4.21) does not change if x is replaced by wez. O

Proof of Proposition 18.5.2 in split case. Assume F/Fy is split. As remarked at the beinning of
Section 18.4, it is enough to show that Den(X, L) — XDen(X, L') stabilizes for val(z) > 2amax(L’).
We have

Den(X,L) — XDen(X,L')= > Deny ,(X); — XDenyy . (X);, (18.4.22)
ngMbgM"*

by definition (see (18.3.4)), so Lemma 18.4.4 proves the claimed stabilization. O

18.5. Limits. We continue in the setup of Section 18.3 but now assume (V) = —1 if F/Fp is

nonsplit. Recall also the definitions in (18.3.3) and (18.3.4).
Let M’ C L% be any non-degenerate Hermitian Op-lattice of rank n — 1 with ¢(M”) < 1. If
F/Fy is nonsplit, set

d

9]

.oov o d v
ODeny, (x)y, == —[F : Fo]—= Den(X, L), 0Denyp . (x); = —[F : Fo]|-— Den,p . (X)5
dX | x_, ’ dX | x ’
ODenyy y(x)n = Y ODeny, p(z);  ODeny y(x)n = Deny, (z)y — ODensy o ()n.
LCNCN*
N°=NNL’,
t(N?)<1
If F/Fy is split, set
Den;; (), == Den(X, L), Denyp o (z);, = Dean’m(X)fl
X=1 X=1
Denpy o (2)n = Z Denys (), Deny, 5 (x)n = Denpy ()n — Denpp o (w)n.
LCNCN*
N’=NNLS,
t(N?)<1

The above sums run over lattices N C V (so N b varies). These definitions also apply for any x ¢ L}
(not necessarily perpendicular to L%), as long as we take L = L’ + ().

Lemma 18.5.1. If F'/Fy is split, then Denp, 4 (z), = 0 for all x.

Proof. Inspecting (18.2.2) shows that Den(X, M), = 0 unless M = M*. Lemma 18.3.4 implies
Den s . (X)nlx=1 = 0 unless t(N°) <1, i.e. Denyy(z), = Denp, s (). O

Given x € V with (z,2) # 0, we set val”’(x) = val'(z) if F/F, is not inert (resp. val”’(z) =
(val(xz) —1)/2 if F/Fy is inert) to save space. We say a limit stabilizes if the argument of the limit

becomes constant.
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Proposition 18.5.2. If F/Fy is nonsplit, we have

oDen* (L), = 2[F : )" lim (6Dean (@) — val”(x)Den*(Lb)n) . (18.5.1)
r—r
If F/Fy is split, we have
oDen* (L), = lim (Den (2 — val(x)Den*(Lb)n) . (18.5.2)
T—

The expressions are 0 if L” is not integral, and all limits stabilize for val(z) > 0. If L’ is integral
and F/Fy is nonsplit (resp. split), then the limits stabilize when val(x) > amax(L?) (resp. val(z) >
2amax (L) ).

Proof. We emphasize that we are following Setup 18.3.1; in particular, we have ' — 0 as z — 0.
Assume L’ is integral (as the lemma is otherwise clear) and assume val(z) > amax(L”). The key
input is the induction formula from Proposition 18.3.2.

Case F/Fy is nonsplit: Multiply the induction formula from Proposition 18.3.2 by X‘Vall(Lb)/Q,
and call the resulting expression (*) (temporary notation). Taking one derivative of (x) at X =1

yields
Den*(L"),, = &Den, (), — dDen, (' ),. (18.5.3)
Here we used Den(1, L), = Den(1,L’), = 0 because (V) = —1 causes a sign in the functional
equation (16.1.5). Taking two derivatives of (x) at X = 1 yields the identity
oo d?
val'(L”)0Deny, (), + [F : Fy)—~=| Den(X, L), (18.5.4)
dX?|x
L Lo d?
= (val'(I”) — 4[F : Fy]"Y)dDen, ('), + [F : Fol=<5|  Den(X, L"), 4+ 0Den*(L),,.
X=1

Again using (V') = —1, we apply the functional equation for Den(X, L) (16.1.5) to find

d? d
e XZlDen(X, L) = (val(L) = 1) o XZlDen(X, L), (18.5.5)
= —(val(L) — 1)[F : Fy]'@Den,, (), (18.5.6)

(the second equality is by definition) and similarly for L'. We also have
val'(L’) = val(L) — 2[F : Fy] 'val”(z) =1  val(L) = val(L') + 2[F : Fy]~*. (18.5.7)

Substituting all displayed equations into (18.5.4) proves the claim.
Case F/Fy is split: Evaluating the induction formula from Proposition 18.3.2 at X = 1 yields

Den*(L’),, = Den(1, L),, — Den(1, L'),,. (18.5.8)

—val(Lb)/

Multiplying both sides of the induction formula by X 2 and taking one derivative at X = 1,

we find

val(L”)Den(1, L) Den(X, L), (18.5.9)

. zd’
dX | x_1
— (val(L?) — 2)Den(1, L'} — 2-2|  Den(X, L'}, + dDen* (L),
X | ¢,
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The functional equation (16.1.5) implies

d
2— Den(X, L),, = val(L)Den(1, L), (18.5.10)
dX | x_1

and similarly for L'. We also have
val(L?) = val(L) — val(z)  val(L) = val(L') + 1. (18.5.11)
Substituting all displayed equations into (18.5.9) proves the claim. O

Corollary 18.5.3. Let M C L% be any full rank integral lattice with t(M°) < 1. If F/Fy is
nonsplit, the following formulas hold.

(1) dDen’, (L?), = 2[F : Fp]~* lim, 5o ODenyy 4 (z)n

(2) ODen’, (L"), = 2[F : Fy]~! limy_so (8Dean7 (@) — val"(x)Den*(Lb)n)

(3) ODen’, (M)° = 2[F : Fy]~! limy_so (8Dean7 e - val"(x)Den*(Mb)g).
If F/Fy is split, the following formulas hold.

(1) ODen (L), = limg—0 Denpy y (2)n

(2) ODen’,(L?), = lim, .o (DeanJf(ac’)n — Val(:c)Den*(Lb)n)

(8) ODen’, (M")S = lim, o (Dean’%p(a}’)% - Val(x)Den*(Mb)%).
All limits stabilize for val(z) > 0. The expressions (1) and (2) are 0 if L’ is not integral. If
L’ is integral and F/Fy is nonsplit (resp. split), then the limits in (1) and (2) stabilize when
val(z) > amax(L?) (resp. val(x) > 2amax(M?)). If F/Fy is nonsplit (resp. split) , the limits in (3)
stabilizes when val(z) > amax(M?) (resp. val(x) > 2amax(M”)).

Proof. Denote the result of Proposition 18.5.2 as (0). We have (3) = (2) (in all cases, nonsplit or
split), by summing over M® containing L°. We have (0) = (3) by taking L’ = M and inducting
on val(M”) (starting with the base cases of M” being maximal integral (still with ¢(M”) < 1), in
which case dDen*(M”),, = dDen’, (M”),, = dDen%,(M”), and similarly for Den*(M?),,, as well as
ODen, p (2'), (nonsplit) and Den, (2'),, (split)). Since (0) = (1) + (2), we conclude that (0) =
(1) as well. O

The following lemma is the geometric counterpart of Corollary 18.5.3(1) (in the special case when
o =LZ(L")y for a non-degenerate Hermitian Op-lattice L” C W).

Lemma 18.5.4. Take Fy = Q, and assume p # 2 if F/Q, is ramified. Let Z — Speck be a proper
scheme equipped with a closed immersion Z — N. Given any o € griK{(Z), we have

degr(a - £Y) = lim degz(a - “Z(w)) (18.5.12)
w—0
where the limit runs over w € W. The limit stabilizes for w satisfying Z C Z(w).

Proof. We may assume F/Q, is nonsplit, as otherwise gr K{(Z) = 0 (Section 5.4) for dimension

reasons so the lemma is trivial.
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For any fixed w € W, there exists e > 0 such that Z C Z(p°w) (over a quasi-compact base
scheme, p® times any quasi-homomorphism is a homomorphism for e > 0). Hence Z C Z(w) for
all w € W lying in a sufficiently small neighborhood of 0.

Assume w € W is such that 2 C Z(w). Write Z(w) C Oy for the ideal sheaf of Z(w)
(recall that Z(w) is a Cartier divisor, see Section 5.5). The lemma now follows from the “linear
invariance” argument in the proof of [LL22, Lemma 2.55(3)] (valid in the inert case as well, using
[How19]). Alternatively, the proof of linear invariance (particularly [How19, Definition 4.2] (inert)
[LL22, Lemma 2.39] (ramified)) exhibits a canonical isomorphism & ® Oy, = Z(w) ® Oy, via
Grothendieck—Messing theory. O

Proof of Theorem 18.1.2. The horizontal part of the theorem was already verified in Proposition
18.2.1, so it remains to show Inty (L"), = dDen’, (L"),.

If F/Q, is split, then “Z(L")y = 0 and so Inty(L’),, = 0. Applying Corollary 18.5.3(1) with
V =V, we find dDen?,(L),, = 0 since Deny, 4 (), = 0 for all  (Lemma 18.5.1).

Next assume F/Q, is nonsplit. For any w € W not in L', we have degE(H‘Z(Lb)y LZ(w)) =
dDenp; y(w), by [LZ22a, Theorem 8.2.1] (inert) and [LL22, Theorem 2.7] (the “vertical” parts of
the main results of loc. cit..). Lemma 18.5.4 implies Inty (L"), = 2[F" : Fp] ™" limy,_0 ODen 4 (w)y.
Restricting to w perpendicular to L’.. the limiting formula in Corollary 18.5.3(1) now implies
Inty (L”), = 0Den’, (L°),. O

Remark 18.5.5. Suppose Fy = Qp, suppose F'/Q), is nonsplit, and assume p # 2. Let M C V be
a non-degenerate integral Op-lattice of rank n — 1 with ¢(M”) < 1. As above, let Z(M")° C N be
the associated quasi-canonical lifting cycle.

For any nonzero w € V not in M, we have degE(Z(Mb)O N Z(w)) = Denyp 4 (w);, by [KR11,
Proposition 8.4] (inert, see also [LZ22a, Corollary 5.4.6, Theorem 6.1.3]) and [LL22, Corollary 2.46]
(ramified), i.e. the “horizontal” parts of the main results of loc. cit..

The “horizontal part” of our main theorem showed Int(M®)S = dDen%,(M”)2 (Proposition
18.2.1). Using also the special value formula in Lemma 18.1.3, our limiting result Corollary 18.5.3(3)
is equivalent to the geometric statement

2 deg Z(Mb>o ’ 5tau(vall(Mb))
=20 Q)" lim (degE(Z(Mb)fl N 2(z)) — val”(wz) deg Z(Mb)O) (18.5.13)
r—r
(limiting over nonzero x perpendicular to M?) where §ya, (val'(M”)) is the “local change of tautolog-
ical height”, as in (7.2.7) (which is —1/2 times the “local change of Faltings height” g, (val'(M”))).

To prove our main theorem, we verified (18.5.13) indirectly by the computations in Section 18.2.
Direct computations are also possible.

19. ARCHIMEDEAN LOCAL IDENTITY

Let V' be the non-degenerate C/R Hermitian space of rank n and signature (n — 1,1).
We freely use notation for the Hermitian symmetric domain D and its special cycles (Section

8.1) as well as the Archimedean local Whittaker functions W7, (s);, for T' € Herm,, (R) (complex
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Hermitian matrices) with det 7" # 0 (Section 15.2). Here W7,  (s);, denotes the function W7 (1, s);,
in the notation of loc. cit..

19.1. Statement of identity. Our main Archimedean local identity (“Archimedean local arith-
metic Siegel-Weil”) is the following.

Theorem 19.1.1. Let z € V™ be a m-tuple with nonsingular Gram matriz, and set T = (z,x). If
m>n—1 orif T is not positive definite, we have

L@ina@rm=2 Wil (19.1.1)

s=—50

where so = (n —m)/2.

In Theorem 19.1.1, integration of the current [£(x)]Acy ((Z/N )"~ ™ over D is understood in the sense
described in Section 4.5. The displayed integral is convergent (combine Lemma 8.3.3 and Lemma

(o]

n at

8.3.1). The local functional equation (Lemma 16.2.1) implies that the derivative of Wy (s)
s = sg and s = —sq are the same up to a simple sign.

The case m = n of Theorem 19.1.1 is the content of [Liull, Theorem 4.17] (when translating to
Liu’s notation, recall also that W7, (0);, = 0 when m < n for non positive-definite 7', as discussed
in Section 15.2). We do not give a new proof of this case. Indeed, we reduce the other cases of

Theorem 19.1.1 to the case m = n by the following limiting result.

Proposition 19.1.2. Let T° € Herm,,,(R) be a matriz with det T # 0, assume m < n, and
set so = (n —m)/2. Assume that either m = n — 1 or that T° is not positive definite. Given
t = diag(tmy1, - .-, tn) € Herm,_,,(R), set T = diag(t, T").

d o . d o / o
Tl Wil = Jim (] W)+ Qomll e+ log(an) - )W, (507 )
(19.1.2)
where [t|p+ = |dett|+, and where the sign on 0% (meaning all t; have this sign) is
— if T" is positive definite
JT" s p i (19.1.3)
+ else.
Remark 19.1.3. In the situation of Proposition 19.1.2, recall
i} 5 1 if 7" is positive definite
Wi, (—s0)5 = (19.1.4)

0 else

(see Section 15.2). Due to this vanishing, the term (log[t|,+ + log(4m) — I'(1)) from Proposition
19.1.2 should not be taken seriously outside the positive definite T” case (especially if m # n — 1).
If T has signature (p, q) for ¢ > 2, we also have
d d
Wi ()% =0 (19.1.5)

Sl (==
T 00 n T,00
ds s=—50 ds s=0

for any ¢t € Herm,,_,,, (R) with det ¢ # 0 by [Shi82, Theorem 4.2, (4.34.K)]. Thus Proposition 19.1.2

holds for T” of signature (p, q) when g > 2 (both sides of the identity are 0).
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The proof of the remaining cases of Proposition 19.1.2 will occupy most of the rest of Section 19.
The case of T° having signature (m — 1,1) is completed in Section 19.4, and the case of positive
definite T” is completed in Section 19.5. We also obtain an explicit formula for both sides of (19.1.1)
when T is positive definite, namely (19.5.4) (the formula is a polynomial in the eigenvalues of 7-1).

Once the proposition is proved, Theorem 19.1.1 follows (and is equivalent to the proposition for
any given 17, which is the 7' in Theorem 19.1.1) by the following argument.

Proof of equivalence of Theorem 19.1.1 and Proposition 19.1.2. Let T be as in Proposition 19.1.2.
We may assume T” has signature (m, 0) or (m—1,1) by Remark 19.1.3. Suppose 2° = («,...,2% ) €

rrm

V™ satisfies (z”,2”) = T°. Given an orthogonal basis z# = (2p41,...,2,) of span(z”)*, set
tj = (xj,x;) for j > m+1, set t = (tms1,...,tn), set & = (Tpm1, - - ,mn,xbl, . ,xﬁn) € V", and set
T = (z,z). We have
d * o
75| Wreo(s)n = / E(z)] = / [£(2")] Aw(z?) +/ £(x) (19.1.6)
Sls=0 D D D(z)

where the first equality is the m = n case of Theorem 19.1.1 (already proved by Liu as cited above)
and the second identity is by definition.
Using the pointwise convergence lim, o w(az) = ¢; (SAV) on D for each z € V (8.2.8), we have

i [ 6@ nwla®) = [ @) e (19.1.7)
z#—0 Jp D
(say, where the limit runs over % = (@mi1Tmit,...,anTy) as a; — 0 for all j) by dominated

convergence (applying estimate from the proof of Lemma 8.3.1 and convergence from Lemma 8.3.3,
particularly convergence of (8.3.8)).

The closed submanifold D(z°) C D is a single point if T° is positive definite (in which case we
assumed m = n — 1), and is empty if T’ is not positive definite. We thus have

—Eildn(xy, xp if T” is positive definite
/ {(z) = (a ) posty (19.1.8)
D(z”) 0 else.

Recall asymptotics for the function Ei (8.2.2) and recall I'(1) = —v. Recall the special value
formulas from (19.1.4). We substitute into (19.1.6) to obtain

/DK(wb)]Acl(gW)nm: I <;;

t—0t

Wi e85+ (g e+ Tog(4m) — T/ ()W, (53 )
(19.1.9)
(where the sign on 0% is the sign of ¢, determined by the signature of Tb) which proves the claimed

s=0

equivalence. n

Remark 19.1.4. For any T' € Herm,,,(R) with det T" # 0, recall that the (normalized) Archimedean
local Whittaker function I/Vi}ﬁoo(s)fZ satisfies a certain “linear invariance” property, i.e. the local
Whittaker function is unchanged if we replace T' by ‘kTk for any k € U(m) where U(m) is the
usual positive definite unitary group in standard coordinates (see Section 15.2). It is thus enough

to prove Proposition 19.1.2 when 77 is diagonal.
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Remark 19.1.5. Using the linear invariance property for Whittaker functions, the limiting relation
in (19.1.9) implies that the quantity

[le@nna@yrm (19.1.10)

from Theorem 19.1.1 is similarly linearly invariant (i.e. does not change if 2 is replaced by z° - k

> is viewed as a row vector of elements in V). Stated alternatively,

for any k € U(m), where &
we observe that the linear invariance result of Liu for [,[¢(z°)] A e1 (EY)"~™ when m = n [Liull,
Proposition 4.10] can be used to prove the analogous linear invariance in our setting via limiting,

even before we have proved Theorem 19.1.1 or Proposition 19.1.2.

19.2. Computation when n = 2. Before proving Theorem 19.1.1 via Proposition 19.1.2 in the
later sections, we check the n = 2 case of Theorem 19.1.1 by direct computation (the case n = 1
and m # n is trivial as both sides of the identity are trivially 0). The proof for general n (which
proceeds differently, not relying on the n = 2 computation) begins in Section 19.3 below.

Take n = 2 throughout Section 19.2, and suppose T' € R is nonzero. By [Shi82, (1.29) and (3.3)]

(translation via (13.2.13)) and some rearranging, we have the formula
(0.9]
W@m@ﬁ:F@—lﬂTHMJTqm/)e%ﬂWu+D”U%*W%m (19.2.1)
0
oo
=1+T(s— 1/2)1]47TT\51/2/ e 4T (4 1)*+Y2 — 1)us3/2 du (19.2.2)
0

if T > 0, where the integrals in (19.2.1) and (19.2.2) are convergent for Re(s) > 1/2 and Re(s) >
—1/2 respectively. We similarly have

W’;,oo(s)fw — F(s o 1/2)_1|47TT’8_1/2/ e47rTu(u _ 1)s+1/2us—3/2 du (19.2'3)
1

if T < 0, where displayed integral is convergent for Re(s) > —3/2.
Proposition 19.2.1. Given any nonzero T € R and any x € V with T = (z,x), we have

d (—47TT)_1 ZfT>O
vy 4 —_— o _ 19.2.4
/Dg(:z)q( ) ds|,_y Ty00(5)n (4nT)Led™” — Ei(4nT) if T < 0. ( )

The preceding proposition (proved below) shows that Theorem 19.1.1 holds when n = 2 (the

o

functional equation implies —%‘821/2“/7*1700(8)” = %]S:,l/QW}m(s),ﬂ).
Lemma 19.2.2. For any nonzero T € R, we have

—47T)7! f T >0
Wi (s = 4 ) i (19.2.5)
’ (4rT)~tet ™ —Ei(4nxT) if T <O.

d

ds s=1/2

Proof. Recall that T'(s)™! = s + O(s?) near s = 0. The integrals in (19.2.2) and (19.2.3) are
convergent and holomorphic at s = 1/2. Directly evaluating the integrals at s = 1/2 gives the

claimed formulas. O
175



Lemma 19.2.3. Withx €V and T € R as in the statement of Proposition 19.2.1, we have

Do (BV) — (—4nT)~! if T >0
/Dg( Jalt”) = (4nT)et™T — RBi(4nT) if T < 0. (19:26)

Proof. By (8.3.2), we have

1 = 1 dzAdz
&)= ——0d(log R - 19.2.7
If T > 0, we have
oV 747rTuzz 1—2z)"1 w b du 1 dz Ndz 19.9
/5 Jer (8Y) // s (19.2.8)
= —2/ / 874#TUT2(17T2)_1U71(1 — )72 du dr (19.2.9)
/ / e ™y =1 dy du (19.2.10)
—AnT)~ (19.2.11)
via the change of variables v = 7'2(1 —7r?)~L
If T < 0, we have
o - 1 dzNdz
/ E()er(EY) = / / AT Tu(1=22) " o1 gy, 1 GENCE (19.2.12)
D pJ1 27 (1 — 22)?
1 0o
= —2/ / 647TTU(1_T2)71U_1(1 — %) "2 du dr (19.2.13)
0o J1
o0 o
/ / A Tvuy =1 dy du (19.2.14)
1 Ji
= (4nT)7 ! / ey 2 dy, (19.2.15)
1
via the change of variables v = (1 — r?)~!. We also have
/ Ty 2 duy = e — (47T) Ei(4nT) (19.2.16)
1
via integration by parts. g

Proof of Proposition 19.2.1. Already proved by direct computation in Lemmas 19.2.2 and 19.2.3.
O

19.3. More on Archimedean local Whittaker functions. We use some special functions stud-
ied by Shimura [Shi82] to describe the Archimedean Whittaker functions W7 (s); from above.
We allow arbitrary n € Z for the moment.

We first recall Shimura’s definitions. Given an integer m > 0, set

m—1
Dy (s) = o™= D/2 TT I'(s - k) (19.3.1)
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as in [Shi82, (1.17.K)], where I is the usual gamma function. Given Hermitian matrices h, b, the
notation h > h’ will mean that h — h’ is positive definite. For

a,feC g € Herm,,(R)>o h € Herm,,(R)
z€H ={z=1x+1iy € My, (C) with z,y € Herm,,(R) and = > 0}

we set

&(g, h;a, B) = / e~ 2w (he) det(z + ig) ™ det(z — ig) P da (19.3.2)
Herm,, (R)

n(g, h;a, B) == ﬁiermm(R) e~ "9%) det(x + h)* ™ det(z — h)P ™ da (19.3.3)

xx>>—hh

(20, B) = / e™ @) det(z 4 1,,) ™ det ()P ™ da (19.3.4)
Hermy, (R)>o0

wm(z;a, B) =T (B) L det(2)PCn(2; @, B) (19.3.5)

Cpalg; @, B) = ™ MO/ / Horm,, (1) € 9% det( + diag(1y, 0))*~" det(z + diag(0, 1))~
z+diag(1p,0)>0
z+diag(0,14)>0

(19.3.6)
initially defined for Re(«),Re(8) > 0. All implicit measures in the integrals are Euclidean. See
Remark 13.2.1 for the log branch convention.

The special functions &, 7, (m,wm, (pq are copied from [Shi82, (1.25), (1.26), (3.2), (3.6), (4.16)],
respectively. Formulas relating £ and 7, relating 7 and (,,, and relating n and ¢, , are given in
[Shi82, (1.29), (3.3), (4.18)]. These will be used implicitly in our computations below.

Recall that w,(z;a, 8) admits holomorphic continuation to all (z,«,8) € H' x C? (by [Shi82,
Theorem 3.1]), and that I'y(a — p)"'T,(8 — q)~'¢p4(g; @, B) admits holomorphic continuation to
all (o, ), for any g (by [Shi82, Theorem 4.2]). We also recall the special value formula

wm(z;m, B) = wn(z;a,0) =1 (19.3.7)

for all o, € C [Shi82, (3.15)].

We will also use the differential operator A := det(0/0z; ) on the space of matrices z = (2 )k €
My, 1n(C) as in [Shi82, (3.10.1T)] (also [Liull, (4-20)]). For any u € Herm,,(R)~g, with u!/? denoting
its unique positive definite Hermitian square-root, we have the relation

(=)™ A(e™ "% det(uz) Pwm (u'?2u'/?; a, B))

= ¢~ " det(uz) 7P det(u)wm (u'2zu/? 0 + 1, B) (19.3.8)
where A is applied to the z variable, and where both sides are evaluated at z € H’. The preceding
formula is a slight variant of [Shi82, (3.12)] and [Liull, (4-21)] (and can be verified by similar
reasoning). We will use this formula in its equivalent form

(—1)™eTuEA (e U det(z)_ﬂwm(ulpzul/z; a, B))

= Fm(ﬁ)_l det(U)BHCm(ul/zzul/z; a+1,5). (19.3.9)
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Remark 19.3.1.

(1) The special function & (which takes multiple arguments) should not be confused with the
Green function from Section 8.2 (which takes one argument), as should be clear from con-
text. The same applies to 7 the special function (which takes multiple arguments) and 7
the quadratic character (which takes one argument).

(2) The definition of (4 in [Shi82, (4.16)] has a running assumption that “g is diagonal”, but
we can make the same definition without this diagonal assumption.

(3) Liu also uses these functions but with slightly different normalizations [Liull, §4A]. We

follow Shimura’s normalizations.

Given T € Herm,,, (R) with detT" # 0, we set (non-standard)

W;(a 5) — e?ﬂ'trTQm(m_l)Tr_mﬁ

(_zm‘)—m(a—ﬁ)rm(o‘)’detT\*Mmf(lmT;a,ﬁ) (19.3.10)

for a, 8 € C initially defined for Re(«), Re(3) > 0. We have
W7 oo (8)n = Wr(a, B) when o =s—sp+n and 8 =5 — 59 (19.3.11)

where sg = (n —m)/2 (see (13.2.13)).
For any ¢ € GL;,(C) such that cl,,'c = T (where 1, , = diag(1, —14) € M, m(R)), and with

g = 'ec, we have

Wi(a, B) = T (2m)* ™07~ mPT,,,(8) 71| det T| =2 (== 8| det T|* =" (27g, 1,45 v, B)
= 20T (8) 7Y det 47T |P¢, 4 (47g; a, B). (19.3.12)

When T is positive definite, our conventions imply
Wi(a, B) = wm(4rg; o, B). (19.3.13)

Lemma 19.3.2. Suppose T' € Herm,,(R) has detT # 0. If T is positive definite (resp. not
positive definite), the function Wi(«, B) admits holomorphic continuation to all (o, B) € C? (resp.
for Re(a) > m — 1 and all 8). In this region, we have

0
S Wi, 8) =0 (19.3.14)

for =0 (resp. B € Z<p).

Proof. Let T have signature (p,q) and let g be as above. The holomorphic continuation of I',(5 —
q) Ty (a — p) "1 q(dmg; a, B) to all (o, ) € C? (as recalled above from [Shi82, Theorem 4.2])
implies that W7 («, ) admits holomorphic continuation to the region claimed.

When T is positive definite, (19.3.7) implies (9/0a)W7(c,0) = 0. If T is not positive definite,
the function I',,(8) 7T, (B8 — ¢) has a zero at every 8 € Z<o, which implies Wi(«a, ) = 0 for all

B € Z<p. Thus (0/0a)Wi(a, ) = 0 for all b € Z<( in this case. O
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Suppose n > 1 is an integer. For any g = (—47) ! diag(a,b) € Herm,,(R)~o with a € Herm,,_1(R) g
and b € R.q, we have (as in [Shi82, (4.25)] and also [Liull, (4-15)])

" Gn-1,1(4mg; o, ) (19.3.15)

= /Cn 1 etr(aww*)-i-bw*wcl(_b(l +ww); By —n+ 1) (19.3.16)
etr(fau/2)n(_a’ w/2a, B — 1) dw

= /Cn 1 etr(aww*)+bw*w<1(_b(1 Fwtw); By —n+ 1) (19.3.17)
det(w)™ G,y (—u2aut/% a, B~ 1) du

with w € C" ! viewed as column vectors, with w* = 'w, with v = 1,_1 + ww*, with u'/2 the
unique positive definite Hermitian square-root of u, and with dw being the Euclidean measure.
We next specialize (19.3.17) to o = n. We have

PUF W) e (—b(1 + wiw); ,1) = /100 eb(Fwrwe, f=1 gy, (19.3.18)
Combining (19.3.9) and (19.3.7), we also find
det(w)?¢ 1 (—utau'?;n, 8 — 1) = (=1)" " Lem WAL (e TV det(z) ). (19.3.19)
Hence, we have

(_1)n_16bF (8- 1)—1627rtrg<-n_1 1(4mg;n, B) (19.3.20)

/ / tr(aww b(1+w w):c (19.3.21)
Cn— 1

e~ r(lm—1+ww* aA‘z*—a<e_ tr(lm—1+ww*)z det(z)_’8+1) dz dw.

These rearrangements are initially valid for Re(5) > 0, but in fact hold for all § € C by analytic
continuation (see also [Shi82, (3.8)] for estimates on ¢; and (,,—1 giving convergence).

The next lemma generalizes a calculation of Liu [Liull, Lemma 4.7], and will be used to re-express
(19.3.21) more explicitly. In the statement and proof below, we adopt the following notation from
[Liull, Lemma 4.7]: given a matrix u € M, »,(C) and sets I, J C {1,...n} of the same cardinality,

]

the symbol |u resp. |ur,s|) will mean the determinant of the matrix obtained from w by

discarding (resp. keeping) the rows in indexed by I and the columns indexed by J.

Lemma 19.3.3. Given any u € My, n,(C) and zg € Herm,,(R)~o with 2o diagonal, we have

m t
Al—zy (€72 det(2)") = ™" det(20)° Y Y (H(s +k— 1)) 907,71 Hul!| (19.3.22)

t=0 J={j1<-~<je}
JCA{1,...,m}

for all s € C, where the inner sum runs over all subsets J C {1,...,m} of size t.

Proof. Observe that (upon fixing u and zp), the expression

e~ truzo det(Zo)_sA|2=Zo (etr uz det(z)s) (19.3.23)
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is a polynomial in s. Hence it is enough to prove the lemma holds for all s € Z>1. The case s = 1is
given by the proof of [Liull, Lemma 4.7] via combinatorial calculation. For all s € Z>1, a similar
calculation shows

e™ 20 det(20) T3 A=z, (7 det (2 Z > Neglzoga|Hu?! (19.3.24)
t=0 J={j1<-<je}
JC{L,...m}
for all s € Z>1, where Ny; is the number of tuples ((o1,J1),..., (05, Js)) where J; C J are disjoint
subsets (possibly empty) with JJ; = J and each o; is a permutation of J;. If |.J;| denotes the
cardinality of J;, then there are (HS 1) possibilities for the tuple (|.J1|,...,|Js|), and each such tuple
admits t! corresponding tuples ((o1, J1), ..., (05, Js)). Hence Ng; = (tts 11)75‘ =l (s+k—1). O

19.4. Limiting identity: non positive definite 7°. Take integers m,n > 1, assume m < n,
and set sop = (n —m)/2. Given a = diag(ai,...,an—1) € Herm,,_1(R)<p and b € R, set a’ =

diag(an—m+1, .-, an—1) € Herm,,_,,(R) and
T = (—4x)~! diag(a, —b) T° = (—4x) "' diag(a’, —b)
g = (—4n)~ " diag(a, b) ¢’ = (—4n) " diag(a’, b).

We have T, g € Herm,(R) and 7%, ¢* € Herm,,(R).
We have
* T b —
(@, 8) = T (8) 7! det 47T PG 1 (49 a1, B)
= | det 4T’ Pr 0 (B) 1 (B — 1) 12T Gy (479 a1, B)
which implies
9
B

d _ _ _ b
= (dﬁr(ﬁ) 1) | det 4n T’ |Pn= "D, 1 (B — 1) 1e* I G141 (A’ m, B)
whenever both sides are evaluated at 8 € Z<g.

Equation (19.3.11) and Lemma 19.3.2 imply

d

* (m, B) (19.4.1)

0

Ts W;",oo(s)% = a3 7 (m, B). (19.4.2)
s=—50 B=m—n
Since I'(s) ™! has residue (—1)""™(n —m)! at s = m — n, we use (19.4.1) and (19.3.21) to find
d k [e]
- W o (9)s (19.4.3)
sS=—50
(=1)" "™ (n — m)!| det 477Tb]m (=) "M (19.4.4)

/ / (aww* 1+w*w)$xm—n—1
Ccm—1

ftr( m—1+ww*)ab A|zf—a (eftr(1m71+ww*)z det(z)ninﬁl) dx dw.
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Next, we write w = (w1, ..., wy,) and apply Lemma 19.3.3 to find (using det(1 + ww*) = 1 + w*w
as in [Shi82, Lemma 2.2))

d * [¢]
WTb’oo(s)n

ds s=—50

= (=1)"*Y(n — m)!|det 4z T’ | "r ™ H det(—a’ )™

m—1 m—1—t
DD SN | RUSE RIS

t=0 I={i1<<it} k=1

IC{1,...,m—1}
/ / aww) b(1+w* w)xmm n— 1(1+wi1wi1 4w, +@it) dr dw)
cm-1J1
1)”*%*’”“( e (19.4.5)

-1

3 <(n —1=1)(a, - ai,)

t=0 I={i1<-<it}
Ic{1,...m—1}

/ / tr(aww”) b(Itw )z ym=n=1(1 4 4, Wy, + - + wy, +Ws,) da dw).
Cm-—1

We have used exponential decay of the function f L e“FamTnT Las ¢ — —oo for convergence estimates
(to rearrange integrals). The previous formulas also hold when T' > m, ¢’,a’ are replaced by T, n, g, a
(the latter is just the special case m = n).

For the reader’s convenience, we recall the formulas (which will be used below)

R2 R?
valid for any ¢ € Ry.

Proof of Proposition 19.1.2 when T” is not positive definite. It is enough to check the case where
T’ is diagonal and signature (m — 1,1), by Remarks 19.1.3 and 19.1.4. Take notation as above.
There is nothing to check when m = n. Otherwise, we may show

d . d

aliigl() % OWT7OO(8)7OL = % W,th7oo(8)7ol (1947)
i=1,....n—m 5= 5=—50

via (19.4.5). Indeed, interchanging the limit and integrals (dominated convergence) and integrating
out the variables wy, ..., w,_n, gives the claim (using the left identity in (19.4.6)). O

19.5. Limiting identity: positive definite 7°. Take any integer n > 1 and set m = n — 1, so
that so = (n —m)/2 =1/2. Given a = diag(ay,...,a,—1) € Herm,_;(R) <o and b € R, set
T° = (—4m)'a and T = (—4x)" diag(a, —b). (19.5.1)
Equation (19.3.11) and Lemma 19.3.2 imply
d * [¢] d * [¢] a
- pro(s)n = 5 WTb’oo(s)n =

ds s=1/2
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where the first equality is via the functional equation from Lemma 16.2.1. We have
W7, (n, B) = L (8) " det(—a) ¢n(—a;m, B) = (—=1)"e™ " det(—a) " Al =1, (€ ¥ det(z) )
(19.5.3)
where the first equality is by (19.3.5) and (19.3.13), and the second equality is by (19.3.9) and
(19.3.7). Applying Lemma 19.3.3 then yields

m—1
9] . ~
35 o (n, B) = det(a)™" > (m—1-tai, - -aq,). (19.5.4)
o= t=0 I={i1<--<it}
IC{1,...;m}

Before proceeding, we define several functions which serve only to aid computation in Section
19.5. Set

dm=> . > (m—=1t)a; --az) (19.5.5)
t=0 I:{i1<"'<it}
IC{1,..;m}

Loz 4am)t (19.5.6)

rm(z) =1—(r+a)) = —(x+am) " (19.5.7)
k

hm(x) = q(x)e® Z Z (m—1—k)la;, - aza"" (19.5.8)

k=0 t=0 [:{i1<...<it}
Ig{17’m}

U () = Z Z (m—t)a;, ---a;,(1 — (x+a;,) " = = (x+a;,)") (19.5.9)

t=0 I={iy <-<is}

I1C{1,....m}
fm(@) = @ (@) um(x) (19.5.10)
where dependence on a1, ..., a,, is suppressed from notation.

Next, we consider (19.4.5) for the matrix 7. Changing variables = — 2/b and computing the dw
integral (using (19.4.6)), we find

d 1/b 1/b
Ts Wi oo (8)y = — fin(x)e®z™! dz = — Ei(b) +/ (1= f(x))e*z ! dx (19.5.11)
s=0 o]

—00

with m = n — 1 as above, and where Fi is the exponential integral function from Section 8.2.
Lemma 19.5.1. We have f,(z) =1+ O(z) near x = 0.

Proof. In the lemma statement, the variables ay, ..., a,, are understood to be fixed (and negative).
Since f,(z) is a rational function of z, it is enough to check f,,(0) =1, i.e. that

m
-1 -1 -1 -1
Z Z (m—ta;"a;  (1—a; — - —a;)=1

t=0 I={i;<---<it}
IC{1,..;m}
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where {j1,...,dm—t} = {1,...,m}\{i1,...,4}. This holds because the sum telescopes, i.e. for any

given t =0,...,m — 1, we have
B et s T P -1 -1
Z (m—tla; -a; = Z (m—t 1)'aji aj;n_t_l(ai,1 +otay )
I:{i1<"~<it} Il:{i/1<"'<i:t+1}
IC{1,..,m} I'c{l,..m}
where {1, ..., jr 1} =1{1,....om}\{#},...,i; 1 }. O

Lemma 19.5.2. We have %hm(ac) = (1 — fm(z))e*x L.

Proof. We prove this by induction on m. The case m = 0 is clear, as both sides of the identity are 0.
Next, suppose the claim holds for some m. We write f,+1(z), hms1(z), ete. for the corresponding
functions formed with respect to the tuple (aq,...,am, am+1) for any given choice of a,,+1 € Reg.

Observe that we have an inductive formula

hm1(z) = hin () + Gmr1(x)dm, (19.5.12)

which implies

d d m
%hm_i_l(f) - %hm(x) = @+1(T)Tmy1(z) e dpy,. (19.5.13)

So it is enough to check fi,(z) — fint1(x) = 2qm+1(x)rme1(2)dm, which is equivalent to checking

(T 4 Amt1)Um () — Um41(T) = Trmg1(2)d,. (19.5.14)

To see that this holds, we first compute

Um+1 — (am-l-lum(x) - am-i-l(x + am+1)71dm)

:Z Z (m+1_t)!ail"'ait(l_(x+ai1)_1_"'_($+ait)_1)'
=0 I={i1<--<it}
I1C{1,....m}

Using the identity amy1(x + ams1)"t =1 — 2(x + ame1) "L, we see that (19.5.14) is equivalent to
the identity

) — 271 (@) dp + (1 — 2(x + ame1) V)dm (19.5.15)

T (T
:Z Z (m+1—t)la; --a;,(1 - (x+a;,) = = (x+a;,)" ).
=0 I={i1<--<it}
IC{L,...;m})
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To see that the latter identity holds, we compute

U () — 27 pg1 (2)dp + (1 = (2 + amg1)  Ddm = 2t () — zrp () + dpy

m
=Y > (m=taya(m+l—t—a(etay) = —ay, (@ +a, ) )
t=0 [={i; <--<iz}
I<{1,...,m}

m
:Z Z (m+1—1t)la; ---a;

=0 I={i1<-<it}
IC{1,...m}

m
_Z Z (m_t)!ail'”ait(ah(x—’—ajl)il+"'+ajmft(x+ajmft)il)
=0 I={i1<--<it}
IC{1,...m}

where {j1, ..., Jm—t} ={1,...,m}\ {i1,... i}
We thus find that (19.5.15) is equivalent to the identity

Y. D> (m+l-Blaga(@tan) ot (@ a) T
t=0 I:{’i1<~~-<it}
IC{1,m)

m
=3 Y -ty ag(ag (@t ai) T a2 ag, )T
t=0 I={i1<--<it}
Ig{Lvm}

with {ji,...,Jm—t} as above, and this identity holds because both expressions are equal to

i Z Z(m—i—l—t)!ail---ait(m%—aii)_l. 0

t=0 [={i1 <--<iz} i=1
IC{1,....m}
Proof of Proposition 19.1.2 when T” is positive definite. We may assume 17 is diagonal by Remark
19.1.4. With T and T” as above, we find

lim <d
b—0— \ ds
via (19.5.11) (and Lemma 19.5.1 for convergence of the integral). The asymptotics for Ei(b) as
b — 0~ (8.2.2) show that it is enough to verify the identity
d 0

ds =12 19,008 = /_Oo(l — fm(@))e" ™! da. (19.5.17)

0
Wi oo (s)s +Ei(b)> :/ (1= fm(z))ez! da (19.5.16)

— 00

s=0

The left-hand side was computed in (19.5.4) (via (19.5.2)). The right-hand side is equal to h,(0)
(in the notation above) via the explicit antiderivative result from Lemma 19.5.2. Inspecting the
formula for h,,(x) shows that the claimed identity holds. O
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Part 7. Siegel-Weil

Our main results (arithmetic Siegel-Weil) are in Section 22. We also give some explicit formulas
for special values (local Siegel-Weil and geometric Siegel-Weil) in Sections 20 and 21. These special
value formulas will be needed as ingredients in the proofs of our arithmetic Siegel-Weil results.

20. LocAL SIEGEL-WEIL

We need precise information about special values of local Whittaker functions (i.e. local Siegel—
Weil, with explicit constants as in Lemma 20.3.5). The application to uniformization of special
cycles is Lemma 20.4.1. These results do not seem available in the literature in the generality or
explicitness that we need. We omit some computations (but give statements) for arguments which

are presumably routine or similar to arguments available in the literature.

20.1. Volume forms. Given a scheme X which is smooth and equidimensional over a field A,
a volume form (or gauge form) on X will mean a nowhere vanishing (algebraic) differential form
of top degree on X. When X is also affine and A is a local field, the set X(A) has the natural
structure of an A-analytic manifold (in the sense of [Ser06, Part II, Chapter III]). In this case, a
volume form on X defines a Borel measure on X (A) in a standard way (see [Wei82, §2.2]).

We use volume forms to normalize various Haar measures. Let B be a degree 2 étale algebra
over a field A of characteristic # 2, and write b — b for the nontrivial involution on B. Let V be a
B/A Hermitian space which is free of rank n, and set G = U (V). Fix a nonnegative integer m < n,
and choose translation invariant volume forms o and § on V™ and Herm,, respectively (viewed as
group schemes over A). The forms o and 8 have degrees 2nm and m? respectively.

Consider the moment map

ym T Herm,,

(20.1.1)
z — (z,2).

We assume n > m, and write Vg, C V™ for the open subscheme where det 7 is invertible. A

tangent space calculation shows that 7 is smooth when restricted to ViZ.

Given T' € Herm,,(A), we write Qr C V™ for the fiber of the moment map over T'. If x € V"™ (A)
has Gram matrix T = (x,z), then g — g~ !z defines a morphism t;: G — Qp. If detT is
invertible, then a dimension count and tangent space calculation shows that ¢, is smooth. If det T’
is invertible, if A is a local field, and if G, C G denotes the stabilizer of z, then the induced map
Gz(A)\G(A) — Qr(A) is a homeomorphism (surjectivity is from Witt’s theorem, and openness is

from the submersivity of G(A) — Qr(A), which in turn comes from smoothness of ;).

Lemma 20.1.1. There exists an algebraic differential form v on Vig, of degree m(2n—m) satisfying

the following conditions.

(1) We have a = T*(B) Av.
(2) For the G x Resp 4 GLy, action on Vg, given by x — grh™! for (g,h) € G x Resp/p+ GLp,
we have (g, h)*v = det(*hh)™ "v.

(8) For each x € Vi%, the restriction of v: T (V™) — Gq to kerdT, is nonzero.
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(4) For any fized non-degenerate subspace V° C V which is free of rank m, and for z € VrZTg”(A),
the differential form
det(z, )™ "iyv (20.1.2)

on G is independent of the choice of x. This form is right G-invariant.

Proof. The case m = n is stated in [KR14, §10]. The analogue of that case for orthogonal groups is
discussed in [KRY06, Lemmas 5.3.1, 5.3.2] (there stated and proved for three dimensional quadratic
spaces). The present lemma may be proved by a similar computation.

Part (4) follows from part (2) (where “non-degenerate subspace” means that the restriction of the
Hermitian pairing is non-degenerate). In part (3), x € Vi, means x € Vi (S) for some suppressed

A-scheme S, and we similarly abused notation in part (2). In part (3), the symbol G, denotes the
additive group scheme. O

20.2. Special value formula. We retain notation from Section 20.1, and specialize to the case
where B/A is the extension F,/F,t where F,  is a local field of characteristic # 2. If F is
Archimedean, we assume F,/F," is C/R. We often use subscripts v to emphasize F being a local
field, e.g. we write z,, for elements of Vit (F,\).

Fix a nontrivial additive character 1, : F,” — C*. We write db, for the self-dual Haar measure
on Herm,, (F,") with respect to the trace pairing (b,c) — 1, (tr(bc)). We also write dz, for the
self-dual Haar measure on V™ (F,") with respect to the pairing ¢v(tro/F;L (tr(—,—))).

Fix translation-invariant volume forms « and S as in Section 20.1. These determine Haar mea-
sures dgb, and doz, on Herm,,(F,") and V™ (F,") respectively. Define positive real constants

co(a,y) and ¢y (B,1,) such that

doz, = cy(a,y)dz, dgby, = ¢y(,1y)dby,. (20.2.1)

Suppose T’ € Herm,,,(F,") is a matrix with det 7" # 0. For the rest of Section 20.2, fix a differential
form v as in Lemma 20.1.1. The restriction of det(7")" "v to Qr is a G-invariant volume form on
Qp, and we write dr,z, for the resulting measure on Qr(F,").

It is known that there exists a constant cr, (depending on 7', the measure dr,x,, and the
character v,,) such that

Wr(s0, Py, ) = CT,U/ wy(z,) dryz, (20.2.2)
Qr ()
holds for any Schwartz function ¢, € S(V™(F,)) (see [Ich04, Lemma 5.1, Lemma 5.2]). Here we
set so = (n —m)/2 as usual, and ®,, is the Siegel-Weil section associated with ¢, (Section 14.2).
If Qp(F,") = 0, we thus have Wy, (so, @,,) = 0 for all ¢,

We may compute the constant cr, by evaluating (20.2.2) on any nonzero nonnegative Schwartz
function ¢,. We may take ¢, to have support which is compact and contained in KZ‘g(Fj ). The
relation o = T*(5) A v and an “integrate along the fibers of 7”7 computation (similar to the proof
of [KRY06, Proposition 5.3.3]) gives

c Ty (V)imcv(ﬂﬂ/)v)
. Cv(aa @Z}v)

Here 7y, (V) is the Weil index, as appearing in the Weil representation (Section 14.2).
186

[det 77, (20.2.3)



Lemma 20.2.1 (Local Siegel-Weil). Let V' be a F,/F,} Hermitian space of rank n, and let
Yy: Ff — C* be a nontrivial additive character. Fiz a non-degenerate subspace V° C 'V which is
free of rank m, and fix a Haar measure on U(V*L)(E}).

There exists a unique Haar measure dg, on G(F.S) such that, for any basis z,, € V"™ of V* and
any Schwartz function ¢, € S(V™(F,")), we have

Wro(s0:®,) = 7, (V) ™| det ]2 eulgy'e,) dg. (20.2.4)

! /GzU(FJ)\G(FJ)

for the corresponding quotient measure, where T' = (z,,x,) s the Gram matriz of z, (and where
the Haar measure on Gy (F;) is induced by the canonical identification G = Uweh)).

Proof. Select any basis z, of V. Set w; = det(x,,z,)™ "iv (temporary notation). We know wi
does not depend on the choice of z,,, by Lemma 20.1.1(4). Let wy be a right G-invariant differential
form of degree (n — m)? on G such what w; A wo is a nowhere vanishing differential form of top
degree n? (also right G-invariant). The volume form w; A wy on G defines a Haar measure on
G(F;"). The restriction ws|q, is a volume form on G, (by smoothness of ¢,), and defines a Haar
measure on G, (F,"). The resulting quotient measure on G, (F,F)\G(F,") = Qp(F,}) is precisely
the measure for the volume form (detT")" "v|q, on Q7.

The lemma then follows from (20.2.2) and the constant calculated in (20.2.3). O

Remark 20.2.2. Consider the situation of Lemma 20.2.1, and suppose V” C V is a subspace
which is isomorphic to V” as a Hermitian space. Suppose f, € U(V)(F.) satisfies f,(V?) = V¥,
and equip U (V") (F;}) with the Haar measure induced from U(V*Y)(F}) via f,. If dg, and dg/,
are the induced Haar measures on G(F;") corresponding to V” and V" respectively (Lemma 20.2.1),

a change of variables shows dg, = dg,.

20.3. Explicit Haar measures. For our application to uniformization of special cycles (Section
20.4), we need to explicitly compute the Haar measures from Lemma 20.2.1 in a few cases. The
main result of this subsection is Lemma 20.3.5, and the other lemmas are auxiliary.

We retain notation from Section 20.2. In addition, we assume that F\ is non-Archimedean and
that v, is unramified. Let wq be a uniformizer of F,f. If F,,/Ff is ramified, let @ be a uniformizer of
F,. Throughout Section 20.3, we assume that F,,/F," is unramified if F)/ has residue characteristic
2.

Let M3 be the rank 2 self-dual lattice described in Section 14.2, and write U(Mg) for the group
of (unitary) automorphisms of M. Let ¢, be the residue cardinality of F'.

The next lemma should be compared with Witt’s theorem for lattices with quadratic forms, as
in [Mor79].

Lemma 20.3.1. For any given c € O;J, the group U(M5) acts transitively on the set
{r e M3 : (xz,z) =c}. (20.3.1)
If F,/E,S is inert, the same holds for any c € wo(’);+.

Proof. Given y € My, we write (y) C My for the submodule generated by y. If F,,/F,} is ramified,

we view w as a generator of the different ideal 0, and we otherwise view 1 as a generator of 0.
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Choose a basis ej, ea of My with Gram matrix given by (14.2.2). In this basis, we also consider the

elements
, 0 1 a 0 10 —1 if F,/F; is ramified
w = m(a) = 4 n(b) = €=
e 0 0 a 0 1 1 else
(20.3.2)
of U(M3) (acting on column vectors), where a € O, and b € O, satisfies b= —eb.

Case 1. Assume F,/F." is unramified and ¢ € O;;r‘ Given any x € M$ with (z,z) = ¢, there
exists an orthogonal direct sum decomposition M3 = (z) @ (y) for some y € M3 with (y,y) =1
(by self-dualness). Via this decomposition, the lemma is clear in this case.

Case 2. Assume F,/F, is ramified and ¢ € C’);Jr. Suppose © = aje; +ages € M3 with (z,x) = c.
Without loss of generality, we may assume as EU (’);v (replace z with w’z if necessary), and we
may further assume as = 1 (replace x with m(az)z). We then have trp pr (w™la;) = —c. Given
another 2/ = afe; + e2 € My with (2, 2") = ¢, we take b = a} — a; and have n(b)z = 2.

Case 3. Assume F,/F,’ is inert and ¢ € wo(’);j. Suppose x = aje; + ageg € MS with (z,z) = c.
Without loss of generality, we may assume ap =1 and tr, p+(a1) = ¢ (argue as in Case 2). Given
another 2/ = ale; + e2 € MS with (2/,2") = ¢, we take b = a/ — a and have n(b)z = 2. O

Lemma 20.3.2. Let L be a self-dual hermitian Op,-lattice of rank n. Any isomorphism between
self-dual sublattices of L extends to a (unitary) automorphism of L. The same holds for almost

self-dual lattices of rank n — 1.

Proof. Any self-dual lattice L” C L admits a (unique) orthogonal direct sum decomposition L =
L’ & L# where L# is also self-dual. This immediately implies the claim for self-dual sublattices of
L, as self-dual lattices are unique up to isomorphism (for a fixed rank).

Next, assume that F,/F, is nonsplit and that L’ C L is almost self-dual of rank n — 1. There is
an orthogonal direct sum decomposition L” = L? @ L% where L? is self-dual of rank n —2 and L
is almost self-dual of rank 1. We also have an orthogonal direct sum decomposition L = L? @ L#
where L# is self-dual of rank 2.

Suppose L” C L is another almost self-dual lattice of rank n — 1, equipped with an isomorphism
L’ — L”. Applying the result just proved above (in the case of rank n — 2 self-dual sublattices),
we may assume there is an orthogonal decomposition L = L” @ L”# where L = L"#. We thus
reduce to the case n = 2 (the claim for L#), which was proved in Lemma 20.3.1. O

Lemma 20.3.3. Assume F,/F} is nonsplit, and let V be a F,/F,” Hermitian space of rank n,
and assume that V contains a full-rank self-dual lattice. Suppose L* C V is a non-degnerate lattice
of rank n — 1 satisfying L’ C L™ and t(Lb) < 1. Then L’ is contained in a self-dual lattice of rank

n.

Proof. Recall that t(L") := dimy((L** /L") ® k) where k is the residue field of Op,.
Let L’ C V be as in the lemma statement. The existence of such L implies n > 2. There exists
an orthogonal decomposition L’ = L? @ L#* where L is self-dual of rank n — 2. Replacing V with

the orthogonal complement of L?, we reduce immediately to the case n = 2, which we now assume.
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Let w be a uniformizer for F, (take @ = wy if F,/F," is inert). We may take V = M5 ® F,,
where M3 is as in Lemma 20.3.1. We also choose a standard basis ey, e for M5 and consider the
elements w’, m(a),n(b) € U(V) as in the proof of that lemma (now allowing a € F, and allowing
b € I, satisfying b = —¢b).

The rank one lattice L’ is generated by an element z = aje; + agey for some aj,ay € F, (such
that (z,) is nonzero and lies in Op+). It is enough to check chat the orbit U(V') -z intersects M;.
Acting on x by m(a) € U(V) for suitable a, we see that it is enough to check the case where ag = 1
and a; € F\.

If F,/F, is inert, there exists a’ € Op, such that trp (@) = (x,x) since Of, is self-
dual with respect to the trace pairing. If F,/F,  is ramified, there exists ¢’ € Op, such that
tro/F;r( wta') = (z,2) since O, and w 'Op, are dual. In either case, we can take b = a’ — ay,
and have n(b)x € Ms. O

Lemma 20.3.4. In the situations of Lemma 20.3.1, choose x € M3 with (z,z) = ¢ and form
the orthogonal complement lattice x~ C MS (of rank one). We view both U(MS) and U(z") as
subgroups of U(Ms @ F,).

Viewing U(z+) as the norm-one subgroup of (’)Xv, we have
UMHNNU(zt) ={ac Op taa=1, anda=1 (mod d0F,)} C Ulzh). (20.3.3)

The subgroup U(M$) N U (x+) C U(zt) has index

1 if ce O;;r and F,/F,} is unramified
2 if ce O;;r and F,/F,\ is ramified (20.3.4)

g+1 ifce wo(’);v+ and F,/F.\ is inert.

Proof. We express elements of U(Ms ® F,) in a standard basis ej, ez of Mg, as in the proof of
Lemma 20.3.1.

Case 1. Assume F,/F, is unramified and ¢ € (’) . We then have U(M3)NU(z+) = U(xt), as
follows immediately from an orthogonal direct sum decomp051t10n Ms = (x) @ (y) as in the proof
of Lemma 20.3.1 Case 1.

Case 2. Assume F,/F,’ is ramified and ¢ € (9 . By the proof of Lemma 20.3.1 Case 2, we may
assume (after conjugating U (M3 ® F,) by an approprlate element of U(M3)) that © = aje; + ez
for some a1 € Op,, where a; — @) = —wc. Then aje; + ez is orthogonal to x. For every a € (’);v,

the matrix

1
ar a1 1 0 a; ap _ (—wc)_l ay — a1« (_17—’_ a)alal (2035)
1 1 0 o 1 1 11—« —a1 + a1«

lies in U(M5) if and only if & =1 (mod wOp,). The claim about index follows from surjectivity
of the reduction modulo zo map

{a€OF am=1} » {a €F; :a* =1} (20.3.6)

(surjectivity is by smoothness of the corresponding unitary group over Spec O F;r).
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Case 3. Assume F,/F," is inert and ¢ € wo(’);+. By the proof of Lemma 20.3.1 Case 3, we may
assume (after conjugating U(Ms @ F,) by an appropriate element of U(Ms5)) that x = aje; + ez
for some a; € OF,, where a1 +a; = c. Then —aje; + e is orthogonal to x. For every a € Olﬁv, the

-1
ap —ar\ (1 0\ (a1 —a; o t oo (1,_ a)ardy (20.3.7)
11 )\0 a)\1 1 lma @ataa

lies in U(M3) if and only if @ =1 (mod wpOF,). The claim about index follows from surjectivity

matrix

of the reduction modulo wy map
{a€Op taa=1} = {ac IE“:Q caa =1} (20.3.8)
(surjectivity is by smoothness of the corresponding unitary group over Spec O FJ“)' U

We take a particular choice of Schwartz function ¢, in the next lemma, which immediately
determines the Haar measure for other choices of ¢, in Lemma 20.2.1. If mn is odd and F,/F,' is

inert with F)\ of residue characteristic 2, we also require F,” = Q2 (because of Lemma 14.2.1).

Lemma 20.3.5. Take m =n —1 orm =n and sy := (n —m)/2. Assume the rank n Hermitian
space V' contains a full-rank self-dual lattice L of full rank. Let K, C G = U(V) be the stabilizer
of such a lattice L.

Consider any x,, € V™(F,}) with nonsingular Gram matriz T = (z,,z,) € Herm,,(F,). Let 1,
be the characteristic function of L, and set , =19™ € S(V™(E,")).

Give G(F;[) the Haar measure which assigns volume 1 to K,,. Give Gy (F,") the Haar measure
which assigns volume 1 to the (unique) maximal open compact subgroup. We have

. o 1 1 2 if F,/F} is ramified and m =n — 1
WT,U(SO)n = / Spv(gv @u) dgy €=
€ JGy, (FH\G(FT) 1 else

(20.3.9)

with respect to the associated quotient measure.

Proof. Recall that W}v(s); is our notation for a certain normalized spherical Whittaker function
(Section 15.3), which is a rescaled version of Wr (s, ®,, ).

In the lemma statement, the stabilizer in G(F,") of any full-rank self-dual lattice in V has volume
1 (because any such stabilizer is conjugate to K,,). To verify (20.3.9), we can (and will) replace L
by any full-rank self-dual lattice in V' (by Lemma 20.2.1 again).

Let V? C V be the rank m subspace spanned by z,. Then V? is free of rank m. By Lemma
20.2.1, it is enough to show (20.3.9) holds for one choice of basis z, for V’. We choose z, to be a
basis for a full-rank lattice L C V? which is

self-dual if V° contains a full-rank self-dual lattice

(20.3.10)
almost self-dual else.

Note that V” always contains a full-rank self-dual lattice if F,,/F,f is split.

Case 1. Assume L’ is self-dual. There exists a rank n — m self-dual lattice L# C V which

is orthogonal to L’. Form the rank n self-dual lattice L = L’ @ L#. Any isomorphism between
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self-dual sublattices of L lifts to an element of K, = U(L) (Lemma 20.3.2). This implies that
9o — pu(gy tz,) is the characteristic function of Gy, (F,7)\(Ga, (F,F)Ky).

We know that K, N Gy (F,") is the unique maximal open compact subgroup in Gy (F,") (i.e.
U(L%)). We compute

_1 B n n B vol(Ky) B
Pu(gy ) dgy = vol(Gy (F7)\(Ga, (F,)Ky)) = =1
/Gw,,wr)\awj) 2 (B NG, vol(K, N Gy, (FF))
(20.3.11)
Since T = (z,,z,) and z, is a basis for the self-dual lattice L’, we also know Wi, (s0)n =1 (see

(15.5.7); note that V° containing self-dual lattice means that F,/F;’ is unramified if m is odd).

Case 2 Assume that L’ is almost self-dual and that F,/F,f is ramified. Then n > 2 and
m = n — 1. There is an orthogonal direct sum decomposition L = L? @ L where L” is self-dual
of rank m — 1 and L is almost self-dual of rank 1. There exists a rank 2 self-dual lattice L# C V
which is orthogonal to L”. We can assume L C L# (Lemma 20.3.3). Form the rank n self-dual
lattice L = L” @& L#. Any isomorphism between rank n — 1 almost self-dual sublattices in L lifts to
an element of K, = U(L) (Lemma 20.3.2). This implies that g, — ¢, (g, *x,) is the characteristic
function of Gy (F,;H)\(Ge, (F,1)Ky).

We know that K, NGy, (F,) = U(L#) N G, (F,) has index 2 inside the unique maximal open
compact subgroup of G (F,") (reduces immediately to the case n = 2, which is Lemma 20.3.4).
We compute

wu(9y Z,,) dgy = vol(Gg (F,7)\(Gg () Ky)) = = 2.
oy 7107150 400 = e NG () = e S 6y

(20.3.12)
Since T = (z,,z,) and since z, is a basis for the almost self-dual lattice L, we also know

Wiv(so)g =1 (15.5.7).

Case 3 Assume that I is almost self-dual and that F,/F," is inert. This implies n > 2 and
m = n — 1. Arguing as in Case 2 (use the same notation; the first paragraph applies verbatim),
again apply Lemma 20.3.2 and Lemma 20.3.4 to compute

vol(K,)
vol(Ky N Gy, (F))

olgy ' z,) dgo = vol(Gy, (F)\(Gy, (F))Ky)) = =q +1

/sz(Fv*)\G(Fv*)
(20.3.13)

When n = 2, we have Den*(X, L"),, = ¢,X /2 + X1/2 (follows from the relevant Cho-Yamauchi
type formula; see [LLZ22a, Example 3.5.2] [FYZ24, Theorem 2.2]). The “cancellation” property for
local densities and self-dual lattices (15.5.11) implies Den*(X, L"), = ¢, X /2 + X2 for n > 2.
We thus have W7, (s0); = Den*(1, L)y =q+ 1. O

20.4. Uniformization degrees for special cycles. The purpose of this section is to express the
groupoid cardinality of (20.4.4) in terms of special values of local Whittaker functions, with explicit
constants (Lemma 20.4.1). This groupoid has already appeared as a “uniformization degree” for
special cycles (see (11.5.12), also Sections, 11.8, 11.9, and 12.4). This calculation will be needed

for our main arithmetic Siegel-Weil results (Section 22.1).
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Let F/FT be a CM extension of number fields, with respective adele rings Ap and A and finite
adele rings Ap ; and Ay, etc.. As in Part 5, we write v for places of 't with completions F)", and
set Fy .= F @p+ Ff.

Let T € Herm,,(F') be a Hermitian matrix (with F-coefficients) for any integer m > 0. Set
m® := rank(T). For each place v, select any a, € GL,,(F,) such that '@, 'Ta;! = diag(0,77)
for some T? € Herm, ,(F;}) with detT? # 0. For each v, choose any decomposition (Iwasawa

decomposition)
0 — L, * alf Ob ’ ko c GL,,(OpF,) if v is non-Archimedean (204.1)
0 L 0 a, U(m) if v is Archimedean,
where af € CL,, ,»(F,), a; € GL, _,(F,), and U(m) C GL,,(C) is the unitary group for the

standard diagonal positive definite Hermitian pairing.

Let L be a non-degenerate Hermitian Op-lattice of any rank n, set V = L ®p, F, and let
G = U(V) be the associated unitary group. Set s := (n —m”)/2. For any place v of F}', we set
Vo =V ®p+ Ff. Let Ky = [[ K1, C U(V)(Ay) be the adelic stabilizer of L (i.e. K, is the
stabilizer of L, := L ®0,,, Op+ for every place v < oo of F;5). Fix a place v of F,/ (Archimedean
or non-Archimedean). Assume V,, is positive definite for every Archimedean v # vy.

Given z* € (V ®@p+ AY)™, we define the “away from vo special cycle” (compare Sections 11.2
and 12.1)

Z(z

) ={gr € GIAY)/K[°, - g;})gv € L, for all non-Archimedean v # vy} (20.4.2)

where z,, € V" is the v-component of g‘}“.
Fix a nontrivial additive character v, for each place v. Assume 1), is unramified if v < oo,

2mix

and assume ¥,(z) = e if F,f = R. For every non-Archimedean place v # v, set @, = 17

(characteristic function of L]* C V") and set

Similarly set ¢ = I’Zf € S(V(F;)™") for such v.

For every place v of F,f, let n,: F,f* — {£1} be the quadratic character associated to F,/F,'.
Let x,: F — C* be any character satisfying x| Fix = ny. Form the associated Siegel-Weil
standard section ®,, € I(s,Xy) (Section 14.2) for every place v < oo with v # vy. To simplify
slightly, we assume that 2-adic places of F* are unramified in F' for the rest of Section 20.4.

For v < oo with v # vg, the local Whittaker function variant W;ig’v(af), 5, ®,, )n does not depend

on the choice of a,, or a’. Indeed, the GL,,(OF, )-equivalence class of the Hermitian matrix ‘@, T’a’
does not depend on the choice of a, (follows from the invariance properties in (15.3.4)). For v | co
with v # vg, the local Whittaker function variant I/T/J’ig,v(af}, s)y similarly does not depend on the
b

v

as the U(m)-equivalence class of ‘@ T’a’ is well-defined (then apply (15.2.4)).

choice of a, or a 2a)

Given any tuple z € V™ which spans a non-degenerate Hermitian space, we write G, C G for
the stabilizer of z (i.e. the unitary group of the orthogonal complement span(z)* C V). We write
z for the image of z in (V @p+ AY)™.
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Suppose there exists z € V™ with Gram matrix (z,z). Fix such an z, and assume span(z)* is
positive definite at every Archimedean place. Let K, ,, C G (F;g ) be any open compact subgroup,
and assume Ky o, (F0) = G (Fb) if vg is Archimedean.

We are mostly interested in applying Lemma 20.4.1 below when m’ > n — 1 and L, is self-dual
for all v < oo with v # vg. The result and proof is simpler in that case, and the lemma may not be
optimal otherwise.

Lemma 20.4.1. Consider the groupoid quotient

[Gx( F+)\<Gw(ﬂ;) /Ky vy X Z(a;’;))ﬂ : (20.4.4)

The displayed groupoid has finite automorphism groups and finitely many isomorphism classes. Its

groupoid cardinality is

c-I[w ) 11 Wi (@2, 50, @ ). (20.4.5)

v]oo v<00

v#£vg V7V
for some volume constant C € Qg which we describe in the following three situations.

(1) Suppose vy is Archimedean. Assume the local characters (Vy), and (xu)y arise from global
characters ¢: FT\A — C* and F*\A} — C*. The constant C may depend on 'V, n, m,
F, and the isomorphism classes of the local Hermitian lattices {Ly}y<oo. The constant C
does not otherwise depend on T or V° or .

> = n (with vy not necessarily Archimedean). Then

c=1] e (20.4.6)
V<00

VF£V0

(2) Suppose m

for some constants ¢, € Qxo, all but finitely many of which are 1. For any given v < oo
with v # vy, the constant ¢, may depend on the local Hermitian lattice L, and the quadratic
extension F,/F.", but otherwise does not depend onT or V or x or vy or F/FT.

If L, is self-dual, then ¢, = 1.

b

(3) Suppose m” =n—1 (with vy not necessarily Archimedean). Assume Ky ., C Gz(F,") is the

unique mazimal open compact subgroup. Then there are constants ¢, € Qo such that

2170(A)hF

C =
thF+ : #(O;/(W@X

H ¢, (20.4.7)

U<OO

vF#V0

where o(A) is the number of prime ideals of Op+ which ramify in Op, where hr (resp.
hp+ ) is the class number of F (resp. F7T), where wg (resp. W) is the number of (resp.
group of ) roots of unity in F. All but finitely many ¢, are equal to 1.

For each v < 0o with v # v, the constant ¢, may depend on the local Hermitian lattice
Ly, the quadratic extension F,/F.\, and the local invariant e(V?) € {£1}. The constant ¢,
does not otherwise depend on T or V or VPor z or vy or F/F*.

If Ly is self-dual, then ¢, = 1 if F,,/F.\ is unramified (resp. ¢, = 2 if F,/F." is ramified).
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Proof. For the moment, we allow vg Archimedean or not. The groupoid in the lemma statement
indeed has finite stabilizer groups, by discreteness of G, (F™). Take any factorizable open compact
subgroup K =[], Kz v € Gz(A). Assume K, , = Gy (F,") for every Archimedean v, and assume
Ky = Kz, is the open compact subgroup fixed in the lemma statement when v = vg. For each

v, define gb = [az'iyv, e ,a:?nb v] € vab to be the tuple satisfying z - a, 1 = [0, .. .,O,xiw s ,x?nb 7J]
(so Ty = (23, 27))-

We have W (a ?50)% = 1 for all Archimedean v # vg by positive definite-ness of T” (Section
15.2). For all but finitely many v, the Hermitian matrix ‘@ T"a?, defines a self-dual O, -lattice (first

vV
check the case where the collection (a,), comes from a smgle element a € GL,,(F'); then recall that

Wi’ig’v(a,bj, s, Py, )n does not depend on the choice of a, or a ) For such non-Archimedean v # vy,

we have W;iub (a, s, Dy )n = W* (az,s)n = 1if L, is self-dual (see (15.5.7), Remark 15.5.1, and

the invariance property in (15.3.4)). Hence Wj’ib (a, s, P, )n =1 for all but finitely many v.
Choose Haar measures dg, , on Gi(F,) forweach v. Assume that volgg, ,(Kzw) € Q for all v,

that volgg, ,(Kg,,) = 1 for all but finitely many v, and that volgy, (Kz) = 1if v = vg or if v | co.
For v < oo with v # vy, we give G(F,}) the unique Haar measure dg, such that

- (s @) = / (952 doy (20.4.8)
o Gu, (FO\G(F)

for any tuple 2/, € V™ (temporary notation) with nonsingular Gram matrix 72" = (2, 2,) (Lemma
20.2.1). The integral is taken with respect to the quotient measure induced by dg, ,. This measure
dg, on G(F,) may depend on n, m’, the isomorphism class of L, (as the normalization defining
W;”,v depended on L,) as well as the local invariant (V) (Remark 20.2.2). The measure dg,
does not otherwise depend on 77. Note volgg, (K15) € Q0 for any v < oo with v # wg, since the
left-hand side of (20.4.8) lies in Q by Lemma 15.4.2. We have volg,, (Kr,,,) = 1 for all but finitely
many v (cf. the proof of Lemma 20.3.5; we have W* (s%); =1 for all but finitely many v). We

equip G (A”O) with the product measure dg = Hv;oo dgv

Using the Haar measures specified above, we may unfold the groupoid cardinality as

deg [Gx(Fﬂ\(Gx(Fq;) /Ky, X Z(xjﬁ))] (20.4.9)
= volgy(K7%) ™ / 99 ) dg (20.4.10)
GalF L p=ro G2 (F))xG(410))
= vol( G (NG ) ol (32 ) | # (g7 12) dg (20.4.11)
’ Gz(APNG(AP)

B ¥ -1 b —1.b b

= vol(Go(FY)\Ga(A))volag(K1°) 7" ] / e Colgy zyay) dgy (20.4.12)
v<o0 (F )\G F
vF#VQ

=C I Wi, (@l 50, ®)n (20.4.13)

o
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with
C = vol(Go(FT)\Gz(A)) [] volag, (Krn)™". (20.4.14)

v<0o0

v#£vo
Note that the integrals are absolutely convergent, since the integrands are continuous and compactly
supported. This unfolding also shows that the groupoid in (20.4.4) has finitely many isomorphism
classes.

(1) Suppose vg is Archimedean. Recall that the Tamagawa number of any nontrivial unitary
group is 2 [Ich04, Section 4]. After scaling one of the non-Archimedean local measures dgy .,
by an element of Q¢, we may assume [[, dg,, is the Tamagawa measure on G (A). If
v | 00, let dg, be the Haar measure on G(F,") given by Lemma 20.2.1 (induced by dgy.v).
For v | 0o, the local invariant e(V}?) is already determined by V and the requirement that
V;}“- is definite. Hence the measures dg, for v | oo do not depend on 174 (apply Remark
20.2.2).

By construction of the measures in Lemma 20.2.1 (via invariant differentials), we find
that [], dg, equals the Tamagawa measure on G(A) up to scaling by a constant which may
depend on the lattices {L,}y<oo as well as n and m” (coming from our normalization of

local Whittaker functions W;“",v’ Section 15.3). We conclude that the measure dg on G(Ay)

may depend on V, n, m’, F, and the lattices {L,}y<o0, but it does not otherwise depend

onT or V? or x.

(2) Suppose m°

=n. Then G, is the trivial group. Take volgy, ,(K,) = 1 for all v. Consider
v < oo with v # vy and set ¢, = volgg, (KL,v)*l. If L, is self-dual, then ¢, = 1 by Lemma
20.3.5. In general, dg, may depend on L, (but not on T or T7).

(3) Suppose m’

=n — 1. Then G is isomorphic to the norm-one torus inside Resp/p+ Gp,.
Assume K, C Gg(F,) is the unique maximal open compact subgroup for every v. Take
volag, ,(Kgw) = 1 for all v. Consider v < oo with v # v and set ¢, = volgg, (K1)~ " If
L, is self-dual, then ¢, = 1 if F,/F,\ is unramified (resp. ¢, = 2 if F,/F,} is ramified) by
Lemma 20.3.5. In general, dg, may depend on L,, m’ and the local invariant (V;?) (but
not on T or T?).

We have

VOl(GQ(F—F)\Gg(A)) = deg[Gg(F+)\(G£(A)/K£)] _ deg(Gy(FT)\Gx(A)/Ky)

wr

where deg[—| denotes groupoid cardinality and deg(—) denotes set cardinality. We have

deg(Go(FM\G4(A)/Ky) = 2" 'hphjl, (20.4.15)

where t is the number of prime ideals of '™ which ramify in F', and where u € Z is such that
HYGal(F/F*),05) = (Z/2Z)" [Ono85, (9)]. A group cohomology computation (omitted)
shows that 27" = #(O /(WO ))/2 (where # also means cardinality). O

21. GEOMETRIC SIEGEL—WEIL

For our main results (arithmetic Siegel-Weil), we will need a special value formula for degrees

of 0-cycles in the generic fiber (Section 21.1). The result on complex volumes (Section 21.2) will
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not be needed, but may be of independent interest. Let F//Q be an imaginary quadratic field, with
accompanying notation as in Part 1. We also write hp (resp. wp) for the class number (resp.
cardinality |OF).

21.1. Degrees of 0-cycles. Let L be any non-degenerate Hermitian Op-lattice of signature (n —
1,1) (not assuming n is even). Let M — Spec Op[1/dy] be the associated moduli stack (Sections
3.1 and 3.2). Recall that dj, € Z is a certain integer associated to L, with dy = 1 if L is self-dual
when 24 A. Let V := L ®p, F be the associated F'/Q Hermitian space.

Consider an integer m with m = n or m = n — 1. Pick any embedding FF — C, and set
Mc = M Xgpec 0 SpecC, ete.. Given T' € Herm,, (Q) with rankT = n — 1, recall that there is an
associated special cycle Z(T') — M. The base change Z(T')c is smooth, proper, and quasi-finite
(and of dimension zero) over Spec C (Lemma 3.5.5, also Lemma 4.7.4).

For each place v of Q, select any a, € GL,,(F,) such that ‘a;'Ta;' = diag(0,77) for some
Tg € Herm,,_1 (F,}") with det Tg = (0. Choose any az € GL,_1(Fy) associated to a, via the Iwasawa
decomposition, as in (20.4.1) (if m =n — 1, we can just take a’, = a,).

For formation of local Whittaker functions, we use the standard additive character ¢b: Q\A — C*
with a0 (x) = €*™®. Suppose x = F*\A} — C* is a character satisfying x|yx = 7", where 7 is
the quadratic character associated to F/Q. For each prime p, we let ¢, = lz;l € S(V(Qy)™h
where 17, is the characteristic function of the lattice L, C V(Q,).

Proposition 21.1.1. Let C € Q¢ be the volume constant from Lemma 20.4.1(3), for the Hermit-

1an space V. and with vg = oo in the notation of loc. cit.. In the situation above, we have

h 7% o T7*
deg Z(T)¢ = wfc Wiy olas, 1/2)5 11 Wprm(al;,, 1/2,® ). (21.1.1)
p

Proof. As in Section 20.1, we write Qp(R) = {z € (V ®qg R)™ : (z,z) = T} for Q-algebras R.
Here deg Z(T')c denotes the (stacky) degree of Z(T')c over SpecC, as explained at the end of
Appendix A.1.

Suppose there is no tuple z € V™ such that (z,z) = T. By the Hasse principle, we conclude
Qr(Qy,) = 0 for some place vg of Q. Since rank(7") < n, we must have vy = oo (i.e. for F}, < oo, any
non-degenerate Hermitian F), vector space of rank n — 1 embeds into any non-degenerate Hermitian
F, vector space of rank n). We conclude that T2 (and '@’ T2.a’,) has signature (n — 1 —r,7)
for some r > 2. The proposition holds in this case because W;&m(al(’)o, 1/2)2 =0 (by (15.2.6) or
(20.2.2)).

Suppose there exists z € V™ such that (z,z) = T. For such z, write z, € VR and Ty €

(V ®q Af)™ for the respective images. By complex uniformization of special cycles (Section 11.5),

we have
h
degZ(T>c=w—§-degD@w>-deg vWV)@Q\ ] Pz (21.1.2)
xeVm
(z,z)=T

Here deg D(z,) is the degree of the Archimedean local special cycle D(z,,) C D (Section 8.2) for

any x € V™ with (z,2) = T. We know D(z,) is a single point if T is positive semidefinite, and
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empty otherwise. Hence degD(z,,) = Wq*,,, OO(a(bx), 1/2)2 (by (15.2.6), the right-hand side is 1 if
T, is positive definite and 0 otherwise).
We then use Lemma 20.4.1 to evaluate the groupoid cardinality in (21.1.2). O

Remark 21.1.2. Suppose 2 1 A and that L is self-dual (for the trace pairing, as is our running
convention). We then have C' = 2hr/wp in Proposition 21.1.1. Take any a € GL,,(F') such that
ta'Ta~' = diag(0,T°) where T° € Herm,,_;(Q) with detT” # 0. For each place v of Q, let
ay = a € GLy(F,). Set @’ = (a}), € GLy,(Ar) (running over places v of Q) in the notation above.
The proposition then states

h2 -
deg Z(T)¢c = 2175 -Er,(a’,1/2)5. (21.1.3)
F

Remark 21.1.3. As observed by Li and Zhang [LZ22a, Remark 4.6.2], Proposition 21.1.1 may
be proved using Rapoport—Zink non-Archimedean uniformization in essentially the same way. In-
deed, the horizontal local special cycle Z(T'),» — Spec Op[l/dr] is proper, quasi-finite, and flat
(Lemma 4.7.4), so we may calculate its degree in the fiber over any geometric point of Spec Or[1/dz].
Fix a geometric point in characteristic p > 0. Assume p # 2 if 2 is nonsplit in O, assume L, is
self-dual, and assume either p f A or that L is self-dual and 2 f A. Consider the n-dimensional
positive definite non-degenerate Hermitian space V with £(V,) = —1 and (V) = &(V;) for any
L p.

Using non-Archimedean uniformization, we may then argue as in the proof of Proposition 21.1.1
(see (11.9.6)), using the special value formula for degrees of local special cycles (Lemma 18.1.3),
and the formula for uniformization degrees (Lemma 20.4.1) for V and vy = p.

21.2. Complex volumes. Assume 2 is unramified in Op. For even integers n € Z~g, we show
that the global normalizing factors A, (s)S (Section 17.1) encode complex volumes of certain unitary
Shimura varieties (Propositions 21.2.1 and 21.2.3).

First consider n = 0 (mod 4). Let V be the unique F/Q Hermitian space of signature (n,0)
which satisfies €(V),) = 1 for all primes p (with € as in Section 2.2). Set G :=U(V), let L C V be
a full-rank self-dual lattice, and write K C G(Ay) for the adelic stabilizer of L. The following
proposition should be a special case of a unitary analogue of the classical Siegel mass formula. It
is included for comparison with the analogous volume identity for a signature (n — 1,1) unitary
complex Shimura variety. The left-hand side counts self-dual positive definite Op-lattices of rank
n, weighted by the inverses of the sizes of their automorphism groups.

Proposition 21.2.1. We have
#IG@QNG(Af)/KLf)] = 2A0(0);, (21.2.1)

where the left-hand side denotes groupoid cardinality.

Proof. Let 1p: Q\A — C* be the standard additive character with 1 (s) = €*™@. Let y: A5 — C*
be the trivial character.
For v = 00, let ¢,(z) = e*™*@2) ¢ §(V(R)") and let T € Herm, (R) be an arbitrary positive

definite matrix. For v < oo corresponding to a prime p, let ¢, = 17 € S(V(Qp)") and let T
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be the Gram matrix for any basis of L,. For such T, we have W7 (so);, = 1 for all v (Sections
15.2 and 15.5.7). Recall W7 (s)p = Ar1(8)pWrw(s, @,,) if v < oo (resp. Wiv(s)fle_Q”tr(T) =
A7 (8)y Wrw(s, @y, ) if v = 00); see Section 14.2.

Using these data, the local Siegel-Weil formula (Lemma 20.2.1) for each place v of Q shows that
vol(G(R) x K, f)~t = A,,(0)2 for the Tamagawa measure on G(A). Since G has Tamagawa number

2 [Ich04, §4], the proposition follows. O

Next, consider n = 2 (mod 4). Let V be the unique n-dimensional F//Q Hermitian space of
signature (n — 1,1) which satisfies €(V},) = 1 for all primes p. Again, set G :=U(V), let L CV be
a full-rank self-dual lattice, and write K7,  C G(Ay) for the adelic stabilizer of L. For sufficiently
small open compact Ky C G(Ay), there is a complex (analytic) Shimura variety

ShKf,(C = G(A)\('D X G(Af)/Kf) (21.2.2)

of dimension n — 1, where D is the Hermitian symmetric domain from Section 8.1 (the V' of loc.
cit. is our Vg, with C = F ®qg R-action). The metrized tautological bundle &V of loc. cit. descends
to Shi, ¢. For any open compact K} C G(Ay) and any sufficiently small K; C K}, we set

-~

Vol(ShKf@) = / 01(5)"71 VO](ShK/ﬁ(C) =

VOl(ShKf’(c). (21.2.3)
Shr ¢

1

(K K]

If K1/ 5 € G(Ay) is the adelic stabilizer of a full-rank lattice L' C V' which is self-dual for the
Hermitian pairing, the quantity VOI(ShK’LJ,C) was computed explicitly in [BH21, Theorem A]. We
show that the level K, ¢ (self-dual for the trace pairing) removes the additional factors at ramified
primes in loc. cit., and that the resulting complex volume agrees with 2A,,(0);, exactly.

The volume identity should also follow from [LL21, Footnote 11] (or possibly other geometric
Siegel-Weil results). We instead compute vol(Shy, , c) using [BH21, Theorem A] by calculating
the “change of level” via the following lemma.

Lemma 21.2.2. Let E;}} be a non-Archimedean local field of odd residue cardinality q,, and let
E,/E} be a ramified quadratic extension with involution a — a°.

Let W be a rank 2d non-degenerate E,/E} Hermitian space, and assume W contains a full-rank
lattice M C W which is self-dual (for the trace pairing). Let M' C W be any full-rank lattice which
is self-dual for the Hermitian pairing.

If K,K' CU(W) are the stabilizers of M and M’ respectively, we have

vol(K)
vol(K')

=27 (1449 (21.2.4)

for any Haar measure on U(W).

Proof. We know that any two full-rank lattices in W which are self-dual (resp. self-dual for the
Hermitian form) are isomorphic [Jac62, Proposition 8.1] (false if E is allowed to have residue
characteristic 2). Hence vol(K)/vol(K’) does not depend on the choice of M and M’ (nor the

choice of Haar measure).
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Let @ be a uniformizer of E,, and assume w’ = —w. The lattices M and M’ admit bases with

0 w! 0 1
(o) () 129

respectively. Choose a basis eq,...,eqq for M with Gram matrix as above. We may assume that

Gram matrices

M’ is the lattice with basis e, ..., eq, @eqyi1, ..., wesq. Let w (resp. W/) be the 2d-dimensional
vector space over F,, with symplectic pairing (resp. bilinear pairing) given by the block matrices

(50 = (1) 2120

If Py C Sp(W) and P C O(W) are the subgroups upper triangular matrices (in d x d blocks),

we have
#(K/(KNK')) = #(Sp(W)(Fy,)/ Pyr(Fq,)) (21.2.7)
#(K'/(K N E")) = #(O(W')(Fy,)/ Py (Fy,)). (21.2.8)
The lemma now follows from the formulas
d d
#Sp(W)(Fy,) = [J(a¥ = 1) #OW')(Fy,) = 2¢2@ V(g + 1) [ (¥ - 1)
i=1 1=1
d d
#Pir(Fy,) = ¢2 V2T — a7 #Pp(Fy,) = a2 V2T (@ - &) -
i=1 i=1

We return to the global situation with F'/Q as above and L C V a self-dual lattice.

Proposition 21.2.3. We have
vol(Shk, ;. c) = 2An(0)y,. (21.2.9)

Proof. If K1/ C G(Ay) is the adelic stabilizer of a full-rank lattice L' C V' which is self-dual for
the Hermitian pairing, the result [BH21, Theorem A] (see also [BH21, Theorem 5.5.1] to compare
cl(é\) with the Chern form of the metrized Hodge bundle; note our Eis £ in loc. cit. (up to
restricting)) gives

/2 ﬁ AIPT (s + §)L(2s + j, )
- 2]775+j

vol(Shg,, ) = [210@ [Ja+evoe (21.2.10)

E‘A s=0

where o(A) is the number primes dividing A. We assumed £(V;) = 1 for all ¢, and a direct
computation shows

N NPT (s 4 §)L(2s 4 4, m))

o _ An/2(s—1) J JsM

An(5)2 = A | |1 St (21.2.11)
J

(using even-ness of n). The claim now follows from the computation of vol(K7y, ¢)/vol(Kp, ¢) (for any
Haar measure on G(Ay)) from Lemma 21.2.2. Note that the only discrepancy between vol(Kp r)
and vol(Kp/ ¢) is at ramified primes, since self-dual lattices for the Hermitian pairing are the same

as self-dual lattices at unramified primes. O
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22. ARITHMETIC SIEGEL—WEIL

As above, we write F'/Q for an imaginary quadratic field with discriminant A, nontrivial involu-
tion a — a”, associated quadratic character n: Q*\A* — C*, class number hp, and wp = |OF|.
We fix the standard nontrivial additive character ¢: Q\A — C* with s (z) = €*@ for the
Archimedean place co. We allow 2 | A unless otherwise specified.

22.1. Main theorems. This section contains the statements and proofs of our main global results
(Theorem 22.1.1 and the secondary Theorem 22.1.6). Theorem 22.1.1 relies on essentially all preced-
ing results in this work (except for the computations in Section 19.2 and Section 21.2). In the proof,
we explain how to combine our local main results (proved in Part 6) and a (new) diagonalization
argument to deal with singular 7' (including those which are not-necessarily GL,,(OF)-conjugate
to a block diagonal matrix with nonsingular diagonal blocks).

Assume 2 { A, and let L be any non-degenerate self-dual Hermitian Op-lattice of signature
(n —1,1). Set n := rank L, and note n = 2 (mod 4) (by the global product formula for local
invariants of Hermitian spaces; note €(L,) = 1 for all primes p).

Form the associated (smooth) moduli stack M — Spec Op (Section 3.2). We are imposing “no
level structure” on M (i.e. Koy x Ky = K, s x K f in the notation of Section 3.4).

For any m, given T' € Herm,,(Q) (with F-coefficients), and given y € Herm,,(R)so (with C-
coefficients), recall that there is a arithmetic special cycle class [Z(T)] € (/?Bm(M)@ (Section 4.4)
and a normalized T-th Fourier coefficient E%.(y, s); (Section 17.1) of a U(m,m) Eisenstein series.
If rank(7T") > n — 1 or if T' is nonsingular and not positive definite, we are using the current gr,
from Section 12.4. The class [Z(T)] thus implicitly depends on y.

For special cycles Z(T') which are proper over Spec Op, recall that we have defined certain arith-
metic degrees without boundary contributions (4.7.1). These are the arithmetic degrees appearing
in our main theorem below.

For use below, we record the expression

An_i\(;‘(j)z/m = —%L(2s +1,9)T(s + 1)|A]H 27571 (22.1.1)
which follows from our formula for the normalizing factor A,,(s);, (17.1.2). We thus have
Ay b d < An(s)n ) _ohron (22.1.2)
An—1(1/2)° wg ds|,_o \An—1(s +1/2)5 wg €Y
where the left expression follows from the analytic class number formula, and hgi\/[ is the height
constant from (4.3.6).

Theorem 22.1.1 (Corank 1 arithmetic Siegel-Weil). Assume the prime 2 splits in OF.
(1) For any T € Herm,,(Q) with rank(T) =n — 1 and any y € Herm, (R)~q, we have

— = hrp d
deg([Z(T)]) = —— E7 o, 22.1.
RED) =155 Eily.o); (22.13)
(2) For any T° € Herm,,_1(Q) with det T” # 0 and any y* € Herm,,_;(R) <0, we have
— = N hp d ) b
deg([Z(T°) - &1 (EY)) = 25— n ; 1/2)3) . 22.1.4
R(E0) @) -2t p] (o m a1/ (221.4)
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Proof. In the theorem statement, [Z(T)] and [Z(T”)] are implicitly formed with respect to y and 1”,
respectively. Note that E7.(y, s); is a normalized Fourier coefficient for a U(n,n) Eisenstein series,
while E7, (3°,5)S is a normalized Fourier coefficient for a U(n — 1,n — 1) Eisenstein series. In the
theorem statement, note that Z(T) — Spec O and Z(T°) — Spec Of are both proper (Lemma
4.7.5), so we may use (4.7.1) to define arithmetic degrees without boundary contributions.

Note that part (2) is the special case of part (1) when 7' = diag(0,7”) and y = diag(1,%°). This
follows from the unfolding of Fourier coefficients in Corollary 17.2.2 (also the functional equation
in Lemma 17.1.1) and from the definition of arithmetic degrees in (4.7.1).

Fix T and y as in the statement of part (1) (not necessarily block diagonal). Fix any prime p.
It is enough to show that (22.1.3) holds modulo },, Q -log¢ (i.e. as elements of the additive
quotient R/(>, 2 Q- log ?)), where the sum runs over primes ¢ # p. Varying the prime p removes
this discrepancy (giving an equality as elements of R) because the real numbers log ¢ (ranging over
all primes ¢ in Z) form a Q-linearly independent set.

(Step 1: Diagonalize) For convenience, we fix an embedding F' — C. Pick any b € GL,,(F') such
that ' ' Th~! = diag(0, T”) for some T € Herm,,_1(Q) with det 7” # 0. We may (and do) assume
b € GL,(OF ®z Z(p)) as well. The proof below will show that the theorem holds modulo @ - log ¢
for primes ¢ such that b ¢ GL,(OFr ®z Zy))-

For each place v of Q, select any b# € GL;(F,) and bf) € GL,,—1(F,) associated to an Iwasawa
decomposition of b, € GL,(F}), as in (20.4.1) (where b, denotes the image of image of b). Also
consider the (unique) decomposition

iz (1 ¢ y* 0 10
i ( (0 (9 .

as in (12.4.4), where ¢ € My ,_1(C), y* € Rsg, and y* € Herm,,_1(R)s¢. Pick any af, € GL{(C)
and a’, € GLy_1(C) such that a¥taf = y# and o’ ta’, = 1.

Let a# € GL1(Ap) be the element with component af = bv# for places v < oo and a# = afo for
the place v = oco. Similarly define @’ € GL,_1(AF), and set a == diag(a#,a’) € GL,(AF).

By unfolding for corank 1 Fourier coefficients (Corollary 17.2.2) and Fourier coefficient invari-
ance properties (see (13.3.3), (13.3.4), (15.2.4), and (15.3.4) for U(m) invariance when v | co and
GL(Op+) invariance when v < 00), we find

B3 (y, 8);, = Xoo(d) ™" det(y) "?Ef:(m(a), s);, = Ef:(a, s);,
A”(S)O [ %

= |a*|% e DA
R 1(5+ 172
An(_s)%

~la#|5? N
Ap1(—s+1/2)°

(a5 +1/2);

(®,5 —1/2);

where T’ := diag(0,7”). We remind the reader that the notation FE(—,s)S is overloaded (Section

w_»

17.1, also end of Section 13.2) and has slightly different meaning when
versus h € U(m, m)(A) (e.g. h =m(a)).

is y € Herm,;,(R)so
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(Step 2: Leibniz rule) Since n = 2 (mod 4), the functional equation for E;,, (a”,5)° (Lemma
17.1.1) implies

d
— Dy ° 22.1.
ds 0 T(y7 S)n ( 6)
d An(s)
—2— #|3 n 1/2
ds 0 (’a |FAn—1($ 4 1/2)% Tb(a s+ / ) >

Since det T # 0, we may factorize E* ,(a’,5+1/2)° into a product of (variants of ) normalized local
Whittaker functions (17.1.8). Also recall the formulas in (22.1.2). We have |a£ l¢ =1 (¢-adic norm
of af) for any prime ¢ such that b € GL,,(Op ®z Z(;)) (by construction, this includes ¢ = p). By
the Leibniz rule, we thus find

ET(y,s), (22.1.7)

20\ d
wWg ds|,_g

=208) Ex, (a°,1/2);, (22.1.8)

- (js (|afo|go Vi . (a )> TIWs (4 1/2); (22.1.9)
l
d
- \ds

d ST/ * o
_ Z <d8 ’a?&’é T 0 aga ) H b 71/2)n (22111)
s=1/2

l#£p vF£L
The product in (22.1.9) runs over all primes ¢ (not including the Archimedean place oco). The
products in (22.1.10) and (22.1.11) run over all places v of Q (with v # p or v # £ as indicated),
including v = co. The sum in (22.1.11) runs over all primes ¢ # p. We remind the reader that

ot |0 = ahaks € Rso, by definition.

s=1/2

Vispla )H T olah 1/2)7 (22.1.10)

s=1/2 vEp

For all but finitely many primes ¢, the Hermitian matrix '@, 7°a, € Herm,,_1(Qy) defines a (non-

degenerate) self-dual Hermitian O ®y7Z-lattice. For such ¢, we have V[/:jib y

to 1 (as a function in the s-variable). This follows from (15.5.7) and an invariance property for local

(a), 5)¢ identically equal

Whittaker functions (15.3.4). In particular, the sums and products are finite in the right-hand side
of (22.1.7).

For every prime /¢, we have WTM(G%?S +1/2); € Z[E_l 075, 0%] (see (15.5.6), and again the
invariance property in (15.3.4)). We also have W;b’ (a2,1/2)° € Q for all place v of Q (if v | oo,
this quantity is 1 if 7 is positive definite and 0 otherwise by (15.2.6)). The quantity in (22.1.10)
thus lies in Q - logp, and the quantity in (22.1.11) thus lies in Z#p Q- logt.

As we explain below, every quantity on the right-hand side of (22.1.7) has geometric meaning
via our main local results, at least modulo Q - log ¢ for primes ¢ such that b ¢ GL,(OF ®z Z))-

(Step 3a: Local geometric interpretation: complex degree) Set Z(T)c = (Z(T) Xspec 0 Spec C)
for the embedding F© — C fixed above. We have deg Z(T')c = (degp Z(T") XSpec0p Spec F) =
2dego(Z(T) xspecz SpecQ) =: degy, Z(T) . Here degp and degg denote stacky degrees over

Spec I' and Spec Q, respectively, as defined at the end of Section A.1.
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By the geometric Siegel-Weil formula for Kudla-Rapoport 0-cycles over C (Proposition 21.1.1,
also Remark 21.1.2), we conclude

4h3, -
degy Z(T)r = 2deg Z(T)c = —4 B3, (a",1/2)3. (22.1.12)
wg

This gives a geometric interpretation of (22.1.8).
(Step 3b: Local geometric interpretation: at oo) We claim that

d B
Intoo (T, y) = 7 / <\afo\§o ;ib’oo(aboo, s)%) mod Z Q-logt (22.1.13)
s=1/2 u
bQGZLi(%lF%ZtZ(Z))

where Into (7', y) is the geometric quantity defined in (12.4.15).
Indeed, (12.4.8) implies

Intoo (T, y) = (22.1.14)
Intoo (17, a’ 1a%.) — log(|aZo]es) mod 3 fsuch that Q-logl if T" >0
o (22.1.15)
Intoo( 7aE>ot oo) mod Z £ such that Q : 10g£ if Tb )é 0.

bZGL (Or®27Z )

The notation 7° > 0 (resp. T° % 0) means that T° is positive definite (resp. not positive definite).
We have Into, (77, a’ 'a@) = Intoo (‘@ T?a’,, 1) (12.4.3). By our main Archimedean local identity

? OO OO
(Theorem 19.1.1), we have Int (‘a’ 17’ ,1) = 4 s:—l/QWt*ab Tab oo(s);’l.
The Whittaker function invariance property (15.2.4) implies W, s Toab (s)y = W;b(aboo, s)p. By
the Archimedean local functional equation (16.2.1) we have d% ‘3271/2W; Oo(a(bx), S = sl e 1/2I/V*

This is still true when 7” has signature (n — 1 — r,7) for r > 2, as both sides are zero in this case
(by definition for the geometric side, and by (19.1.5) for the local Whittaker function). As already
mentioned, recall that W}b(ab, 1/2)8 is 1 if T® is positive definite, and is 0 is 7” is not positive
definite (15.2.6). Now (22.1.13) follows from what we have just discussed.

Next, recall the global Archimedean intersection number Integ global (7> y) = [ Me 9Ty (where g7,y
is a current associated with 7" and y) as in (12.4.13). Recall the relation (12.4.14)

@\ J] D) (22.1.16)

xeVvVn
(z,2)=T

h
Intoo,global(Ta y) = wij;lntoo(Tay) ’ deg U(V)

where V = L®p, F' and D(z f) is a certain “away-from-00” local special cycle (it is a discrete set),
defined in Section 12.1. The displayed groupoid cardinality deg[---] describes certain “complex
uniformization degrees” (Section 12.4.13). If there exists x € V" with (z,z) = T, the groupoid
cardinality is

deg|U(V)@\ ] D(mp] 2hFH Wi (a},1/2); (22.1.17)
xev™
(z.2)=T

by local Siegel-Weil as in Lemma 20.4.1 (with vg = oo in the notation of loc. cit.). If there does

not exist such z, then the Hasse principle implies that 77 has signature (n — 1 — r,r) for some
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r > 2 (compare the proof of Proposition 21.1.1). In this case, we have %’s
(19.1.5). In all cases, we thus have

22 [ d
Int T,y)=——2L|—
n oo,global( 7y) w% <d8

=1/2‘/T/;b,oo(ab s)

(\aifi\io Vi oo(a )) [TWi (az1/2)5. (22.1.18)

modulo 7, Q-log ¢ for primes ¢ such that b ¢ GL,(Or®zZ()). This give a geometric interpretation
of (22.1.9).

(Step 3c: Local geometric interpretation: at p) Recall Int,(T) := Int s ,(T") + Inty ,(T") (11.9.9),
where Int 4 ,(T') is a “horizontal local intersection number” (11.9.1) and Inty ,,(7') is a “vertical local

s=1/2

intersection number” (11.8.1) associated with 7. The former describes “local change of tautological
(or Faltings) height” and the latter describes degrees for “components in positive characteristic” in
terms of local special cycles on Rapoport—Zink spaces.

We claim that

d N

Int,(T) = — Wz, (4, ) (22.1.19)

e =
Pds s=1/2
where e, = 1 if p is unramified (resp. e, = 2 if p is ramified).
d * b 1
s lo 1/2W (0 8)5 = =4 =12V,
The invariance property for Whittaker functions (15.3.4) implies W* (a" s)p I/Vt*ab Toa p (s)s-
P
Form the positive definite F'//Q Hermitian spaces W C V as in Sectlon 11 (recall (V ) =—1and
e(Vy) = (V) for all £ # p). Set Op, = Op ®zZyp. For any x, € W}, with Gram matrix 7' (such x,
exists because rank(7") < n—1; recall W has rank n if p is nonsplit and rank n—1 if p is split), there

First note that the functional equation (16.1.4) implies — (a" S)p-

exists a basis of Lb = spany,, (z,) with Gram matrix ta Tb b Indeed, we have a, € GL,(OF,)
II’, € GL,— 1((’)Fp) by construction (and recall a 1Ta, = diag(0,T") by definition). We

remind the reader that (15.5.6) may be used to pass between (normalized) local densities and local
Whittaker functions. We also pass between the notation Den*(X, Ll;;)n = Den*(X, tEI;,TbaZ,)n as
explained in Section 15.5. Now (22.1.19) follows from our main non-Archimedean local identity
(Theorem 18.1.2).

Next, recall the horizontal and vertical global intersection numbers Int sz p, s16ba1 (1)) and Inty p, s1obat (1)
at p, associated with 7" (see (11.9.7) and (11.8.3)). These are elements of Q - logp. Recall the F/Q
Hermitian space W+ defined in Section 11.3, which satisfies V.= W @ W+ (orthogonal direct
sum). In particular, W+ = 0 if p is nonsplit and dimp W+ = 1 if p is split.

By (11.9.7) and (11.8.3) (and in the notation of loc. cit.), we have

and a

h
Intp giobal(T) = ——Int,(T) - deg [Il ( 1 vow,)/K, L X Z(xp)>] (22.1.20)
Wr xXEW™
(xx)=T
The notation Z(xP) means a certain “away-from-p” local special cycle (a discrete set), defined
in Section 11.2. Recall that Kl,L; cU (Wj;) is the unique maximal open compact subgroup and
I = U(W) x U(WH) as algebraic groups over Q (Section 11.5). The displayed groupoid cardinality

deg[- - -] encodes certain “Rapoport—Zink non-Archimedean uniformization degrees”.
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If there exists x € W™ with Gram matrix 7', then local Siegel-Weil (Lemma 20.4.1) implies

deg[h(@)\( [T UWH)/Es xz(xp>] _ 2hr H 7 o(a,1/2)5 (22.1.21)

w
xEW™ Epwr |
(x,x)=T

(in the notation of Lemma 20.4.1, take vo = p and use the hermitian space V for the V in loc. cit.).

Set Qp(R) = {x € (W®qgR)": (x,x) = T} for Q-algebras R. If Qr(Q) = ), then the Hasse
principle implies Q7(Q,) = ) for some place v of Q. We have Qr(Qp) # 0 (either p is nonsplit and
W =V and the claim follows because rank 7' < rank W (compare the proof of Proposition 21.1.1),
or p is split and Q7(Q,) # () automatically). For all places v, we have Q7 (Q,) = 0 if and only if
Qigp rogs (Qy) = 0 (where Qigs 1vgs 1s defined like Q7 but for (n — 1)-tuples); this follows from our
diagonalization of T (e.g. ta; 'Ta;' = diag(0,7”) for all v < o).

If Qr(Q,) = 0, we thus conclude Wz’ib,v(az, 1/2); V[/t*bTbab (1/2);, = 0 by the invariance
property for local Whittaker functions (see (15.2.4) and (15.3. 4)) and by local Siegel-Weil (20.2.2).
Hence (22.1.21) holds even if there is no x € W™ such that (x,x) = T (both sides are 0 in this
case).

We have shown

2h% ( d
Intp,global(T) = £ (

2
wy \ ds

Vis p(@ps ) 11W5 (@ 1/2);. (22.1.22)
s=1/2 vtp
This gives a geometric interpretation for (22.1.10).

(Step 4: Finish) Recall the definition of arithmetic degree without boundary contributions
deg([?j’(T)]) (4.7.1). In our current situation, this is

deg([Z(T)]) = ( /M gT,y) +deg(EY|z(r),) + Y _ degg, (“Z(T)y ) log .
C l

where the sum runs over all primes ¢. By definition, we have

/ 91y = Itos gobat (T,y)  degy, (“Z(T)y ) log £ = Inty 4 giobal(T)

Me N o (22.1.23)

deg(£Y|z(r),,) = (degy Z(T)¢) - hEY + > It g grobar (T)
¢

where h%\/{ is the height constant from (4.3.6). See (12.4.13) (Archimedean), (11.8.3) (vertical),
and (11.9.8) (horizontal). For all primes ¢, we have Inty ¢ g1obal(1') € Q -log ¢ and Int - ¢ giobat (1) €
Q - log#. These quantities are 0 for all but finitely many £.
After multiplying both sides of (22.1.7) by 2(hr/wr)?, we apply the results of Steps 3a, 3b, and
3c above (see (22.1.12), (22.1.18), and (22.1.22)) to find
hp d o .=
——|  Er(y,s), =deg([Z2(T)]) (22.1.24)
wr ds|,_
as elements of R/(3_,,,Q-logf). As we already discussed, varying p shows that this identity holds

as an equality of real numbers. O
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Remark 22.1.2 (Nonsingular arithmetic Siegel-Weil). In the setup above (in particular, n = 2
(mod 4)), consider any T" € Herm,,(Q) with detT # 0 and any y € Herm,,(R)so. Assuming the
prime 2 is split in O, we still have

dea(Z(0)) = “E Lm0, (22.1.25)
wr ds|,_

where the Green current for [Z(T)] is formed with respect to y, and where d/(%([ZA (T)]) again denotes
the arithmetic degree without boundary contributions as in (4.7.1). This should be compared with
our preceding main theorem for singular 7" of corank 1 (Theorem 22.1.1).

Using the local theorems of Liu, Li-Zhang, and Li-Liu (cited below), one can prove (22.1.25) by
a local decomposition as in the proof of Theorem 22.1.1 (no diagonalization procedure is necessary
here) using the volume constant calculated in Lemma 21.1.1. This is possibly considered known to
experts up to a volume constant by the cited local theorems. Nevertheless, the global statement is
not available in the literature, so we have stated it. A sketch is provided below.

Decomposing E7}.(y, s);, into a product of local Whittaker functions (Section 17.1), we find

d . . d
% SZOET(ya S)n = (dS 0 TOO y7 ) HWTZ (22126)
+2. <d8 Wrp(5)n )WTOO y, 005 [ Wie(0);, (22.1.27)
P - t#p
d/%([ZA(T)]) = Intoo,global(T, y) + Z Intp,global(T). (22128)
p

o

5 are

At most one of the summands is nonzero (see below), and all but finitely many W7 ,(s)
identically equal to 1 as functions of s. In contrast with our main theorem, these intersection
numbers Intp’global(T ) are “purely vertical”, without a mixed characteristic contribution.

In this setup, the local Archimedean theorem [Liull, Theorem 4.1.7] (restated in our notation
in Theorem 19.1.1) and the local Kudla-Rapoport theorems [LZ22a, Theorem 1.2.1] (inert) and
[LL22, Theorem 2.7] (ramified, exotic smooth, even n) take the place of our main local identities
(which were for corank 1 singular 7). In combination with local Siegel-Weil with explicit constants

(Lemma 20.4.1(1)), the cited local theorems imply

d
Intoo,global (T, y) = (ds WT ooy, s > HWT,p (22.1.29)

s=0

Wi p(s)n )WTOO y, 005 [ Wi.0(0);, (22.1.30)
=0 G

d
Intp,global (T) = <dS

in our notation (end of Sections 12.4 and 11.8 respectively).

To apply local Siegel-Weil in the preceding discussion, we have in mind a (presumably routine)
Hasse principle argument (compare [KR14, §9]). We briefly sketch this argument in our setup. For
any prime p, set &,(T) = 1,((—1)""~1/2det T) (the usual local invariant from Section 2.2), where
np: Qp — {F1} is the local quadratic character associated to F'/Q.

We have Into giobal(7,y) = 0 unless T has signature (n — 1,1) and ¢,(7) = 1 for all p. For

such T, the special cycle Z(T) is empty (but may have a nontrivial Green current). We have
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Int,, giobal(7) = 0 unless T is positive definite, €,(7") = —1, and €¢(T") = 1 for all primes ¢ # p. For
such T', the special cycle Z(T') is supported in characteristic p (or empty). For all other T, the special
cycle Z(T) is empty with Green current 0. These claims follow from e.g. uniformization of special
cycles (e.g. Sections 12.4 (Archimedean) and 11.8 (non-Archimedean)) and the Hasse principle
(e.g. applied to V from loc. cit. in the non-Archimedean case). In particular, Int, giobai(77) = 0 if
p is split in Op, and Z(T') is empty over any split p.

On the analytic side, we have W7 (0); = 0 if £,(T") = —1 (by local Siegel-Weil (20.2.2), or the

functional equation (16.1.4)) and W7 (y,0); = 0 if T' is not positive definite (local Siegel-Weil
again, or (15.2.6)). If 7" has signature (n — r,r) for r > 2, we have %’s:OWfoo(y, s)p =0 (19.1.5).

For the analogous global result (still det7" # 0 and 7' € Herm,, central derivative) for an
unramified CM extension of number fields F/F* where all 2-adic places are split (forcing F* # Q)
and a lattice L which is self-dual for the Hermitian pairing, see [LZ22a, Theorem 15.5.1] (at least
up to a volume constant). For the analogous global result (still det 7" # 0 and 7' € Herm,,, central
derivative) for possibly ramified F/F* where all 2-adic places are split, on Kramer integral models
(semistable reduction at ramified primes), and again L self-dual for the Hermitian pairing, see
[HLSY23, Theorem 10.1] (at least up to a volume constant). For the result on Krémer models, one

needs to correct the Eisenstein series derivative by special values of other Eisenstein series.

Remark 22.1.3. When n = 0 (mod 4), there is no non-degenerate self-dual signature (n — 1,1)
Hermitian Op-lattice. In this case, Theorem 22.1.1(1) still holds in the sense that d% L:OE}(y, s)y =
0 (by the functional equation, Lemma 17.1.1).

Remark 22.1.4. We explain how Theorem 22.1.1 may be reformulated in terms of Faltings heights.
Assume 2 is split in Op. Let @ be the metrized Hodge bundle on M as defined in Section 4.3. Take
T € Herm,,(Q) with rank(7") = n — 1. By (11.9.10), we have

deg(@|z(1),,) = (degz Z(T)¢) - n- hEY =23 nt s giobar (1) (22.1.31)
p

where h&M is the Faltings height of any elliptic curve with CM by O (as in (4.3.5)). By definition

of Faltings height, we have

deg@lzir,) =2 . | Aut(e))| " hpa(A) (22.1.32)
o’ €Z(T)(C)
where o = (Ao, Lo, Ao, A, t, A) € Z(T)(C) (choose F' — C), and where hpa(A) is the Faltings height
of A (as in Section 9.1) after descent to any number field, with metric normalized as in (4.3.1).
Alternatively, we could consider morphisms Spec C — M over SpecZ, which would remove the
factor of 2 in the previous formula.

Our main theorem (Theorem 22.1.1) admits the equivalent formulation
1— n
Itoc globat (T, y) — 5deg(®]z(r) ) + (degz Z(T) ) - (R + 5 hiat) + Y Tty p giobal (T)
P

hrp d
_ E o 22.1.33
ol Ers (2219

207



via the decomposition in (22.1.23). We remind the reader that degy Z(T") ,» is essentially a special
value of a U(n — 1,n — 1) Eisenstein series (22.1.12). For further discussion of the special case
n = 2, see Section 22.2.

In the rest of Section 22.1, we discuss some results which are applicable even if L is not self-dual.

Allow possibly 2 | A, and let L be any non-degenerate Hermitian O p-lattice of signature (n—1,1)
(with n not necessarily even). Select any character x: F*\Ay — C* such that x|yx = n",
where 7 is the quadratic character associated with F//Q. Set V = L ®¢,, F, with associated local
Hermitian space V,, for each place v of Q. Suppose m’ > 0 is an integer. For each prime p, let
@Ib) = ITL”: € S(V;)mb), form the local Siegel-Weil standard section @, € I(xv,s), and set

o =) R, € I(x.5) (22.1.34)
p

where the Archimedean component @g) is the standard (normalized) scalar weight section from
Section 13.2. Form the associated classical U(m”, m”) Eisenstein series F(2°,s, ®1), for 2° € H, »,

and consider the normalized Eisenstein series Fourier coefficients

* 777,b —mb [}
B (Y5, @)y = (Hm(vp) vol(L,) )Amb(s)nETb(yb,s,q)L)n (22.1.35)
p

for T € Herm,,,(Q). We are not sure whether this is a “good” normalization if L is not self-dual,
so the preceding notation appears nowhere else in this work. As in Section 15.3, 7y, (V)) is a Weil
index and vol(Ly;) is the volume of L, with respect to a certain self-dual Haar measure on V,, (these
factors are 1 for all but finitely many p).

Form the moduli stack M — Spec Op[1/dy] associated with L as in Section 3.1 (also Section
3.2).

Remark 22.1.5. Since the proof of Theorem 22.1.1 is local in nature, it is possible to use our local
main theorems to prove variants for non self-dual L, up to discarding finitely many primes.

Set m* = n — 1. Consider T" € Herm,,_1(Q) with det T £ 0. Let C € Qs be the volume
constant from Lemma 20.4.1(3), for the Hermitian space V' and with vg = oo etc. in the notation
of loc. cit.. Consider 3* € Herm,_1(R)so. Form [Z(T”)] with Green current with respect to 3.
Arguing as in the proof of our main theorem (Theorem 22.1.1) gives

d

deg(|2(T°)] (€)= C -

An(s)3 b
0 <An1(5+1/2)% (Y, s+1/2,0p) ) mod > Q-logp
S pl2dr
(22.1.36)

For proving (22.1.36), the diagonalization argument (Step 1) in the proof of Theorem 22.1.1 can
be skipped. If 2 is split in Op, the expression “2d;” in (22.1.36) may be replaced by “d;”.

In the case n = 1, recall that M extends smoothly (and nontrivially) over all of Spec O (Remark
3.1.4). In this case, we need not discard any primes in (22.1.36). As m® = 0, the normalized

U(m’, m”) Eisenstein series E* is the constant function 1 in this case.
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Recall that our main Archimedean local result was valid in arbitrary “codimension” for empty
local special cycles with possibly nontrivial Green current (“purely Archimedean intersection num-
ber”). This has the following global consequence.

Theorem 22.1.6. Let m’ be any integer with 1 < m” < n. Consider T" € Herm,, (Q) which is
nonsingular and not positive definite. Let C' € Qs be the volume constant from Lemma 20.4.1(1),
for the Hermitian space V', the lattice L, and vg = oo in the notation of loc. cit..

For any y’ € Herm, , (R)~o, we have an equality of real numbers

T = -~ n—m n—m n—m hp d *
deg([Z(T")]-@(EV)"™) = / Grs yp N e1(EY) = (-prme. SR (8, L)

Me ’wiFdS s—gb
(22.1.37)

30

where s} = (n —m”)/2.

Proof. In the theorem statement, we set M¢ := M Xgpec 0, Spec C for either choice of embedding
F — C. Recall that the special cycle Z(T7) is empty by the non-positive definite-ness (Section
3.3). The current g7» ,» associated with [ZA (T?)] is formed with respect to 3°, as usual.

Using our main Archimedean result (Theorem 19.1.1) and local Siegel-Weil (Lemma 20.4.1) for
uniformization degrees, the theorem follows as in the proof of Theorem 22.1.1, Step (3a). Since
det T° # 0, the proof is simpler here as the diagonalization argument of loc. cit. plays no role.
Recall Wj’ibpo(yb, 59)8 = 0 (15.2.6), so the derivatives of non-Archimedean Whittaker functions play
no role. If T has signature (m” — r,r) for 7 > 2, then both sides of (22.1.37) are zero. The sign
(—1)”*7”b comes from the Archimedean local functional equation (Lemma 16.2.1), since Theorem
19.1.1 was stated at s = —s%. O

When m’ = n, the preceding result is due to Liu (see [Liull, Theorem 4.17, Proof of Theorem
4.20] and also [LZ22a, Theorem 15.3.1]). We do not have a new proof of this case (we deduced our
local result for arbitrary m’ from Liu’s result using our local limiting method).

22.2. Faltings heights of Hecke translates of CM elliptic curves. Using the Serre tensor
construction, we restate part of the simplest case (n = 2) of our main theorem (Theorem 22.1.1)
in more elementary terms, via Faltings heights of Hecke translates of CM elliptic curves (Corollary
22.2.2).

We assume 2 1 A, but allow 2 inert or split in Op for the moment. When n = 2 and L is a
self-dual Hermitian Op-lattice of signature (1, 1), recall

M = %0 XSpec(’)F .//(1, 1)0 (22.2.1)

in the notation of Section 3.2. Recall that .# is the moduli stack parameterizing (Ao, to, Ao)
where A is an elliptic curve with signature (1,0) action ¢y by Op, and Ao the unique principal
polarization. Recall that .#(1,1)° is the closure of the generic fiber in the moduli stack of signature
(1,1) Hermitian abelian schemes (A, ¢, \) where |A| - X is a polarization with ker(|A|- ) = A[VA].

For integers j > 0, we first recall how to relate the special cycles Z(j) — M to Hecke translates

of CM elliptic curves, as explained in [KR14, §14]. Our |A|- X is their A.
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Write .4 for the moduli stack of elliptic curves base-changed to Spec Op. If O}, := Homgz(OF, Z),
we write A\i;: O — O% for the o-linear map corresponding to the symmetric Z-bilinear pairing
trr/g(a’d) on Op. As in [KR14, §14], there is a Serre tensor morphism

A AT (22.23)

EFr— F®yO0fp

where F ®7 OF is given the polarization |A|"'(A\g ® \;): F ®z O — EY ®z O%. As we have
seen previously, £ ®z Op is (by definition) the functor given by (E ®z Op)(S") = E(S") @z OF for
schemes S’ (over the understood base for E).

For the rest of Section 22.2, we now assume O = {£1}. In this case, the Serre tensor morphism is
an open and closed immersion.*” Indeed, igere is proper (valuative criterion) and a monomorphism
of algebraic stacks, hence a closed immersion of algebraic stacks. Since the source and target are
Deligne-Mumford, smooth, finite type, and separated over Spec Of of the same relative dimension,
this implies that igere 1S also an open immersion.

The class group Cl(Op) acts .#(1,1)° as follows. Given any fractional ideal a C F, set a¥ =
Home,.(a,OF), and consider the o-linear map Aq: a — a" given by the perfect positive-definite
Hermitian pairing a,b — N(a)"'a’b on a. There is an induced automorphism of .#(1,1)° sending

(A, 1, A) = (ARo, 4,6, A ® Aq). (22.2.3)

The action of Cl(OF) on .#(1,1)° is simply transitive on the set of connected components (see
the proof of [KR14, Proposition 14.4]). There is a similar action of Cl(Op) on .#, which sends
(Ao, Lo, Ao) = (Ao @0, a,10, Ao ® Ag). Given a fractional ideal a C F', we write f,: M — M for the
induced automorphism just described.

Given any integer j > 0, the action of Cl(Op) preserves Z(j), in the sense that there is a
2-Cartesian diagram

2() I 2(j)

l l (22.2.4)
ML m
for any fractional ideal a, where fy sends
(Ao, Lo, Aoy A, 1, A\, ) = (Ao ®op 8,00, 0 @ Ag, A RO, 0,6, AR A\g, . ® 1) (22.2.5)

for z € Home, (A, A) satisfying xTz = j.

Consider the j-th Hecke correspondence T; — Mo Xspec 0 AMen, Wwhere T is the stack parame-
terizing tuples (Ey, to, \o, E,w) for (Ey, o, \o) € Ay, for E € Moy, and w: E — Ej an isogeny of
degree j.

47The hypothesis O = {+£1} should be added in [KR14, Proposition 14.4], as otherwise Aut(F) # Aut(E ®z OF)
(right-hand side means Op-linear automorphisms preserving the polarization) so iserre: Aen — #(1,1)° is not a
monomorphism and hence cannot be a closed immersion in the sense of [SProject, Section 04YK]. The remaining

arguments are the same at least if 2 { A.
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Consider the map 4y x My — M induced by igere (and the identity on .#;). The Kudla—
Rapoport cycle Z(j) pulls back to the Hecke correspondence 7j, i.e. there is a 2-Cartesian diagram

T ——— 20)
l l (22.2.6)
Mo XSpec O Met —> M
where T; — Z(j) sends
(Eo, Lo, Ao, E,w) — (Eo, to, Aoy, E @7 Op, 1, \E @ Az, Tp) (22.2.7)

(with Ag denoting the unique principal polarization of E) and where x,,: Ey — E ®z OF is the
Op-linear map such that \/ijﬂ € Homp,.(E ®z OF, Ey) corresponds to w via the adjunction

Homo,. (E ®z OF, Ey) = Hom(E, Ey). (22.2.8)

Here, we are implicitly claiming deg(w) = zlyzp. The fact that (22.2.6) is well-defined and 2-
Cartesian is proved in [KR14, Proposition 14.5].

We next discuss the Eisenstein series of Theorem 22.1.1(2) in more elementary terms when
n = 2. In this case, the U(1, 1) Eisenstein series £*(z,s)§ (with m = 1 in our usual notation, and

normalized as in Section 17.1) admits the classical expression

qs+1/2 ys1/2
E* 5=———"T 3/2)C(2s +1 22.2.9
(2193 = =gz DO +3/20+D) Y, e e (22.2.9)
(c.d)=1

for z = x+iy € H, where H C C is the usual upper-half space (here z corresponds to 2” in Theorem
22.1.1(2)).

For nonzero j € Z, the (normalized) j-th Fourier coefficient of E*(z, s)§ factorizes into (normal-
ized) local Whittaker functions

Ei(y,5)5 = Wieo(y,9)5 [ [ Win(s)5 (22.2.10)
p

as in Section 17.1. We have the formulas

W;p(s)g — pvp(j)(s+1/2)o._2s(pvp(j)) H ijp(s)g _ |j|s+1/20—23(‘j‘) (22'2‘11)
p

where v),(—) means p-adic valuation and
os(lj]) =) _d° (22.2.12)
dllsl

is the classical divisor function. These formulas for local Whittaker functions are likely classical,
but they also follow from (18.2.8) on local densities (translation to local Whittaker functions via
(15.5.6)). A integral expression for W} (y,s)3 may be found in Section 19.2. For j > 0, recall
Wio(y,1/2)5 =1 (15.2.6).

We require j > 0 for the rest of Section 22.2. Fix an embedding F' — C. Given a CM elliptic
curve (Ey, g, \o) € #,(C), we consider the set of j-th Hecke translates of Ey given by

T;(Eo) = {(Eo, t0, Mo, E,w) € T;(C)}. (22.2.13)
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Phrased alternatively, the fiber of 7; — .# over the point Spec C — .#{ corresponding to Fjy is a
finite scheme over Spec C, and T;(Ey) is its set of C-points. We set

deg T;(Eo) = |Tj(Eo)l  hpa(Tj(Eo)) == Y hpa(E) (22.2.14)
EcT;(Eop)
where | —| denotes set cardinality, the sum runs over (Eo, o, Ao, £, w) € Tj(Ep), and hpa(E) denotes
the Faltings height of E' (with metric normalized as in (4.3.1), see also Section 9.1) after descending
from C to any number field.

The following lemma states that the (total) Faltings height of j-th Hecke translates of a chosen
elliptic curve with CM by Op does not depend on the choice of CM elliptic curve. It should admit
a general formulation in terms of Hecke correspondences over .#;. We give a more elementary
treatment in the spirit of this section.

Lemma 22.2.1. Fiz j € Z~o. For any (Eop, 0, Xo) € #o(C) and (E{, t{,, X)) € #o(C), we have
deg Tj(Eo) = deg Tj(Ey)  hra(T;(Eo)) = hra(T;(Ep)). (22.2.15)

Proof. Given any d € Z, we claim that there exists an isogeny ¢: E) — Ey of degree prime to d.
Consider

Ey(C)=C/Ag E{(C) =C/Aj (22.2.16)
for lattices Ag and A{. Without loss of generality, we may assume Ag = Or C C and that A} = a;,
for some fractional ideal a6 C C. By the Chinese remainder theorem, we can assume a6 C Of and
that afj has norm prime to d (without changing the ideal class of aj)). The inclusion aj C Op gives
an isogeny E{) — Ey of degree prime to d.

Let p be any prime. Let ¢: Ej — Ep be an isogeny of degree prime to pj. As above, we view
¢: Eo(C) — E{(C) as an inclusion of lattices Aj — Ag of index prime to pj. There is an induced
bijection

TilE) —— Ti(£) (22.2.17)

A —— ANA].
We are viewing A as the element C/A — C/Ag of T;(Ep), and similarly for A N A§,.

The isogeny C/(A N Aj) — C/A has degree deg ¢, which is prime to p. As these elliptic curves
are defined over Q, this isogeny also descends to Q. By the formula for change for Faltings height
along an isogeny (9.2.4), we conclude hpa(7;(Eo)) — hral(T;(E))) € D pjgeg s @ - log €. Varying p
shows hpa1(T;(Eo)) = hral(T;(E})), as the real numbers log p are Q-linearly independent for varying
p. [l

Consider any (Eo, o, A\o) € #p(C). Using (22.2.6) (Kudla-Rapoport cycle pulls back to Hecke
correspondence), the geometric Siegel-Weil statement in Remark 21.1.2 implies

h? h?
—L deg Tj(Eo) = 2—5-E5 (y,1/2)5 (22.2.18)
W Wx

for any y € Rsg. On the left, one factor of hy appears because the Serre tensor morphism
iSerre: Moy — A (1,1)° is the inclusion of one connected component (and .#(1,1)° has hp con-

nected components, by the action of Cl(Op) discussed above; we discussed that this action is
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compatible with Kudla—Rapoport cycles). On the left, the additional factor hp/wp appears via
Lemma 22.2.1 (instead of summing over .#,(C), it is enough to consider a fixed Ey and multiply
by hr/wr = dege (Ao Xspec 0, Spec C)).

By the formulas in (22.2.11) and surrounding discussion, this recovers the well-known identity
deg T;(Eo) = o1(j) for degrees of Hecke correspondences (recall our running assumption |Ox| =
{£1} for most of Section 22.2, i.e. wp = 2).

In the next lemma, h%\f = hpa(Ep) is the Faltings height of any elliptic curve with CM by Op
(4.3.5). It is well known that this does not depend on the choice of CM elliptic curve (also follows
from Lemma 22.2.1).

Corollary 22.2.2. Suppose 2 is split in Op. For any integer j > 0 and any CM elliptic curve
(Eo, to, Mo) € Ap(C), we have

1d

B (T3 (B0)) — o1(7) - BN = =<

5 1 (jS“/ 20_25(.7')) : (22.2.19)

s=1/2

Proof. Set n = 2 and consider the 2 x 2 matrix 7" = diag(0, j). Again using (22.2.6) to pull back
Kudla—Rapoport cycles to Hecke correspondences, we have

2
2hF (2hpat (T} (E0)) — 2(deg T;(Eo)) - him') = =2 It p giobar (T) (22.2.20)
P

in our previous notation (Remark 22.1.4). On the left, the outer factor of 2 has the same explana-
tion as in (22.1.32) (see following discussion). The factor h%/wp has the same explanation as in
(22.2.18), via Lemma 22.2.1 on Faltings height. The factor of 2 in 2hp.(7;(Ey)) appears because
hpal(E ®70F) = hpa(E x E) = 2hga(E). The factor of 2 in 2(deg T;(Ep)) - hEM is the n in Remark
22.1.4.

In our previous notation, we have Int«ypglobal(T) = 0 for all primes p as the vertical special
cycle class “Z(T)y , is 0 when n = 2 (Lemma 11.7.6). Hence Inty gional(T) = Itz p global(T) +
Inty ¢ global(T') = Int_z p globat (1)

Then (22.1.22) (“horizontal local part” of our main result) implies

_ 2h% [ d
Ity gionat(T) = =5~ | -~ 5| TTWre1/2)s (22.2.21)

W 8:1/2 0£p
for all p (in the notation of loc. cit., take T” = 5, a’, = 1 for all v < oo, and recall our notation
W* L1, 8)p = W;b (s)s). Since j > 0, we have used * o(1/2)§ =1 (15.2.6) as recalled above.

Comblmng (22.2.21) and (22.2.20) along with the formula deg T;(Ep) = 01(j), we obtain

(H Wi, (1/2) ) (22.2.22)

where the product runs over all primes (not including the Archimedean place). The corollary now
follows from the formulas in (22.2.11). O

. 1d
hral(T;(Eo)) — 01(j) - hiay = >ds

s=1/2
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Appendices
APPENDIX A. Ky GROUPS

A.1. Ky groups for Deligne-Mumford stacks. Suppose X" is a Noetherian Deligne—-Mumford
stack. There are at least two different ways one might define Ky groups for X. One way is to
define a K-theory spectrum for A using the K-theory spectra of schemes in the small étale site
of X, as in [Gil09, §2]. This is the approach used in [HM22]. Another way is to simply mimic a
definition of Ky for schemes and consider perfect complexes on the small étale site of X'. These
two approaches will in general result in different Ky groups [HM22, Remark A.2.4]. At least if X is
regular (and, say, with the additional running hypotheses of [HM22, Appendix A]), there is a map
from the latter Ky group to the former Ky group [HM22, (A.7),(A.8)].

In this paper, we take the latter approach and mimic constructions for schemes to define Ko(X').
Our definitions and notation will be analogous to those for schemes in [SProject, Section 0FDE].
When defining dimension/codimension filtrations on K,(X') (with notation and hypotheses as be-
low), we will require existence of a finite flat cover by a scheme (enough for our intended application).
A similar approach appears in [YZ17, Appendix A] (at least for K)), but there the stacks are over
a base field. We need a slightly more general setup which allows base schemes such as Spec R for
Dedekind domains R.

Suppose X is a Deligne-Mumford stack. By an Oy -module*® , we mean a sheaf of modules on the
small étale site® of X. Similarly, quasi-coherent Ox-modules will mean quasi-coherent sheaves of
modules on the small étale site. When X is locally Noetherian, we will also speak of coherent O -
modules on the small étale site, which are the same as finitely presented quasi-coherent O y-modules
in this situation.

Suppose X is a locally Noetherian Deligne-Mumford stack. The category Coh(Oy) of coherent
Ox-modules forms a weak Serre subcategory of the abelian category Mod(Oyx) of Oy-modules
(reduce to the case of small étale sites of schemes and apply [SProject, Lemma 05VG, Lemma
0GNB]J). We may form derived categories such as

D(Ox) D"(Ox) Dpuf(Ox) Dlayy(Ox) D'(Coh(Ox)) (A.L1)

which denote the derived category of Oxy-modules, bounded derived category of Oxy-modules, de-
rived category of perfect objects (definition as in [SProject, Section 08G4]) in D(Ox), bounded

48This is one of the only places where our conventions differ from the Stacks project [SProject, Chapter 06 TF],
which mostly works with sheaves on big sites (say, fppf and étale) for general algebraic stacks. Restriction from these
two big sites to the small étale site (for Deligne-Mumford stacks) induces equivalences on categories of quasi-coherent
sheaves. But the equivalences are not compatible with pushforward, and are also not compatible with exactness for
Ox-modules on big sites versus small sites.

49The small étale site is as defined in [DM69, Definition 4.10]: the underlying category has objects which are
pairs (U, f) for f: U — X an étale morphism (definition as in [SProject, Definition 0CIL]) from a scheme U, and
morphisms are pairs (g,¢): (U, f) — (U’, f') where g: U — U’ is a 1-morphism and &: f — f'og is a 2-isomorphism.
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derived category of Oxy-modules with coherent cohomology, and the bounded derived category of
coherent Oy-modules, respectively.

If X happens to be a scheme, then D, f(Ox) and D%, ,(Ox) and D°(Coh(Ox)) will agree with
the usual constructions using the small Zariski site instead of the small étale site, via comparison
results such as [SProject, Lemma 08HG, Lemma 071Q, Lemma 05VG].

Definition A.1.1. Let X be a locally Noetherian Deligne-Mumford stack. We set
Ko(.)() = KO(Dperf(OX)) K(,)(X) = Ko(COh(Ox)) (A.1.2)

Above, the left expression means K of a triangulated category and the right expression means
Ky of an abelian category. If X is a locally Noetherian Deligne-Mumford stack, we have canonical

identifications
Ko(Col(Ox)) = Ko(D(Coh(Ox))) = Ko(Dgp(Ox)) (A.1.3)

as in [SProject, Lemma OFDF] (the case of schemes) by general facts about derived categories (see
also [SProject, Lemma 0FCS]).

If X is a quasi-compact locally Noetherian Deligne-Mumford stack, there is an inclusion Dye(Ox) —
D% ,(Ox) and a corresponding group homomorphism Ko(X) — K{(X). If X is a regular lo-
cally Noetherian Deligne-Mumford stack (not necessarily quasi-compact), there is an inclusion
D% . (Ox) — Dperf(Ox) and a corresponding group homomorphism K{(X) — Ko(X). If X is
a locally Noetherian Deligne-Mumford stack which is both quasi-compact and regular, we have
Dyerf(Ox) = D%, (Ox) and a corresponding isomorphism

Ko(X) = K}(X). (A.1.4)

These claims follow from the corresponding facts for schemes [SProject, Lemma 0FDC] and com-
parison results mentioned previously.

The derived tensor product ®“ on D(Oy) gives Ko(X) the structure of a commutative ring.
Compatibility of @ with the case when X is also a scheme follows from the displayed equation in
the proof of [SProject, Lemma 08HF] (comparison between the small Zariski and small étale sites).

We next describe dimension and codimension filtrations. Our setup for dimension theory is as in
[SProject, Section 02QK]. That is, we work over a locally Noetherian and universally catenary base
scheme S with a dimension function d: |S| — Z (which we typically suppress). Typical setups will
be S = Spec R for R a field or Dedekind domain, where ¢ is the dimension function sending closed
points to 0. Any Deligne-Mumford stack X which is quasi-separated and locally of finite type over
S inherits a dimension function dyx: |X| — Z (work étale locally to pass to the case of schemes;
the case of algebraic spaces is [SProject, Section OEDS]). If X is equidimensional of dimension n,
then n — dy is also the codimension function (given by dimensions of local rings on étale covers by
schemes).

For a scheme X which is locally of finite type over S, consider the full subcategory Coh<q(Ox) C
Coh(Ox) consisting of coherent O x-modules F with dim(Supp(F)) < d. Then there is an increasing
dimension filtration on K{(X) = Ko(Coh(Ox)) given by the image

FuK)(X) = im(Ko(Cohg(Ox)) — Ko( Coh(Ox))) (A.1.5)
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as in [SProject, Section OFEV]. We similarly consider the full subcategory Coh=™(Ox) C Coh(Ox)
of coherent sheaves supported in codimension > m, and form the decreasing codimension filtration

FMK(X) = im(Ko(Coh=™(Ox)) — Ko(Coh(Ox))). (A.1.6)

When X is equidimensional of dimension n, we have F"K((X) = F,,_, K{(X).

For the case of Deligne-Mumford stacks, one could consider naive dimension/codimension filtra-
tions on K(X) by mimicking the definition for schemes. This may not be a well-behaved notation,
and we instead take the filtration defined in [YZ17, A.2.3] (with Q-cofficients).

Definition A.1.2. For S as above, let X be a Deligne-Mumford stack which is quasi-separated
and locally of finite type over .S. Suppose there exists a finite flat surjection 7: U — X from a
scheme U. Pick such a morphism .

The dimension filtration on K{(X)q is the increasing filtration given by

FuK{((X)g ={B € K{(X)g: 7B € F4K{(U)g} C Ky(X)g (A.1.7)
for d € Z. If X is equidimensional, we also consider the decreasing codimension filtration on K{(X)q
given by
F"Ky(X)g ={B € K\{(X)g: 78 € F"K{(U)g} C K{\(X)q. (A.1.8)
for m € Z.

For X as in the preceding definition, the filtrations just defined give rise to graded pieces
gry K (X)g = FyK\(X)g/Fa_1KH(X)g and g™ K\ (X)g = F™K)(X)g/F™ 1 K)(X)g. If X as
above is equidimensional of dimension n, we have F" K (X)g = Fp—mnKy(X)q for all m € Z.

Lemma A.1.3. With notation as in Definition A.1.2, the filtrations FyK{(X)g and F™Ky(X)g
do not depend on the choice of finite flat surjection m: U — X. If X is a scheme, these filtrations

recovers the usual filtrations.

Proof. Suppose X is a scheme which is locally of finite type over S. If Z4(X) is the group of d-cycles
on X, recall that there is an identification

Ko(Coh<q(Ox)/Coh<q_1(Ox)) = Zg(X) (A.1.9)

which is compatible with flat pullback of constant relative dimension and finite pushforward [SPro-
ject, Lemma 02S9, Lemma OFDR] (see also [SProject, Lemma 02MX]). For any finite flat surjection
m: U — X of constant degree a, the map m.7m*: Z4(X) — Z4(X) is multiplication by a. It follows
that m.m*: FuK)(X)/Fy_1Ky(X) — FuK{(X)/F;—1K{(X) is multiplication by a. This is an iso-
morphism after tensoring by Q. When X is equidimensional, this gives the corresponding statement
for the codimension filtration as well. This verifies the lemma when X is a scheme.

Let X is a Deligne-Mumford stack as in the lemma statement. Let 7: U — X and n’: U’ — X
be two finite flat surjections, for schemes U and U’. Consider the fiber product U x y U’ with its
finite flat projections to U and U’. We then apply the preceding discussion to see that the filtrations
do not depend on the choice of finite flat surjection.

These arguments are essentially the same as in [YZ17, A.2.3] (the arguments of loc. cit. are over

a base field, so we have used different references). 0
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Remark A.1.4. Asin [YZ17, A.2.3], it is possible to have F;K{,(X)g # 0 for d < 0 in the situation
of Definition A.1.2.

We are mainly interested in Ky groups for the purpose of intersection theory, so we next discuss
degree theory over a field. Suppose S = Speck for a field k, and suppose X is a Deligne-Mumford
stack which is proper over S. Again assuming that X admits a finite flat surjection from a scheme,
there is a graded group homomorphism gr, K}(X)g — Ch.(X)q as defined in [YZ17, A.2.6] (pass
to a finite flat surjection to reduce to the case of schemes).

There is a degree map deg: Cho(X)g — Q on 0O-cycles which may be described as follows.
Suppose Z is a quasi-separated finite type Deligne-Mumford stack over Speck with separated
diagonal, and assume the underlying topological space | Z| is a single point. If V' — Z is any finite
flat surjection from a scheme V' (which exists as in Remark 4.1.1), one can check that V is finite

over Spec k and we take

deg, (V)
degz (V)

where deg, (V') (resp. degz(V)) is the degree of the finite flat morphism V' — Speck (resp. V — Z).

deg(Z) == deg,(2) = (A.1.10)

It is straightforward to see that deg;(Z) does not depend on the choice of V' — Z (compare [Vis89,
Definition 1.15]). This generalizes immediately to the case where | Z] is instead a discrete finite set
(add the degrees of its components). When Z = (), we take deg(Z) := 0.

There is an induced degree map

deg: groKy(X)g — Q. (A.1.11)

Consider a class f = Y, b;[Fi] € FoK((X)g where each F; is a coherent sheaf on X (we do not
assume [F;] € FyK((X)g for any given ). Select any finite flat surjection 7: U — X with U a

scheme. If 7 has constant degree a, we have
deg(B) = fdeg TB) = Zb X (m*F;) (A.1.12)

where y denotes Euler characteristic. We can give a similar description for general finite flat
surjections 7 by decomposing X into its connected components. On account of (A.1.12), we may
write x(8) := deg(f) and think of x: groK)(X)g — Q as a “stacky Euler characteristic” (compare
usage in [KR14, Definition 11.4]). We caution, however, that we have only defined x on groK((X)g
and have not defined x(F) for a general coherent sheaf F on X'.

We conclude this subsection with a lemma which we will use to decompose K{,(X) in terms of
irreducible components of X'. A similar lemma for formal schemes is [Zha21, Lemma B.1].

Lemma A.1.5. Let X be a locally Noetherian Deligne—Mumford stack. Let mi: 21 — X and
mo: Z9 — X be closed immersions of Deligne—Mumford stacks with corresponding ideal sheaves Iy
and Iy. Assume that the diagonals of X, Z1, and Z9 are representable by schemes (e.g. if X is

separated).
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Assume that X = Z1 U 2y scheme-theoretically (meaning Ty N Zy = 0). There are mutually
nverse isomorphisms

K{(X) K((21) Ky(22)
Ké(ZlﬂZQ) Ké(ZlﬂZQ) K(l)(ZlﬂZQ)
« « A.1.13
] s ([, [ 7)) (A.1.13)

(71,6 F1] + [m2aF2] «—— ([FA], [F2]) -
Here, F, F1, and Fo stand for coherent sheaves on X, Zy, and Zy respectively.

Proof. The condition about diagonals is included for technical convenience. Some additional ex-
planation on notation in the lemma statement: the symbol Z; N Z5 denotes the closed substack
Z1 X x 29 of X, with associated ideal sheaf Z; +Z5, and we have also written K{(X)/K{(Z1NZ3) =
coker(K( (21 N 2Z3) — K{(X)) etc. (the latter map may not be injective).

Consider the short exact sequence

0= 0x/(ThNT2) - Ox/Th ® Ox/Is — Ox/(Th + I2) — 0. (A.1.14)

Tensoring by any coherent sheaf F on X, we find that Tor?x (F,0Ox/Iy) is an Oy /(Z1+ZI2)-module,
and similarly with Z, instead of Z;. This shows that the displayed projection maps F +— =7

and F +— w3 F are well-defined (i.e. that they are additive in short exact sequences and hence
descend to the given quotients of K{-groups). Since Tor?’( (F,Ox /(11 + I2)) is an Ox/(Z1 + I2)-
module, the Tor long exact sequence of the displayed short exact sequence also shows that [F| =
[F ROy Ox/Iﬂ + [JT_’ Koy Ogg/Ig] in K(’)(X)/K()(Zl N ZQ). O

A.2. Ky groups with supports along finite morphisms. Suppose X is a separated regular
Noetherian scheme. There is an established intersection theory for Ky groups with supports along
closed subsets of X, and the intersection pairing is multiplicative with respect to codimension
filtrations (after tensoring by Q) [GS87]. However, we will need a slightly more general setup which
allows for “supports along finite morphisms”. This is needed because the special cycles Z(T') — M
(Section 3.3) are not literally cycles but are instead finite unramified morphisms.

Intersection theory with supports along finite morphisms is also discussed in [HM22, Appendix
A.4] for a similar purpose. They are not able to show the codimension filtration is multiplicative
in general [HM22, Remark A.4.2], but can show multiplicativity for intersections against classes
of codimension 1 (in the case of supports along finite unramified morphisms) [HM22, Proposition
A.4.4].

We have two main objectives in this section (besides fixing notation). Our first objective is to
comment on another situation where the codimension filtration is multiplicative (namely, when
the finite supports become disjoint unions of closed immersions after finite flat base change to a
regular scheme). The (short) proof reduces to the case of supports along closed immersions. This
is relevant for us because of Lemma 3.4.5, which says that each special cycle Z(T') — M becomes a
disjoint union of closed immersions after finite étale base change, at least after inverting the prime

p in the cited lemma. For M associated to a Hermitian lattice of signature (n — r,7), intersecting
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special cycles over M involves multiplicativity for classes of codimension r (not covered by [HM22,
Proposition A.4.4] when r > 1).

Our second objective is to explain intersection theory with supports along finite morphisms of
Deligne-Mumford stacks in terms of the Ky groups of Appendix A.1. A stacky theory is also
considered in [HM22, Appendix A.4], but the Kj groups we use are slightly different (as discussed
at the beginning of Appendix A.1). The setup we consider agrees with [HM22, Appendix A.4] for

schemes.

Lemma A.2.1. Consider a 2-commutative diagram of algebraic stacks

ZXXWHW

l \ lg (A.2.1)

z_ I Tx

with outer square 2-Cartesian, where X is a separated regular Noetherian Deligne—Mumford stack
and the morphisms f and g (and hence h) are finite.
There is a bilinear pairing
Ky(2) x Kg(W) ———— Ky(Z xax W)
(A.2.2)
(F.G) > Li(=1)'Tor{* (f.F, g.G)

where F and G stand for coherent Oz-modules and coherent Oy -modules, respectively. We have a

commutative diagram
K((2) x K{(W) —— K{(Z xx W)
lf*xg* lh* (A.2.3)
() x Kp(X) —— Kp(X)

where vertical arrows are pushforward and the lower horizontal arrow is the bilinear pairing from
the ring structure on Kj(X) = Ko(X).

Proof. If F is a coherent Oz-module and G is a coherent Oyy-module, we may form the object
(f+F @ g.G) in Dyerf(Ox). For each object U — X in the small étale site of X (i.e. U is a scheme
with an étale morphism to X), the restriction (foF @ g.G)|y € Dyperf(Op) carries natural Oy -
linear actions of (f,Oz)|y and (f«Ow)|y. The resulting cohomology sheaves Tor?”‘ (f+F,9:G) =
H~(f.F ®"g.G) (a priori coherent O y-modules) are thus sheaves of (f.0z)®0,, (g.Ow)-algebras.
There is a canonical isomorphism (f.Oz) ®o, (9:O0w) — heOzx,w of Ox-algebras. Since h is
affine, we obtain a lift (up to canonical isomorphism) of each Torf)x (f+«F, 9+G) to a coherent sheaf of
Oz ,w modules (to pass between quasi-coherent h, Oz ,w-modules and quasi-coherent Oz -
modules, we may take an étale surjection of X from a scheme, use the corresponding result for
the small étale site of schemes which is [SProject, Lemma 08AI], and reduce to a statement about
glueing data on the small étale sites of Z Xy W and X).

The procedure just described descends to K|) groups and gives the pairing in the lemma state-

ment. O
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We think of the map K| (Z2)x K\(W) — K{(ZxxW) from the preceding lemma as an intersection
pairing “with supports along finite morphisms”.

Next, fix a base scheme S with dimension function § as in Appendix A.1. Suppose X is a
Deligne-Mumford stack which is quasi-separated and locally of finite type over S. We assume that
X is equidimensional of dimension n, and we also assume that X admits a finite flat surjection
from a scheme in order to define dimension and codimension filtrations as in Definition A.1.2.

Consider a finite morphism f: Z — X from a Deligne-Mumford stack Z. We define a “relative
codimension” filtration on K((Z)q by setting

FREN(2)g = FrmK)(2)g. (A.2.4)

We similarly set g2 K (2)g = FYK})(2)g/FP T K{(Z)g. The subscript X is meant to remind of
the dependence on X.

Lemma A.2.2. Let X be a reqular Noetherian Deligne—Mumford stack which is separated and
finite type over S. Assume that X is equidimensional. Let f: Z — X and g: W — X be finite
morphisms from Deligne-Mumford stacks Z and W.

Assume that there exists a finite flat surjection w: U — X with U a reqular Noetherian scheme,
such that Z Xy U — U and W xx U — U are both disjoint unions of closed immersions. Then the

intersection pairing of Lemma A.2.1 restricts to a pairing
FYK)(Z)g x FYE§(W)g — F3TKY(Z xx W)g (A.25)
for any s,t € Z.

Proof. We use the shorthand Zy = Z xy U and Wy = W xy U. If we abuse notation and also
write 7 for the natural projections Zyy — Z and Wy — W and Zy xyg Wy — 2 xx W, we have
(m*ar) - (*B) = 7*(a - B) for any o € Ky(Z)g and 8 € K{(W)g. By definition of the dimension
filtration (Definition A.1.2), it is enough to check that the intersection pairing over U restricts to

F5K((2u)g x FEEWo)o = F7 K20 <o Wo)o (A.2.6)

(i.e. respects filtrations). We have thus reduced to the case where X is a scheme and Z — X
and W — X are disjoint unions of closed immersions, and we assume these conditions hold for
the rest of the proof. Write Z = [, Z; where each Z; — X is a closed immersion of schemes,
and similarly write W = [[; W;. By a result of Gillet-Soulé [GS87, Proposition 5.5, the pairing
FyKL(Z)g x FLK)(Wj)o — KL(Zi xx Wj)g factors through FETK)(Z; xx Wj)g. We may
decompose F3K((Z2)g = @; F3Ky(Zi)q and FyKg(W)g = @; FyKy(W;)g. Commutativity of
the diagram

FLK((Zi)g X FiY KgW))g ——— Fy ' Ko(Zi xx Wy)g

l l (A.2.7)

(D, F3Ey(Z2i)a) x (B; FyKy(Wi)a) —— Ky(Z xx W)g

for each i, j gives the claim. O
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APPENDIX B. MISCELLANY ON p-DIVISIBLE GROUPS

We collect some terminology/notation and miscellaneous facts about p-divisible groups, which
we use freely.

B.1. Terminology. Suppose S is a formal scheme® and suppose P is a property of morphisms of
schemes which is fppf local on the target and stable under arbitrary base-change. A sheaf X on
(Sch/S) tppr is represented by a relative scheme with property P over S if, for every scheme T over
S, the restriction sheaf X|p is represented by a scheme with property P over T'.

Fix a prime p. A p-divisible group over a formal scheme S is a sheaf X of abelian groups on
(Sch/S) fpps which satisfies the following conditions.

(1) (p-divisibility) The multiplication by p map [p]: X — X is a surjection of sheaves.

(2) (p°°-torsion) The natural map X [p™] = hﬂn X[p"] — X is an isomorphism, where X [p"] C
X are the p™-torsion subsheaves.

(3) (representable p-power-torsion) The sheaves X|[p"] are represented by finite locally free
relative schemes over S for all n > 1.

If S is an adic (e.g. locally Noetherian) formal scheme and .# is an ideal sheaf of definition on
S, giving a p-divisible group over S is the same as giving p-divisible groups X,, over each scheme
Sp = (S,0g/9™) with isomorphisms X, 11|s, — Xp.

For a general formal scheme S, we say a p-divisible group X over S has height h if X[p] is finite
locally free relative scheme over S of degree p". In general, h is understood as a locally constant
function on S.

If p is locally topologically nilpotent on S (equivalently, S is a formal scheme over Spf Z,) and if
X is a p-divisible group over S, there is an associated sheaf Lie X on (Sch/S)fpps (constructed as
in [SGASII, Definition 3.2]). By work of Messing [Mes72, Theorem 3.3.18], it is known that Lie X
is a finite locally free sheaf of modules on (Sch/S) fp,r. We refer to the dual Qy = (Lie X)¥ as a
Hodge bundle. If r is the rank of Lie X, we say that X has dimension r (in general, r is a locally
constant Z>o-valued function). In this case, we write wy = A" Qx for the top exterior power and
also call wx a Hodge bundle.

If p is locally topologically nilpotent on the formal scheme .S, a formal p-divisible group X over S is
a p-divisible group over S such that, fppf (equivalently, Zariski) locally on any T" € Obj(Sch/S) tppt,
the pointed fppf sheaf X is isomorphic to Spf Op[[z1,...,x,]] for some r (possibly varying). See
[Mes72, Proposition I1.4.4] for equivalent characterizations.

Given p-divisible groups X and Y over a general formal scheme S, a quasi-homomorphism is
a global section of the sheaf Hom(X,Y) ®z Q on (Sch/S)ppps. We write Hom®(X,Y) for the
space of quasi-homomorphisms X — Y, and similarly End®(X) = Hom’(X, X). Given a quasi-
compact scheme T with a map T — S, we have Hom®(Xr, Yr) = Hom(X7, Yr) ®z Q. If X and
Y are equipped with an action by a ring R, then Hom%(X ,Y') will denote the R-linear quasi-

homomorphisms.

50The formal schemes we use are the “préschémas formels” of [EGAI, §10]. Given a formal scheme, the notation
(Sch/S) fpps means the site whose objects are morphisms 7' — S for schemes T, where coverings are fppf.
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A morphism f: X — Y of p-divisible groups over S is an isogeny if f is a surjection of fppf
sheaves and ker f is represented by a finite locally free relative scheme over S. If ker f is finite
locally free of rank p”, we say that f has degree p” and height r. A quasi-isogeny f: X — Y
is a quasi-homomorphism which, locally on (Sch/S) ¢pps, is of the form f = p"g for n € Z and
an isogeny g. If the p-divisible group X has height h, such a quasi-isogeny f = p"g is said to
have degree p™* deg(g) and height nh + height(g). We write Isog(X,Y) (resp. Isog?(X,Y)) for
the isogenies (resp. quasi-isogenies) X — Y. We write Isog(X) (resp. Isog?(X)) for self-isogenies
(resp. self quasi-isogenies) of X.

A p divisible group X over S is étale if X[p] is an étale relative scheme. This implies that each
X[p"] is an étale relative scheme. If R is a Noetherian Henselian local ring, we say that a p-divisible
group X over Spec R is connected if X [p] is connected. This implies that each X [p"] is connected.

Given any p-divisible group X over a general formal scheme S, there is a dual p-divisible group
XV. A polarization of X is an isogeny \: X — XV satisfying AV = —\. The polarization is
principal if X is an isomorphism. A quasi-polarization is a quasi-isogeny f: X — XV such that
mf is a polarization for some m € Q. Suppose X and Y are p-divisible groups over S with
quasi-polarizations Ay: X — XY and A\y:Y — YV. Given any 2 € Hom"(Y,X) with dual
z¥ € Hom®(XV,YV), we set 2! == A\t o2V o Ax € Hom(X,Y), and call the resulting map
t: Hom(Y, X) — Hom®(X,Y) the Rosati involution.

Over an algebraically closed field, we say that a p-divisible group is supersingular if all slopes of
its isocrystal are equal to 1/2, and we say that it is ordinary if all slopes of its isocrystal are either
0 or 1. A p-divisible group over an arbitrary formal scheme is supersingular (resp. ordinary) if it
is supersingular (resp. ordinary) for every geometric fiber.

Over any algebraically closed field, there is a unique étale p-divisible group of height r (namely
the constant sheaf (Q,/Z,)"). Over any algebraically closed field of characteristic p, there is also
a unique p—divisiblem of height 7 with all slopes of its isocrystal being 1 (namely pe =
(lige Bpe)” = (Qp/Z,")", given by p-th power roots of unity). Since the connected étale ex-

act sequence of any p-divisible group over a perfect field is (canonically) split, we conclude that

MZ;T X (Qp/Zy)" is the unique ordinary p-divisible group of height n and dimension n — r over any

algebraically closed field.

By Drinfeld rigidity we mean the following phenomenon: if So — S is a finite order thickening of
schemes over SpfZ,, and X,Y are p-divisible groups over .S, any quasi-homomorphism of X — Y
over Sy lifts uniquely to a quasi-homomorphism over S [And03, Theorem 2.2.3] (alternative proof:
Grothendieck—Messing theory).

If A is a relative abelian scheme over a general formal scheme S, there is an associated p-divisible
group A[p™>] = hﬂn Alp"™], where A[p"] is the p"-torsion subfunctor of A. If p is locally topologically
nilpotent on S, there is a canonical identification Lie A = Lie A[p].

Given a p-divisible group X over a formal scheme S and given a finite free Z,-module M of some
rank d > 0, there is the Serre tensor construction p-divisible group X ®z, M given by the functor

(X @z, M)(T) = X(T) @z, M (B.1.1)
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for schemes T" over S. Any choice of Zy-basis for M gives an isomorphism X ®z, M = X 4 as
p-divisible groups. This construction is functorial in M: in particular, any Z,-algebra R acting
on M also acts on X ®z, M. The resulting R-action on X ®z, M is the Serre tensor R-action.
There is a canonical identification (X ®z, M)Y = XY @z, M" where M"Y := Homg, (M, Z,). More
generally, see [Con04, §7].

B.2. Isogeny criterion. We explain a criterion for a morphism of p-divisible groups to be an
isogeny (Lemma B.2.2). This should be well-known.>!

Lemma B.2.1. Let S be a scheme, and let H, G, and Q be commutative group schemes over S

which are locally of finite presentation. Suppose
0 H-GL Q—0

is an exact sequence of fopf sheaves of abelian groups. If G — S is finite locally free and Q — S is
separated, then

(1) The map f: G — Q is finite locally free.
(2) The group schemes Q and H are finite locally free over S.

Proof. Since f is a surjection of fppf sheaves, it is a surjection on underlying topological spaces.
We also know that f is locally of finite presentation because both G and @ are locally of finite
presentation over S [SProject, Lemma 00F4]. Since G — S is flat, the fibral flatness criterion
[EGAIV3, 11.3.11] implies that flatness of f may be checked fiberwise over S, i.e. it is enough to
check flatness of the base-change Gy (s) — Qs for each s € S. The exact sequence

0— Hk(s) — Gk(s) — ka(s) —0

shows that G5y = Q(s) 18 @ Hy(s)-torsor in the fppf topology, hence flat. This shows that f is fppf.
Since Q — S is separated and G — S is finite, we know that f is also finite, hence finite locally
free. Moreover, the fibral flatness criterion also implies that @ is flat over S. We also conclude that
@ — S is proper via [SProject, Lemma 03GN].

Since H = ker(f) and f is an fppf morphism, we know H — S is fppf as well. Since Q — S
is separated, the identity section S — @ is a closed immersion, hence H = ker(f) is a closed
subscheme of G. Since G — S is finite, we conclude that H — S is also finite, hence finite locally
free.

We have already seen that Q — S is flat, proper, and locally of finite presentation. To check
that Q — S is finite, it is enough to check that it has finite fibers, which follows because G — @ is
surjective and G — S is finite. O

Lemma B.2.2. Let S be a formal scheme. Let f: X — 'Y be a homomorphism of p-divisible groups
over S. Then f is an isogeny if and only if, locally on (Sch/S)¢ppy, there exists a homomorphism
g: Y — X such that
_ [N _ N
gof=1IW"] fog=1p"]

for some integer N > 0, where [p"] denotes multiplication by p" .

51The only reference I know is the sketch in [Far05, Lemme 9]. We spell out the argument for completeness.
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Moreover, given an isogeny f, such g, N will exist globally on S if S is quasi-compact or has
finitely many connected components. If f is an isogeny of constant degree p", we may take N = n.

Proof. If f: X — Y is an isogeny, then Y is the fppf sheaf quotient of X by ker(f). If S is a quasi-
compact formal scheme or if S has finitely many connected components, we have ker f C X [p"]
for N large, so go f = [p"] for some homomorphism g: ¥ — X. We also have fogo f = [p"]o f.
Since f is an epimorphism of fppf sheaves, we conclude that f o g = [pV].

Conversely, suppose that locally on (Sch/S) ¢ppr there exists a homomorphism g: Y — X and an
integer N > 0 as in the lemma statement. Since the property of being an isogeny may be checked
locally on (Sch/S) fpps, we may assume that S is a scheme and that g, N exist globally on S. Since
fog=[p"], we see that f is a surjection of fppf sheaves. It remains only to check that ker f is
representable by a finite locally free group scheme over S.

We know that ker(f) C X[p"] and ker(g) C Y[p"]. We have ker(f) = ker(X[p"] — Y[pV])
and ker(g) = ker(Y[p"] — X[p"]). Since X[p"¥] and Y [p"V] represented by finite locally free group
schemes over S, we see that ker(f) and ker(g) are represented by schemes which are finite and
locally of finite presentation over S.

We have short exact sequences

0 — ker(f) = X[p] EN ker(g) — 0

0 — ker(g) = Y[p"¥] & ker(f) = 0

of fppf sheaves of abelian groups. By Lemma B.2.1, we conclude that ker(f) and ker(g) are finite
locally free group schemes over S. O

Lemma B.2.3. Let S be a formal scheme. Let X and Y be p-divisible groups over S. Then f €
HomO(X, Y) is a quasi-isogeny if and only if it is invertible, meaning there exists g € HomO(Y,X)
(necessarily unique) with fog=1idy and go f =idx.

Proof. Invertibility and the property of being a quasi-isogeny can both be checked locally on
(Sch/S) tppf, so the lemma follows from Lemma B.2.2. O

B.3. p-divisible groups over Spec A and Spf A. The following facts are implicitly used, e.g.
throughout Parts 2 and 3.

Lemma B.3.1. Let A be an adic Noetherian ring. There are equivalences of categories

{finite schemes over Spec A} — {finite relative schemes over Spf A}
{finite locally free schemes over Spec A} — {finite locally free relative schemes over Spf A}
{p-divisible groups over Spec A} — {p-divisible groups over Spf A}
giwven by base change, i.e. restriction of fppf sheaves along the inclusion (Sch/SpfA)fppr —
(Sch/ Spec A) ppy -

Proof. For the statements about finite relative schemes, the quasi-inverse functor is given by
Spf R — Spec R for finite A-algebras R (topologized so that R is an adic ring and the map A — R

is adic). This also gives the quasi-inverse functor for finite locally free relative schemes (check using
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the local criterion for flatness). For the statement about p-divisible groups (which follows from the
other statements), see [Mes72, 4.15, Lemma I1.4.16] or [dJo95, Lemma 2.4.4]. O

Lemma B.3.2. Let A be an adic Notherian ring, and let ¢: X — Y be a homomorphism of p-
divisible groups over Spec A. Then ¢ is an isogeny if and only if ¢spra: Xspra — Yspra s an

150geny.

Proof. Follows from Lemma B.3.1 and the isogeny criterion from Lemma B.2.2. g

For adic Noetherian rings A, we may thus pass between p-divisible groups over Spec A and Spf A
without loss of information, and similarly for finite locally free relative schemes. We abuse notation
in this way: for example, if A is a domain, the generic fiber of a p-divisible group over Spf A will
refer to its generic fiber as a p-divisible group over Spec A.

To avoid potential confusion, we remark on three situations where p-divisible groups may have
different properties when considered over Spec A versus over Spf A.

Remark B.3.3. Let A be an adic Noetherian ring, and suppose p is topologically nilpotent in A.
Let X be a p-divisible group over Spec A. By work of Messing, [Mes72, §II], the sheaf Lie(Xgpf a)
(in the sense of [SGA3II]) is locally free of finite rank on (Sch/ Spf A) ¢y, ¢. However, Lie X (viewed
as a sheaf on (Sch/ Spec A) ¢y, ¢) is not necessarily locally free.

For example, consider A = 7Z,, and X = ppe = ligupn, where p,n is the group scheme of p"-th
roots of unity. Then the p-divisible group X over SpecZ,, is étale in the generic fiber, but connected
of dimension 1 in the special fiber. We find that Lie X|gpecq, = 0 but Lie X|specF, is free of rank
1, so Lie X cannot be a locally free sheaf of modules on (Sch/ Spec A) ¢pp¢-

Thus, when writing Lie X in this situation, we always mean (by abuse of notation) to view X as
a p-divisible group over Spf A, so that Lie X will be a finite locally free sheaf on (Sch/Spf A) pps.
Similarly, if we say X has dimension r, we mean that the finite locally free sheaf Lie X on
(Sch/ Spf A) ¢pps has rank 7.

Remark B.3.4. Let A be an adic Noetherian ring, and let X be a p-divisible group over Spec A.
In general, there are sections of Xg,r4 — Spf A which do not arise as sections of X — Spec A.
Indeed, sections of X — Spec A correspond precisely to torsion sections of Xg,r4 — Spf A (use
quasi-compactness of Spec A). But Xgpr 4 — Spf A may have many non-torsion sections, e.g. when
A =7, and Xgpf 4 is a formal p-divisible group, hence Xgpea = SpfZ,[[ X1, ..., X,]] as pointed
fppf sheaves on (Sch/SpfZy) fpps. There will be uncountably many non-torsion sections in this
situation. This makes a difference in Section 6.1, for example, where some statements are correct
over Spf R (which is the written version) but incorrect over Spec R.

Remark B.3.5. Let A be an adic Noetherian ring. By our conventions, it is mot true that any
quasi-homomorphism of p-divisible groups over Spf A necessarily lifts to a quasi-homomorphism
of p-divisible groups over Spec A. See Example 7.1.1. On the other hand, homomorphisms and

isogenies will lift (uniquely) by the preceding lemmas.
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APPENDIX C. QUASI-COMPACTNESS OF SPECIAL CYCLES

Besides fixing notation, the purpose of this appendix is to prove a quasi-compactness statement
for special cycles (explicit proofs of other properties, e.g. having finite fibers, are more readily
available in the literature, e.g. [KR14, Proposition 2.9]). A similar proof of quasi-compactness (in
the context of special divisors on some orthogonal Shimura varieties) is [AGHMP17, Proposition
2.7.2).

C.1. Terminology. Suppose A and B are abelian schemes over a base scheme S. We write
Hom(A, B) for the fppf sheaf (on ) of homomorphisms of abelian schemes. Then the sheaf of quasi-
homomorphisms is Hom"(A, B) := Hom(A, B) ®7 Q. We write Hom’(A, B) for the space of global
sections and call elements € Hom®(A, B) quasi-homomorphisms, sometimes writing z: A — B.
If S is quasi-compact, we have Hom®(A, B) = Hom(A, B) ®z Q. When A = B, we often use the
notation End(A), End’(A), and End®(A) instead, and often use the term quasi-endomorphism. We
write Isog(A, B) for the set of isogenies A — B. We write Isog(A4, B) € Hom(A, B) for the subsheaf
of sets consisting of isogenies, and IsiogO(A, B) € Hom (A, B) for the subsheaf of quasi-isogenies,
meaning those quasi-homomorphisms which are locally of the form mf for some isogeny f and
some nonzero integer m € Z. We write Isog(A, B) (resp. Isog?(A, B)) for the set of isogenies (resp.
quasi-isogenies), consisting of global sections of Isog(A, B) (resp. Isog”(4, B)). We write Isog(A)
and Isog"(A) for the self-isogenies and self quasi-isogenies of A. A quasi-polarization of A is a
quasi-isogeny A — A which is locally of the form mA\ for some polarization A and some positive
integer m € Z~o.

Suppose the abelian schemes A and B are equipped with quasi-polarizations Ag: A — AV
and Ag: B — BY. Given any € Hom"(B, A) with dual ¥ € Hom"(AY,BY), we set z! =
A5t oxV oAy € Hom"(4, B), and call the resulting map 1: Hom’(B, A) — Hom(A, B) the Rosati

involution. Given m-tuples z,y € Hom®(B, A)™ with z = [z1,...,2,] and y = [y1,...,Ym], We
.I.

write (z,y) for the m x m matrix whose 4, j-th entry is z;

of xz. If S = Speck for a field k, the Q-bilinear pairing

yj. We say that (z,z) is the Gram matriz

Hom"(B, A) x Hom’(B,A) ——— Q (C.1.1)

T,y tr(zTy)

is symmetric and positive definite (“positivity of the Rosati involution”), where tr: End®(A) — Q
is the trace for End’(A) acting on the Q-vector space End”(A) by left multiplication.

C.2. Proof. We continue in the setup of Section C.1.
Given any y € End’(B), define a functor Z(y): (Sch/S)°P — Set as
Z(y) = {zr € Hom(B, A) : 2Tz = y}. (C.2.1)

We will check that Z(y) is representable by a scheme which is finite, unramified, and of finite
presentation over S.

Lemma C.2.1. The functor Z(y) is represented by a scheme over S. The structure morphism

Z(y) — S is separated and locally of finite presentation.
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Proof. By a standard limit argument (e.g. using [SProject, Lemma 01ZM]) we may reduce to the
case where S is Noetherian, affine, and connected. It is also enough to check the case where Ay
and Ap are polarizations, not just quasi-polarizations.

Existence of the product polarization Ap X A4 on B x A implies that B x A admits a relatively
ample line bundle over S. Thus the Hilbert functor Hilbpy 4 is represented by a scheme, each
of whose connected components is locally projective over S (in the sense of [SProject, Definition
01W8]), see [Nit05, Theorem 5.15] and [SProject, Lemma 0DPF]. By [SProject, Lemma 0D1B], we
know there is a locally closed immersion

Z(y) — HﬂbeA

which sends z: B — A to its graph (1 x z): B — B x A. In particular, Z(y) is represented by a
scheme which is separated and locally of finite presentation over S. O

Lemma C.2.2. The structure morphism Z(y) — S is quasi-compact.

Proof. Again, we may reduce to the case where S is affine, Noetherian, and connected by a standard
limit argument. It is also enough to check the case where A4 and Ap are polarizations, not just
quasi-polarizations.

Consider the graph morphisms

B 28, gy BV

A2 A AY

If Pp and P4 denote the Poincaré bundles on B x BY and A x A respectively, we know that Lp :=
(I1xAB)*Pp and L4 = (1 x A4)*P4 are relatively ample line bundles on B and A, respectively, over
S.lfrg: BxA — Bandmy: BxA— A are the natural projections, we know & = n5Lp Q@73 LA
is a relatively ample line bundle on B x A. Moreover, £ is isomorphic to the pullback of the Poincaré
bundle Ppy 4 along the graph of the polarization Ap x Ag of B x A. Let m € Z>; be any integer
such that m - A\ and m? -y are both honest homomorphisms (rather than quasi-homomorphisms).

As above, write Hilbpy 4 for the Hilbert scheme associated with B x A. Given a numerical poly-
nomial P: Z — 7, we write HilbL, , C Hilbg, 4 for the open and closed subscheme corresponding
to the Hilbert polynomial P with respect to the line bundle £ ®@m* on Bx A. That is, for a S-scheme
T, we have

HilbE (T) := {Z € Hilbpxa(T) : x(Zi, E¥™"™|,) = P(n) for all n € Z and t € T}

(where Z; is the fiber of Z — T over t € T and x denotes Euler characteristic). We know that
HilbE, 4 (T) is locally projective over S [Nit05, Theorem 5.15], hence quasi-compact over S.

As in the proof of Lemma C.2.1, there is a locally closed immersion Z(y) — Hilbgyx 4 which
sends z € Z(y) to its graph 1 x z: B — B x A. To show that Z(y) is quasi-compact, it is enough
to check that Z(y) — Hilbpyxa factors through HilbL, , for some fixed numerical polynomial P

(possibly depending on y).
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Consider the line bundle F := C%m2 ® ((1 x Ag)*(m?y x 1)*Pg) on B. For any point s € S,
there is a numerical polynomial P: Z — Z such that

P(n) = x(Bs, F®"|p,) for alln € Z (C.2.2)

as in [SProject, Lemma OBEM]. The polynomial P does not depend on s because S is connected
and the Euler characteristics are locally constant as a function of s (using flatness and properness
and the standard facts [SProject, Lemma 0BDJ] and [SProject, Section 07VJ]).

Let T' be a scheme over S, and suppose x € Z(y)(T'). View z as an element of Hilbp,4(T") as
above. We claim that 2 € Hilb5, ,(T). By taking a base-change to T, we may assume T' = S
without loss of generality (to lighten notation). It is enough to check F = (1 x z)*E®™*,

First observe (1 x x)*€ ®m? o E%m2 ®x*£§m2. It is thus enough to verify the identity x*£§m2 =

(1 x Ag)*(m?y x 1)*Pp. Consider the commutative diagram

A B2 44y

1xmaztV
mﬂ\ mx meWT \

B L5 g gv mexXL 4 BV

m2y><1l /
matx1

B x BY

There exists an isomorphism (ma! x 1)*Pg 2 (1 x maV)*P4 (this characterizes ma as the dual
of ma’). Recall also that m*L 4 = E%mQ (consider a similar diagram as above, with A = B and
x =y = 1, and recall that the pullback of P4 along (mx1): AxAY — Ax AV is isomorphic to P%mQ
because m = m"). These facts prove the claimed identity x*ﬁ%mQ > (1 x Ag)*(m?y x 1)*Pg. O

Lemma C.2.3. The functor Z(y) is represented by a scheme over S, and the structure morphism
Z(y) — S is finite, unramified, and of finite presentation.

Proof. Again, we may reduce to the case where S is Noetherian by a standard limit argument. By
Lemmas C.2.1 and C.2.2, we already know that Z(y) is represented by a scheme which is separated
and of finite presentation over S.

To see that Z(y) — S is proper, we can use the valuative criterion for discrete valuation rings
[SProject, Lemma 0207] because S is Noetherian. This valuative criterion holds by the Néron
mapping property for abelian schemes over discrete valuation rings.

For unramifiedness, it is enough to check that Z(y) — S is formally unramified (i.e. satisfies the
infinitesimal lifting criterion of [SProject, Lemma 02HE]). Formal unramifiedness holds because of
rigidity for morphisms of abelian schemes as in [MFK94, Corollary 6.2].

Since unramified morphisms of schemes are locally quasi-finite, and since proper locally quasi-
finite morphisms of schemes are finite, the lemma is proved. ]

Recall that if X and Y are categories fibered in groupoids over the fppf site of some base scheme
with ) being a Deligne-Mumford stack, and if f: X — ) is a morphism which is representable

by algebraic spaces, then X is also a Deligne-Mumford stack [SProject, Comment 2142]. This can
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be used in combination with Lemma C.2.3 to verify that various stacks in this work are Deligne—
Mumford.
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